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Light,  the  ideal  yardstick  for  measuring  rapid  events,  creates  a 
pressure-transient  measuring  system  of  unusual  capability  in  the 
Beckman  &  Whitley  Model  216  Pressure  Recorder.  Haying 
stable  linear  calibration,  the  unit  can  cover  pressure  ranges  from 
3  to  50,000  psi,  with  a  1  per  cent  full-scale  accuracy  in  both 
pressure  and  time,  and  exhibits  a  frequency  response  from 
10,000  to  50,000  cps. 

To  cover  the  widest  possible  variety  of  application 
requirements,  the  recorder  is  engineered  so  it  can  be  used  in 
three  ways:  (1 )  exposed  to  free  air  manifestations,  (2)  attached 
directly  to  a  pressure  vessel,  or  (3)  fed  by  a  hydraulic  line 
from  the  pressure  source. 

The  instrument  is  organized  into  two  units,  shown 
below.  Transducer,  optical  system,  and  camera  with  timing-pip 
system  are  in  the  unit  at  left.  The  control  unit,  right,  permits 
records  to  be  made  remotely. 

Rapid  response,  accurate  measurement  of  small  dis¬ 
placements,  high  sensitivity,  and  stable  zero  reference  points 
are  all  achieved  by  recording  on  moving  film  the  motion  of 
small  arcs  of  optical-interference  rings  responding  to  the  influ¬ 
ence  of  the  pressure  fluctuations  under  measurement.  Such  fringe 


500  100' 

time,  microseconds 


See  these  units  at  Booth  C-515-1,  10th  Annual  Instrument- Automation  Conference  and  Exhibit,  Los  Angeles,  September  12  to  16. 
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The  Oak  Bulge  Swimming  Pool  Reactor  in  opera¬ 
tion-forerunner  of  new  research  .  reactors  for 
which  L&N  has  engineered  and  built  the  first  com¬ 
plete  “package”  control  systems.  This  swimming 
pool  reactor  was  designed  at  ORNL,  operated  for 
the  Government  by  Union  Carbide  and  Carbon  Corp. 


A  new  concept  in  nuclear  reactor  instrumentation... 


Nuclear  reactors  for  private  enterprise  are  no 

longer  classified  as  “things  to  come.”  College  research 
reactor  No.  2 — privately  constructed,  owned  and 
operated — will  be  in  service  shortly  at  Pennsylvania 
State  University.  And  No.  3,  the  University  of 
Michigan  Reactor,  will  follow  closely. 

Both  the  Penn  State  and  Michigan  Reactors  will 
be  completely  controlled  by  L&N  “package”  reactor 
control  systems,  the  first  such  package  controls  ever 
engineered — another  “first”  for  Leeds  &  Northrup 
Company,  pioneers  in  precision  control;  builders  of 
the  world's  first  electronic  recorder. 

The  package  concept  involves  far  more  than  con¬ 
trol  instrumentation.  It  includes  design  services, 
engineering  consultation,  individualized  fabrication 
of  panels  or  cubicles,  and  more.  It’s  an  approach 
possible  only  by  a  group  with  L&N  experience — 


dating  from  activation  of  the  original  Chicago  Pile — • 
using  standard  L&N  instruments  which  can  control 
reactors  routinely,  without  the  elaborate  customizing 
so  often  required  when  velocity-feedback  servo 
systems  are  used. 


Package  reactor  control  in  its  various  aspects 
is  described  in  our  new  brochure ,  “ L&N 
Control  Systems  for  Nuclear  Reactors 
We'U  be  glad  to  send  you  a  copy.  Just  write 
to  Leeds  &  Northrup  Company ,  4978  Sten- 
ton  Ave.,  Philadelphia  44,  Penna. 


instruments 


NORTHRUP 

automatic  controls  *  furnaces 
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This  is  the  new  BETA  Series  2000  d-c,  a-c/d-c  and 
a-c  high-voltage  power  supplies  and  hipot  testers 
designed  for  both  high-quality  performance  and 
maximum  convenience  in  use.  The  result  of  im¬ 
provements  developed  over  many  years,  BETA 
Series  2000  two-section  power  supplies  are  the 
most  flexible  designs  available  in  ratings  from 
2,000  volts  to  120,000  volts  with  outputs  up  to 
2,000  watts. 

For  floor  operation  the  two  sections  of  the  power 
supply  are  bolted  together,  or  for  desk  operation 
they  are  separated,  with  the  power  unit  under  the 
desk.  The  power  unit  is  equipped  with  easily  re¬ 
movable  casters  and  a  four-foot  interconnecting 
cable  that  allows  off-set  operation. 

Polarity  of  the  d-c,  high-voltage  power  supply  is 
available  either  negative,  positive  or  reversible 
with  respect  to  ground.  On  special  order  a  panel- 
operated,  high-voltage  reversing  switch  can  be 
provided.  Pushbutton  control  increases  operating 
convenience. 

Input  Voltage — All  units  are  designed  for  satis¬ 
factory  operation  with  an  input  voltage  from  105- 
125  volts,  50/60  cycles.  Other  inputs  on  special 
order. 

Output  Voltage — Continuously  variable  from  zero 
to  full-rated  average  d.c.  and  peak  a.c.,  from  2,000 
volt  rating  to  120,000  volt  rating. 

Output  Current — Up  to  5  milliamperes  at  120  kv 
and  to  1  ampere  at  2  kv.  The  maximum  rated 
output  current  can  be  drawn  continuously  at  max¬ 
imum  rated  output  voltages,  whether  a.c.  or  d.c. 

Ripple — On  all  d-c  units  the  ripple  is  less  than 
3^%  rms  at  no  load;  at  full  load  less  than  1%  in 
low-current  designs  and  less  than  2%  in  high- 
current  ratings.  In  a-c  units  distortion  of  the  sine 
wave  is  less  than  5%  under  all  rated  operating 
conditions. 

Regulation — Units  are  unregulated,  except  for 
certain  models  employing  mechanical  regulation. 
Regulation  from  no  load  to  full  load  at  maximum 
output  varies  from  10%  to  30%. 

Write,  today,  for  complete  information  on  the 
more  than  175  models  in  this  series.  The  new 
catalog  contains  complete  data  on  circuit  designs, 
ratings  and  special  features  available.  BETA  Field 
Engineers  are  available  for  consultation  throughout 
the  United  States  and  Canada 


B 


eta 


Electric  Corp 


333  East  lu'ir  A  St..  N.  Y.  29.  N. 


Very  Flexible 

Dual  Personality 


THE  JOURNAL  OF  APPLIED  PHYSICS  JUNE,  1955 


For  all  your  Tape  Wound 
Core  Requirements,  specify 


You’ll  be  assured  of  the  performance  and  uniformity  you  want,  when 
you  use  Arnold  Cores  as  magnetic  components  in  your  amplifier, 
transformer  and  reactor  assemblies. 

Our  facilities  for  production  and  testing  are  highly  modern  and 
complete.  Arnold  is  a  fully  integrated  company,  controlling  every 
manufacturing  step  from  the  raw  material  to  the  finished  core,  and 
therefore  best  able  to  maintain  high  quality  control.  You’ll  have  at 
your  command  the  most  complete  line  in  the  industry  .  .  .  containing 
every  type,  shape  or  size  core  you  may  require  to  meet  design  needs 
or  electrical  characteristics. 

Many  sizes  of  Arnold  Tape-Wound  Cores  are  carried  in  stock  for 
immediate  delivery.  •  Write  for  additional  information ,  and  let  us  quote 
on  your  requirements  and  help  solve  your  problems. 

HERE'S  DATA  YOU  NEED.., 
Write  for  these  Booklets 

1  BULLETIN  TC-101A  .  .  .  "Properties 
of  Deltamax,  4-79  Mo- Permalloy  and 
Super-malloy” — 28  pages  of  technical 
data  on  Arnold  Tape- Wound  Cores  of 
high-permeability  alloys. 

2  BULLETIN  SC-107  .  .  .  "Arnold 
Sileccron  Cores” — round,,  square,  rec¬ 
tangular,  or  C  and  E  cores;  52  pages 
of  data  on  shapes,  sizes,  properties,  etc.' 


ADDRESS  DEPT.  J-56 


VI 


ro  commence 


mllication  -J}uau$t  1955 


^Jlie  most  comprehensive  reference  worh  on  physics 


HANDBUCH 

der 

PHYSIK 


ENCYCLOPEDIA 

of 

PHYSICS 


In  54  vols. 

EDITED  BY 

Sigmund  Fliigge,  Marburg 

PUBLISHED  BY  SPR1NGER-VERLAG/BERLIN  —  GOTTINGEN  —  HEIDELBERG 

This  work  is  intended  as  a  successor  to  the  “  Handbuch  der  Physik  ”  by  Geiger  and  Scheel  which  was 
first  published  in  1926.  This  older  work  presented  the  various  branches  of  physics  at  that  time,  and 
was  in  its  day  an  outstanding  achievement,  known  the  world  over.  Now  its  value  is  mainly  historical. 
Recent  scientific  progress  and  the  changed  circumstances  of  the  times  have  made  it  necessary  to 
replace  the  earlier  work  with  something  entirely  new. 

It  is  the  aim  of  the  Editor  to  produce  a  truly  international  work  and  outstanding  specialists  have  been 
invited  to  contribute  regardless  of  nationality  or  native  language,  where  practicable,  but  in  any  case 
either  in  English,  French  or  German  since  the  internationalisation  of  science  has  made  a  knowledge 
of  these  three  languages  necessary  for  the  physicist.  Only  one-third  of  the  contributions  in  this  new 
work  are  written  in  German. 

THE  WORK  IS  GROUPED  AS  FOLLOWS: 

Mathematical  methods,  Vols.  1  &  2  ;  principles  of  theoretical  physics,  Vols.  3,  4  and  5  ;  Mechanical 
and  thermal  behaviour  of  matter,  Vols.  6-15  ;  Electric  and  magnetic  behaviour  of  matter,  Vols. 
16-23  ;  Optics,  Vols.  24-29  ;  X-rays  and  corpuscular  rays,  Vols.  30-34  ;  Atomic  and  molecular 
physics,  Vols.  35-37  ;  Nuclear  Physics,  Vols.  38-45  ;  Cosmic  rays,  Vol.  46  ;  Geophysics,  Vols. 
47-49  ;  Astrophysics,  Vols.  50-54. 

Vols.  1,  2,  7,  14,  15,  21,  22,  24,  33  and  47  will  be  published  before  the  end  of  this  year. 


FIRST  TO  BE  PUBLISHED  IS 


VOLUME  7  PART  ONE 


Kristallphysik  —  Crystal  Physics 

approx.  640  pp.  Royal  8 vo.  234  figures.  Bound  in  cloth  DM  122.50  or  £10  :  8  :  6  or  $29.15 

I  Orders  to  the  complete  set  will  be  executed  at  a  20  per  cent,  discount,  also  all  orders  for  | 
separate  volumes,  if  ordered  prior  to  publication.  | 

One  advantage  of  publishing  the  Handbook  in  groups  of  small  volumes  is  that  the  individual  physicist 
need  purchase  only  those  volumes  which  interest  him.  Furthermore,  those  volumes  dealing  with 
fields  which  are  in  a  process  of  rapid  change  can  be  more  easliy  revised  when  necessary. 

Write  today  for  our  24  page  brochure 
giving  complete  summary  of  contents  of  this  newEncyclopaedia. 

I  -  R  -  MAXWELL  &  CO  •  INC 

FORMERLY  LANGE,  MAXWELL  &  SPRINGER  INC. 

122  East  55th  Street  •  New  York  22  •  N.Y 
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Hundreds  of  thousands  of  telephone  conversations  or 
hundreds  of  television  programs  may  one  day  travel  to¬ 
gether  from  city  to  city  through  round  waveguides— hollow 
pipes— pioneered  at  Bell  Telephone  Laboratories. 

Round  waveguides  offer  tremendous  possibilities  in  the 
endless  search  for  new  ways  to  send  many  voices  great 
distances,  simultaneously,  and  at  low  cost.  Today,  Bell 
Laboratories  developments  such  as  radio  relay,  coaxial 
cable  and  multivoice  wire  circuits  are  ample  for  America’s 
needs.  But  tomorrow’s  demands  may  well  call  for  the 
even  greater  capacity  of  round  waveguides. 

Unlike  wires  or  coaxial,  these  pipes  have  the  unique 
property  of  diminishing  power  losses  as  frequencies  rise. 
This  means  that  higher  frequencies  can  be  used.  As  the 
frequency  hand  widens,  it  makes  room  for  many  more 
voices  and  television  programs.  And  the  voices  will  be 
true,  the  pictures  faithfully  transmitted. 

These  studies  illustrate  once  more  how  Bell  Telephone 
Laboratories  scientists  look  ahead.  They  make  sure  that 
America’s  telephone  service  will  always  meet  America’s 
needs,  at  the  lowest  possible  cost. 


Testing  round  waveguides  at  Bell  Telephone  Laboratories,  Holm- 
del,  New  Jersey.  Unlike  coaxial  cable,  waveguides  have  no 
central  conductor.  Theoretically,  voice-capacity  is  much  greater 
than  in  coaxial  cable. 


New  type  of  waveguide  pipe  formed  of 
tightly  wound  insulated  wire  trans¬ 
mits  better  around  corners  than 
solid-wall  pipes. 


Bell  Telephone  Laboratories 

Improving  America’s  telephone  service  provides  careers 
for  creative  men  in  scientific  and  technical  fields. 


New  type  waveguide  is  bent  on 
wooden  forms  for  study  of  effect 
of  curvature  on  transmission.  The 
waveguide  itself  is  here  covered 
with  a  protective  coating. 
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Central  Research  Laboratories’  High-Speed 
Microoscillograph  makes  single-sweep  oscillograms  of 
three  simultaneous  phenomena  at  frequencies  up 
to  10,000  megacycles.  With  a  high  sensitivity  of  0.2 
volt  per  trace  width,  this  is  the  instrument  of  choice 
for  recording  phenomena  occuring  in  time 
intervals  of  10-8  to  10- 10  second. 

Electromagnetically  focussed  beams,  0.01 
millimeter  in  diameter,  write  directly  on  a 
photographic  plate  inserted  into  the  vacuum  chamber 
through  a  vacuum  lock.  One  plate  holds  27 
oscillograms  with  no  overlapping.  A  complete  cycle 
of  photographic  plate  changing  and  reestablishing 
operating  vacuum  takes  less  than  5  minutes. 

6  individually-shielded  deflecting  systems  are 
provided:  3  signal,  3  time.  Signal  deflecting  systems 
are  of  traveling-wave  type  with  a  nominal  impedance 
of  50  ohms. 

The  instrument  complete  with  all  necessary 
pumps,  gages,  and  power  supply  circuits  weighs  700 
pounds  on  a  caster-mounted  chassis  of  26"  x  36"  x  76”. 


laboratories,  inc. 

Dept.  202,  Red  Wing,  Minn. 


. . .  with  baccalaureate  or  advanced  degrees  and  those  with 
basic  experience  in  these  sciences  now  are  offered  an 
unusual  opportunity  to  enter  the  new  semiconductor  field 
and  at  the  same  time  become  associated  with  General  Motors. 

The  scope  of  the  semiconductor  field  is  virtually  limitless, 
and  our  new  permanent  program  is  to  explore  wide  areas  of 
it  and  engage  in  research  and  development-starting  with  a 
power  transistor  suitable  for  automotive  use  and  continuing 
on  toward  basic  research  and  the  development  of  semi¬ 
conductor  types  suitable  for  military  and  other  commercial 
uses.  The  work  is  independent  of  Government  support. 

The  most  up-to-date  research  facilities  for  this  type  of 
work  are  provided,  with  leadership  by  a  physicist  with  an 
outstanding  record  in  this  field.  You  also  obtain  the  advan¬ 
tages  of  being  among  the  first  to  join  this  new  and  vital 
General  Motors  activity. 

Location  is  the  Midwest.  Expenses  for  arranged  interviews 
and  relocation  allowed.  Unusual  employe  benefits  of  General 
Motors  are  included. 


If  you  find  this  of  interest  or  if  you  wish  further 
information,  write,  wire  or  telephone  Mr.  H.  J. 
Claypool,  Executive  Engineer,  Delco  Radio  Divi¬ 
sion,  General  Motors  Corporation,  Kokomo,  Indiana 
(phone  2-8211). 


DIVISION  OF  GENERAL  MOTORS 
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Systems  Development 
and 

The  Ramo-Wooldridge  Corporation 


The  Ramo-Wooldridge  Corporation  (except  for  the 
specialized  activities  of  our  subsidiary,  Pacific  Semicon¬ 
ductors,  Incorporated)  is  engaged  primarily  in  develop¬ 
ing— and  will  soon  start  to  manufacture— systems  rather 
than  components.  For  military  customers  our  weapons 
systems  responsibilities  are  in  the  fields  of  guided  mis¬ 
siles,  fire  control,  communications,  and  computers.  Our 
non-military  systems  activities  are  in  the  general  area  of 
automation  and  data-processing. 

Emphasis  on  systems  development  has  consequences 
that  profoundly  affect  all  aspects  of  an  organization.  First, 
it  demands  an  unusual  variety  of  scientific  and  engineer¬ 
ing  talent.  A  single  systems  development  project  often  re¬ 
quires  concurrent  solutions  of  challenging  problems  in 
the  fields  of  electronics,  aerodynamics,  propulsion,  ran¬ 
dom  phenomena,  structures,  and  analytic  mechanics. 
In  addition,  the  purely  technical  aspects  of  a  systems 
problem  are  often  associated  with  equally  important  non¬ 
technical  problems  of  operational,  tactical,  or  human 
relations  character. 

Therefore,  competent  systems  development  requires 
that  a  company  contain  an  unusually  large  proportion 
of  mature,  experienced  scientists  and  engineers  who  have 


a  wide  range  of  technical  understanding  and  an  unusual 
breadth  of  judgment.  Further,  all  aspects  of  company 
operations  must  be  designed  so  as  to  maximize  the  effec¬ 
tiveness  of  these  key  men,  not  only  in  the  conduct  of 
development  work  but  in  the  choice  of  projects  as  well. 

At  Ramo-Wooldridge  we  are  engaged  in  building  such 
a  company.  Today  our  staff  of  professional  scientists  and 
engineers  comprises  40%  of  the  entire  organization.  Of 
these  men,  40%  possess  Ph.D.  degrees  and  another  30% 
possess  M.S.  degrees.  The  average  experience  of  this 
group,  past  the  B.S.  degree,  is  more  than  eleven  years. 

We  believe  the  continuing  rapid  growth  of  our  pro¬ 
fessional  staff  is  due,  in  part,  to  the  desire  of  scientists 
and  engineers  to  associate  with  a  large  group  of  their 
contemporaries  possessing  a  wide  variety  of  specialties 
and  backgrounds.  It  is  also  an  indication  that  such  pro¬ 
fessional  men  feel  that  the  Ramo-Wooldridge  approach 
to  systems  development  is  an  appropriate  one. 

We  plan  to  continue  to  maintain  the  environmental 
and  organizational  conditions  that  scientists  and  engi¬ 
neers  find  conducive  to  effective  systems  development. 
It  is  on  these  factors  that  we  base  our  expectation  of 
considerable  further  company  growth. 
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Guided  Missile  Research  and  Development 


The  Ramo-Wooldridge  Corporation 

DEPT.  AP,  8820  BELLANCA  AVENUE,  LOS  ANGELES  45,  CALIFORNIA 
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20  MICROAMPERES 
D.  C.  PANEL  METERS 


f 


'X 


MODEL  NO.  350 

MODEL  NO.  351 

Welch  Model  350  Panel  Meters  are  often  used  in 
temporary  “bread-board”  assemblies  and  in  “home¬ 
made”  devices  so  common  in  electronics  laboratories. 
In  such  work  it  is  frequently  more  convenient  to  have 
an  attached  rather  than  a  separate  meter. 

•  Accuracy  2%  of  full  scale  deflection 

These  precision  instruments  are  expertly  designed, 
highly  sensitive,  sturdily  built  and  adapted  for  work 
requiring  the  most  rugged  performance. 

Suitable  for  such  applications  as  measuring  grid 
currents  and  currents  from  photoelectric  tubes  and 
cells.  They  have  alnico  magnets,  sapphire  bearings, 
and  especially  selected  pivots  to  make  possible  the 
extremely  sensitive  20  microampere  movement. 

•  Stable  and  Well-Damped 

•  Flush  Mounting  Bakelite  Cases 

•  High  Torque  Ratio 

MODELS 

350 —  3 inch  round — 2.4  inch  scale 

351— 3  inch  square — 2.4  inch  scale 

451 — 4 y2  inch  rectangular — 3.5  inch  scale 

m 

TYPES 

Microammeters  0-20  up  to  0-500 

Milliammeters  0-1  up  to  0-500 

Ammeters  0-1  up  to  0-30 

Voltmeters,  various  ranges,  100  to  50,000 
ohms  per  volt 

Zero  Center  Ammeters 

DB  Meters  *  Rectifier  Instruments 

Special  Sealed  Meters  •  Thermocouple  Meters 

A  complete  line  of  round,  square,  and  rec¬ 
tangular  meters  is  manufactured  by  Welch. 

I 
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Wide-Angle  Radiation  in  Pencil  Beam  Antennas 

David  Carter 

Convair  Division ,  General  Dynamics  Corporation,  San  Diego ,  California 
(Received  July  16,  1954) 

This  paper  is  concerned  with  theoretical  estimates  of  wide-angle  radiation  in  pencil  beam  antennas.  In 
reflector-type  antennas  this  energy  consists  of  direct  radiation  from  the  feed  and  scattered  energy  from 
the  reflector.  Approximate  methods  for  the  evaluation  of  these  contributions  are  discussed,  together  with 
their  simplifying  assumptions.  To  get  some  numerical  indications,  calculations  were  made  for  paraboloidal 
reflectors  of  different  f{D  ratios  and  a  class  of  primary  patterns  which  provide  an  approximate  representation 
of  a  great  many  common  feeds.  The  results  are  presented  in  graphical  form  to  provide  useful  design  informa¬ 
tion.  They  show  the  dependence  of  the  wide-angle  radiation  level  on  feed  and  dish  parameters. 


IN  many  applications  of  pencil  beam  antennas  it  is 
important  to  know  the  amount  of  energy  directed 
at  large  angles  away  from  the  axis  of  the  main  beam. 
While  this  energy  is  usually  very  small,  some  operations 
may  require  all  wide-angle  radiation  to  be  down  50  db 
or  more.  Physical  proximity  of  antennas  may  impose 
an  extremely  small  upper  limit  on  the  absolute  power 
in  certain  directions  in  order  to  reduce  cross  talk  or 
prevent  crystal  burn-out.  This  may  in  turn,  for  certain 
geometries,  add  a  very  stringent  specification  of  side 
lobe  discrimination  at  large  angles  to  the  usual  gain 
and  small-angle  side  lobe  specifications.  Then  feed 
and  reflector  design  will  require  a  theoretical  estimate 
of  the  antenna  pattern  at  large  angles  off  axis. 

In  reflector-type  antennas,  the  energy  radiated  at 
large  angles  off  the  beam  axis  consists  of  direct  radiation 
from  the  feed  and  scattered  energy  from  the  reflector. 
In  any  direction  where  these  two  contributions  are  of 
the  same  order  of  magnitude  a  knowledge  of  their 
relative  phases  is  necessary  to  obtain  the  power  from 
the  resultant  of  the  two  field  intensities.  In  the  usual 
case,  however,  the  contribution  from  one  far  exceeds 
that  of  the  other,  and  the  smaller  one  can  then  be 
neglected. 

It  is  a  simple  matter  to  approximate  the  contribu¬ 
tion  of  the  direct  radiation  from  the  feed  to  the  second¬ 
ary  pattern.  The  power  per  unit  solid  angle  in  the 
secondary  field  Ps(9,4>)  is  related  to  the  corresponding 
quantity  in  the  primary  field  PP(%,\p)  by  the  definition 
of  primary  feed  gain  function  Gp(^,\p)  and  secondary 


pattern  gain  function  Gs(9,<j>).  Thus,  for  a  system 
having  rotational  symmetry,  as  shown  in  Fig.  1,  when 
the  diffracted  energy  at  is  negligible,  Ps(9i)c^Pp(\//i). 
Then,  since  the  total  radiated  power  is  the  same  for 
primary  and  secondary  patterns, 

Ps  (9 1)  Gp  (0)  Pp  (\p  i) 

PaWT Gs(0)  PP(fi)' 

Writing  this  in  a  slightly  more  practical  form — if  Ns  is 
the  maximum  allowable  db  level  of  a  side  lobe  in  the 
secondary  pattern,  produced  solely  by  direct  radiation 
from  the  primary  feed  as  shown  in  Fig.  1,  then  the 
db  level  of  the  corresponding  radiation  in  the  primary 
feed  pattern,  NP=10  logio[Pp(^i)/Pp(0)],  must  be 
given  by 

Gs(0) 

NP<NS+10  log io  ”  * 

GP( 0) 

This  indicates,  what  was  intuitively  apparent,  that 
the  larger  the  secondary  gain  and  the  smaller  the 
primary  feed  gain,  the  less  stringent  will  be  the  specifica¬ 
tion  against  primary  feed  spill-over  energy  (i.e.,  the 
feed  radiation  which  is  not  intercepted  by  the  reflector). 

To  get  some  numerical  indication,  this  relationship 
was  evaluated  for  paraboloidal  reflectors  of  different 
f/D  ratios  and  a  class  of  primary  patterns  which 
provide  an  approximate  representation  of  a  great 
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Fig.  1.  Corresponding 
primary  and  secondary 
radiation  pattern  repre¬ 
sentations.  The  primary 
energy  at  \hi  is  not 
intercepted  by  the  reflec¬ 
tor  and  it  appears  at  6X  in 
the  secondary  pattern. 


many  of  the  common  feeds.  Assuming 


Gp( 0)  cosn\j/ 


GpU)  =  \ 


for 


eSty-tpi) 


7T 

O^S- 

2 


} 

7 r 


2 


where  e<5C2,  and  8  is  the  Dirac  delta  function,  it 
can  be  shown1  that 


/7 rD\2  f  *  r*  *  f 

Gs( 0)  =  J  Gp(0)j^cot— J  cos n/V  tan-diAj  , 


in  this^case,  this  would  require  the  primary  pattern  to 
be  below  — 16.6  db  for  all  angles  ^  greater  than  70°. 

The  other  contributing  source  of  radiation  in  the 
secondary  pattern  is  the  energy  scattered  by  tjie 
reflector.  Usually  this  is  calculated  as  a  diffraction 
pattern  from  a  scalar  distribution  over  the  aperture.2 
Unfortunately  this  aperture  distribution  method  in¬ 
volves  approximations  which,  among  other  things, 
limits  the  applicability  of  the  results  to  angles  near 
the  axis  of  the  main  lobe. 

Another  approach  which  removes  this  restriction  to 
small  angles  and  reduces  to  the  aperture  distribution 
formula  for  small  angles  off  the  main  beam  axis  is  the 
method  of  calculating  the  scattered  pattern  from  the 
current  distribution  over  the  reflector.  This  formulation 
differs  from  the  former  only  by  replacing  the  scalar 
integration  over  the  aperture  by  a  vector  integration 
of  the  equivalent  surface  current  density  over  the 
entire  surface  of  the  reflector.  However,  the  calculation 
of  the  far  field  leads  to  significant  differences  at  large 
angles  off  the  main  lobe  axis. 

Using  the  latter  approach  then  to  obtain  an  estimate 
of  the  scattered  field,  it  can  be  shown  that  the  far  field 
is  given  by 

e~jkR 

Ee,*— const - ip,  $  •  I 

R 


where  D  is  the  aperture  diameter,  X  the  operating 
wavelength,  and  SF  is  the  angular  aperture.  For  such 
antennas  then 

ttD 

Np — Ns — 20  logio 

X 

r  *  r*  t  t 

^  10  logioj^cot — J  cos n/V  tan-^AA J  . 

This  relationship  has  been  plotted  in  Fig.  2  for  the 
different  feed  patterns  characterized  by  the  values  of 
the  parameter  n=  2,  4,  6,  and  8.  It  affects  the  choice  of 
a  reflector  for  a  given  primary  feed  and  side  lobe  spec 
when  the  side  lobe  in  the  secondary  pattern  is  due  to 
direct  radiation  from  the  feed  alone,  or  specifies  the 
maximum  allowable  level  of  this  radiation  for  a  fixed 
reflector.  For  example,  consider  the  case  of  a  paraboloid, 
fixed  by  other  considerations,  with  a  diameter  of  30  in. 
and  an  angular  aperture  of  70°  illuminated  by  3.2  cm 
radiation.  If  the  feed  pattern  within  this  angular  aper¬ 
ture  is  approximately  cosV'j  the  n=6  curve  in  Fig.  2 
fixes  the  maximum  value  of  Np—Ns—  20  logio(7r/>/X) 
at  —14.1  db  for  4^=70°,  and  therefore,  in  this  ex¬ 
ample,  Np=-Ns~\-37-5— 14.1  =  ^5+23.4  db.  Thus,  if 
wide-angle  radiation  produced  solely  by  directly  radi¬ 
ated  feed  energy  were  required  to  be  below  Ns—  —40  db 


Fig.  2.  Dependence  on  angular  aperture  and  primary  feed 
gain  of  a  function  relating  primary  and  secondary  pattern  levels 
of  spill-over  energy  in  paraboloid  antennas.  The  primary  feed 
gain  function  is  Gp—2{n+\)  cos’V'  in  the  region  subtended  by 
the  paraboloid. 


1  S.  Silver,  Microwave  Antenna  Theory  and  Design  (McGraw-Hill 
Book  Company,  Inc.,  New  York,  1949),  Chap.  12. 


2  S.  Silver,  reference  1,  p.  167. 
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and 

where 

1=  f  NxRe*9-RidS. 

"S 

Here  U  and  4  are  unit  vectors  at  the  field  point  P  in  the 
polar  and  azimuthal  directions,  respectively,  p  is  the 
vector  from  the  origin  to  the  surface  element  dS ,  Ri 
is  the  unit  vector  pointing  from  the  origin  to  the  point 
P  at  which  the  field  is  being  calculated,  k=2r/\t 
y/—\,  and  N  is  the  unit  normal  vector  at  dS ; 
R  is  the  distance  from  the  origin  to  the  field  point,  e 
and  jjl  are  the  electric  and  magnetic  inductive  capacities, 
respectively,  and  5  denotes  the  reflector  surface.  This 
may  be  obtained  from  an  integration  of  Maxwell's 
equations,  expressing  the  field  in  terms  of  the  sources.3 
The  lowest-order  terms  in  R  for  the  case  of  a  source  free 
region  bounded  by  one  infinitely  conducting  surface 
then  leads  to  the  far-field  approximation  already  given. 

Several  simplifications  and  assumptions  are  made  in 
order  to  obtain  workable  formulas.  To  anticipate 
discrepancies  between  theory  and  experiment,  it  seems 
pertinent  to  review  some  of  the  assumptions  and 
approximations  that  are  made  in  the  application  of 
the  current  distribution  formulas. 

The  scattered  field  in  the  far  zone  may  be  calculated 
once  the  H  distribution  over  the  entire  surface  of  the 
reflector  is  known.  To  obtain  an  approximation  in  terms 
of  the  primary  feed  pattern,  it  is  assumed  that  the 
primary  feed  radiation  is  geometrically  reflected  and 
that  multiple  scattering  between  the  feed  and  reflector 
may  be  neglected  because  of  their  geometry  and  large 
separation.  These  assumptions  imply  that  the  reflector 
is  in  the  far  zone  of  the  feed,  and  that  the  curvatures  of 
both  the  reflector  and  primary  feed  wave  front  are  so 
small  that  the  transformation  from  incident  to  reflected 
wave  front  may  be  calculated,  at  each  point  of  the 
reflector,  as  though  the  tangent  plane  at  that  point 
reflects  a  uniform  plane  wave  having  the  same  intensity 
and  polarization  as  the  incident  wave  front  at  that 
point.  The  tangential  component  of  the  total  H  at  any 
point  on  the  reflector  is  then  given  in  terms  of  the 
reflected  primary  field  at  the  same  point  by 

N*H = 2N*Hr=  2  0  WstfdS,), 

where  Si  is  a  unit  vector  in  the  direction  of  Poyntings’ 
vector  on  the  reflected  wave  front  and  the  subscript  r 
refers  to  reflected  quantities.  The  far-field  relations  for 
a  point  source  feed  gives  Er  (which,  from  the  geomet- 

3J.  A.  Stratton,  Electromagnetic  Theory  (McGraw-Hill  Book 
Company,  Inc.,  New  York,  1941),  p.  467.  S.  Silver,  reference  1, 
Chap.  3. 


rical  optics  approximation,  differs  from  the  incident  E 
at  the  reflector  only  in  polarization)  in  terms  of  the 
primary  gain  function  as 

e-ik> 

Er=  const - GpK't'&e  rGM), 

P 


where  er  is  a  unit  vector  defining  the  polarization  in 
the  reflected  wave  front. 

Substitution  of  these  approximations  then  allows 
the  vector  integral  I,  which  determines  the  scattered 
field,  to  be  expressed  as  an  integral  of  the  primary 
feed  pattern  over  the  surface  of  the  reflector.  Thus 


I = const 


X 


GpKU) 

p 


exp{  —  jkp[l  —  91  •  R  J} 

X[(N-er)Si—  (N-Si)eJ  dS, 


where  is  the  unit  vector  pointing  from  the  origin  to 
the  element  dS. 

The  field  on  the  shadow  side  of  the  reflector  is 
assumed  to  vanish,  which  is  a  consequence  of  using 
the  approximations  of  the  geometrical  optics  method  of 
calculating  the  field  over  the  reflector.  Normally  there 
will  be  small  currents  at  the  edge  and  on  the  shadow 
side  of  the  reflector  which  will  contribute  to  the  diffrac¬ 
tion  field,  especially  in  the  shadow  region.  In  some 
cases  this  might  be  the  worst  assumption.  However,  if 
the  edge  of  the  reflector  is  very  near  a  deep  null  of  the 
primary  feed  pattern,  these  currents  will  be  negligibly 
small,  and  this  will  be  assumed  in  what  follows. 

To  obtain  numerical  estimates  of  this  second  contri¬ 
bution  to  wide-angle  radiation,  the  scattered  pattern 
was  calculated  under  the  same  conditions  as  in  the 
previous  calculations  of  the  direct  radiation  from  the 
feed,  viz.  paraboloidal  reflectors  of  different  f/D  ratios 
and  the  previously  defined  class  of  primary  patterns, 
which  provide  an  approximate  representation  of  a 
great  many  common  feeds.  (Generally  Gp  is  a  function 
of  both  ^  and  £.  However,  for  primary  feed  patterns 
having  approximately  the  same  half-power  beam 
widths  in  the  principal  E -  and  17-planes,  it  is  usually 
assumed  that  the  feed  pattern  can  be  represented  by  a 
pattern,  having  rotational  symmetry  about  the  parab¬ 
oloid  axis,  which  is  the  average  of  the  patterns  in  the 
two  principal  planes.) 
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To  calculate  the  diffraction  pattern,  the  integral  I 
is  expanded  in  terms  of  the  coordinates  shown  in  Fig.  3. 
Thus,  after  two  simplifying  assumptions  which  sacrifices 
some  range  of  application  as  discussed  in  the  Appendix, 
it  may  be  shown  that  for  paraboloidal  reflectors 
[p=/ sec2(0/2)], 


I = const 

+i 


J  £i*/o^2£/  sin0  tan-^ 

f 

i zj  cos0  tan-/i^2£/  sin0  tan-^ 


■b 


X  exp  —jkf  sec2-  ( 1 + cos0  cos^)  Itan-^. 


It  can  be  shown  that  in  the  region  near  the  axis  (0^0), 
I  reduces  approximately  to  the  familiar  integral  of  the 
aperture  distribution  method  of  calculating  the  diffrac¬ 
tion  pattern.  However,  for  wide  angles,  the  contribution 
to  the  axial  component  of  I,  which  has  no  counterpart 
in  the  aperture  distribution  formulation,  cannot  be 
neglected,  and  the  two  formulations  give  significantly 
different  answers. 

For  feeds  having  approximately  rotationally  sym¬ 
metric  patterns,  then,  evaluation  of  this  last  form  of 
I  leads  to  the  scattered  field  of  the  paraboloid  in  any 
direction  (0,</>) .  Restricting  attention  to  the  principal  E- 
and  U-plane  patterns  and  changing  integration  variable 
to  x=tdJi\p/2,  it  follows  that,  in  the  principal  .E-plane 
(0=0), 

I = const  exp ^  —  j2kf  cos2-^  J  Gp*  (#) 

x  /  0\ 

- exp  I  —  j2kfx2  sin2-  I 

1+a2  V  2/ 

X\jxJa(2kfx  sin0) + ujxj i (2k fx  sin0)]d# 


and  the  working  formulas  for  the  scattered  field 
amplitude  became 

E  (0) = A  exp  ^ — j2kf  cos2-^ 


X 


rifl[JS2  sin0— Ixi  cos0+j(Ei  sin0 
-\-Ix  2  cos0)] 

jlx*) 


in  the  E-plane 
in  the  H-plane 


where 


Ixl= 


x  /l— X2\n/2  X 


=  f  (—) 

J0  \l+x2/ 


1+*2 


Jo(2kfx  sin 8)dx, 


I  x  2  — 


»/ 2  x 
1  +  tf2 


XJo(2kfx  sin 9)dx, 


Li= 


n/2  x2 


\+X2 


XJi(2kfx  sin B)dx, 


n/2 


X2 


1  +  X2 


XJi(2kfx  sind)dx, 


and  A  is  a  function  of  R  alone.  To  normalize  the  pattern, 
the  maximum  value  of  E, 

Em&x=  |^4/xi(0)  |  — 


/*x  /l  —  x2\n/2  x 

J  0  \1+*V  l+a/* 


is  easily  evaluated  for  any  value  of  n.  Substituting  in 
the  power  pattern  equation 


and  in  the  principal  H-plane  (0=±7r/2), 

I  —  constix  exp  (  —  j2kf  cos2-  \  f  Gp*  ( x ) 6 - 

V  2/  Jo  l-{-x2 

Xexp^  —  j2kfx?  sm2-^jjQ(2kfx  sin 6)dx. 

Since  i^-iz=0  and  •  ix  =  —  sin<£,  it  can  be  seen  that 
the  field  in  the  E-plane  has  0  polarization,  and,  since 
ifl  •  i*=  cos0  cos</>,  the  field  in  the  H-plane  has  4>  polariza¬ 
tion. 

For  the  actual  calculation,  the  previously  defined 
feed  patterns  were  used,  viz., 

(1—x2 
— 

1+x2 


r=  10  logio 


then  gives  the  diffraction  pattern.  Thus,  in  the  E-plane, 

1 

rE=  10  logio - [(Erl2+Ec22)  COS20 

/,12(0) 

+  (4i2+/Z22)  sm20+(IzlIx2-IxiIZ2)  sin20] 
and  in  the  H-plane, 

1 

Th=  10  logio - [Ecl2+/x22H. 

Ixl2(0) 


These  patterns  have  been  numerically  calculated  on 
IBM  computers  for  a  number  of  values  of  each  of  the 
parameters  n,  f/D ,  and  D/\,  corresponding  to  primary 


POLAR  ANGLE,  r 


Fig.  4.  (a)  E-plane  pattern,  Z)/X=25.4.  (b)  E-plane  pattern, 
D/\— 20.46.  (c)  E-plane  pattern,  E/X=  10.6.  Diffraction 
patterns  in  principal  E-plane  for  paraboloid  reflector  and 
primary  feed  gain  function, 

2(w+l)  cosV  for  O^f 

gp~* 

0  for 

This  grouping  illustrates  pattern  changes  due  to  changes  in  D/X 
when  f/D  is  held  constant  at  0.3.  The  .E-plane  patterns  are 
similar  in  form  and  quantitative  differences  are  not  significant. 


gain,  aperture  efficiency,  and  uniformly  illuminated  First  it  should  be  said  that  these  patterns  are  not 
aperture  gain,  respectively.  These  have  been  plotted  complete,  since  they  were  evaluated  at  discreet  values 
in  Figs.  4  and  5.  of  0,  and  some  lobe  maxima  and  nulls  were  undoubtedly 
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Fig.  5.  (a)  H- plane  pattern,  //D=0.25.  (b)  H-plane  pattern, 
//Z)= 0.3.  (c)  F-plane  pattern,///) =0.38.  Diffraction  patterns 
in  principal  27-plane  for  paraboloid  reflector  and  primary 
feed  gain  function, 


2(m+1)  cos”^  for  0^^^: 


for 


This  grouping  illustrates  pattern  changes  due  to  changes  in 
f/D  when  D/X  is  held  constant  at  a  value  near  20. 


(b) 

missed.  However,  in  the  regions  of  most  interest  the  It  can  be  seen  that  for  small  6 ,  all  the  patterns 
intervals  were  made  small  in  order  to  get  the  general  conform  to  the  most  significant  results  of  aperture 
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(a)  As  primary  gain  increases  ( n  increases),  second¬ 
ary  gain  decreases  (broader  main  beams). 

(b)  As  primary  gain  increases  ( n  increases),  side 
lobe  level  decreases. 

(c)  As  D/\  and  // D  increase,  so  does  secondary 
gain.  (The  variation  with  D/\  may  be  seen  in  Fig.  4. 
The  f/D  variation  is  indicated  in  Fig.  5.) 

A  significant  departure  from  aperture  theory  is  that 
minor  lobe  intensity  does  vary  with  D/\.  This  is  also 
true  for  the  wide-angle  energy. 

In  the  region  of  greatest  interest  for  this  investigation 
the  level  at  90°  was  taken  as  an  indication  of  the  level 
of  the  diffracted  energy  at  wide  angles,  and  here  the 
most  important  conclusions  are  as  follows : 

(a)  The  sharpest  variation  by  far  was  with  primary 
gain,  going  in  the  same  direction  as  the  small-angle 
side  lobes.  This  may  be  seen  in  the  variation  of  the 
90°  ordinates  in  each  of  Figs.  4(a)  through  5(c).  A  typ¬ 
ical  variation  is  illustrated  in  Fig.  6,  and  it  indicates 
roughly  a  drop  of  7  db  per  db  increase  of  primary  feed 
gain. 


Fig.  6.  Typical  variation  of  wide-angle  radiation  level  with 
primary  feed  gain  and  uniformly  illuminated  aperture  gain.  These 
curves  give  relative  power  at  90°  off  axis  in  the  principal  plane 
diffraction  patterns  for  a  paraboloid  reflector  of  f/D— 0.3  fed 
by  a  primary  having  a  gain  function, 


2(«+l)  cos’Y'  for 
0  for 


The  dashed  line  curve  illustrates  the  variation  with  primary 
feed  gain  when  D/X~20.4.  The  two  solid  line  curves  illustrate 
the  variation  with  uniformly  illuminated  aperture  gain,  utilizing 
the  lower  scale  of  abscissas. 


FOCAL  LENGTH  TO  DIAMETER  RATIO,  F/lD 


Fig.  7.  Typical  variation  of  wide-angle  radiation  level  with  focal 
length  to  diameter  ratio.  These  curves  give  the  relative  power 
at  90°  off  axis  in  the  principal  plane  diffraction  patterns  for  a 
paraboloid  reflector  of  D/\~ 20  fed  by  a  primary  having  a  gain 
function, 


2(w-|-l)cosn^  for 


for  ^ 


(b)  The  second  significant  factor  was  D/\  the 
wide-angle  radiation  level  decreasing  with  increasing 
D/\,  Thus,  as  shown  in  Fig.  6,  for  a  tapered  illumination 
corresponding  to  #=6,  the  90°  level  decreased  approxi¬ 
mately  2  db  for  each  db  increase  in  the  gain  of  the 
uniformly  illuminated  dish.  The  variation  was  smaller 
for  smaller  primary  gains. 

(c)  The  last  factor,  f/D,  produced  very  small 
variations  in  the  region  of  small  f/D.  As  shown  in 
Fig.  7,  only  when  both  f/D  and  primary  gain  are  large 
does  one  obtain  a  sharp  increase  of  wide-angle  radiation 
level  with  increasing  f/D. 

(d)  The  17-plane  and  E-plane  patterns  differed  very 
little.  At  wide  angles  the  E-plane  radiation  level  was 
always  lower  than  the  corresponding  level  in  the 
17-plane,  but  this  difference  was  never  greater  than  3 
db  over  the  range  of  parameters  illustrated. 

It  should  be  noted  that  the  requirements  on  primary 
gain  are  in  opposite  directions  for  the  two  contributions 
to  wide-angle  energy,  i.e.,  reduction  of  the  level  due  to 
directly  radiated  feed  energy  calling  for  a  low  gain  feed 
whereas  a  high  gain  feed  is  required  to  reduce  the  level 
of  the  scattered  energy.  In  conclusion,  one  might  say, 
In  general,  that  design  for  low  side  lobe  at  any  angle 
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in  the  scattered  pattern  calls  for  large  secondary  and 
primary  gain. 

APPENDIX 

Expanding  the  integral  I  in  the  coordinates  of  Fig.  3, 
for  a  paraboloidal  reflector,  it  can  be  shown  that 


that  the  cross  polarization  component  of  er  may  be 
neglected  in  calculating  the  principal  polarization 
diffraction  pattern  because  the  cross  polarization 
energy  is  a  very  small  fraction  of  the  total  energy  in 
most  feeds  of  interest.  With  these  simplifications,  the 
integral  defining  the  scattered  pattern  becomes 


I = const  f  f  Gp%  exp{  —  jkf{sechj//2) 

J(>  Jq 


I— const  f  f  Gpi  exp{— jkf(sec2\p/2) 

Jo  Jo 


X[l+cos0  cos^—  sin0  sin^  cos  (£—<£)]} 

tan^/2 

X  [(N  •  er)Si—  (N  •  Sx)er] - 

cos^/2 


X[l+cos0  cos^— sin0  sin^  cos (£—<£)]} 

X[ix+iz(tan^/2)  cos£]  t&n\p/2d\pd£y 
and  using  the  relations 


There  are  several  other  simplifying  assumptions 
which  limit  the  accuracy  of  the  results.  One  of  these  is 
that  Si=i*  over  the  entire  surface  of  the  reflector. 
This  implies  that  the  far  field  of  the  primary  feed  is 
to  wide-angle  energy,  i.e.,  reduction  of  the  level  due  to 
more  than  just  quasi-point  source.  This  assumption 
follows  from  the  previous  assumptions  applied  to  a 
paraboloid  only  if  the  feed  is  a  true  point  source  with 
a  single  center  of  phase.  Furthermore,  since  the  geom¬ 
etry  of  the  paraboloid  makes  all  reflected  rays  parallel 
to  the  axis,  er  can  have  no  axial  component  and  it  is  set 
equal  to  \x  at  each  point  on  the  reflector.  This  assumes 


/^TPra 

exp  (±ja  cos£)d£=27r/o(a), 

/2ir+a 

cos£  exp  (ja  cos£)d£=27r//i(a), 

/2ir+a 

sinj  exp(ja  cos£)d£=0 


to  perform  the  integration  over  £  one  obtains  the 
result  quoted  in  the  text. 
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Effect  of  Reactor  Irradiation  on  the  White-to-Grey  Tin  Transformation* 

Jerome  FleemanJ  and  G.  J.  Dienes 
Brookhaven  National  Laboratory ,  Upton ,  New  York 
(Received  October  21,  1954) 

The  effect  of  low-temperature  (liquid  nitrogen)  reactor  irradiation  on  the  white-to-grey  tin  transformation 
has  been  investigated.  It  was  found  that,  compared  to  an  unirradiated  pure  sample,  the  transformation, 
measured  by  dilatometry,  is  drastically  accelerated  by  prior  irradiation.  The  irradiation  apparently  elimi¬ 
nates  the  normally  very  long  induction  period.  The  kinetic  behavior  of  reactor  irradiated  samples  and  of 
samples  seeded  with  grey  tin  were  found  to  be  qualitatively  similar.  These  results  indicate  that  the  defects 
introduced  into  white  tin  by  reactor  irradiation  serve  as  nuclei,  or  at  least  embryos  of  nucleation,  for  the 
subsequent  phase  transformation.  Whether  point  defects,  their  aggregates,  or  the  strains  surrounding  the 
displaced  atoms  are  responsible  for  the  artificial  “seeding”  cannot  yet  be  decided.  Reactor  irradiation  ap¬ 
pears  to  be  a  promising  new  tool  for  studying  nucleation  and  growth  processes  since  quite  uniform  artificial 
nucleation  can  be  accomplished  this  way. 


I.  INTRODUCTION 

IT  is  well  known  that  reactor  irradiation  results  in 
large  changes  in  the  physical  properties  of  solids.1 
These  phenomena  are  generally  interpreted  in  terms 
of  lattice  defects  and  their  aggregates  produced  by  the 

*  Work  carried  out  under  contract  with  the  U.  S.  Atomic 
Energy  Commission, 
t  Deceased  September  30,  1954. 

1  J.  C.  Slater,  J.  Appl.  Phys.  22,  237  (1951);  G.  J.  Dienes, 
Ann.  Rev.  Nuclear  Sci.  2,  187  (1953),  and  J.  Appl.  Phys.  24,  666 


knocking  about  of  the  atoms  of  the  crystal  lattice. 
Displaced  atoms,  or  strained  regions  of  the  crystal 
around  defects  (particularly  interstitials),  may  serve  as 
nuclei  for  solid  state  reactions.  Murray  and  Taylor2 
investigated  the  effect  of  neutron  irradiation  on  a 
supersaturated  solid  solution  of  beryllium  in  copper. 
From  a  study  of  various  physical  property  changes, 
they  concluded  that  the  evidence  pointed  toward  the 

2  G.  T.  Murray  and  W.  E.  Taylor,  Acta  Metallurgica  2,  52 
(1954). 
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formation  of  precipitate  nuclei  during  irradiation. 
The  interpretation  of  the  results  in  a  system  as  complex 
as  a  precipitation  alloy  relies  of  necessity  on  rather 
indirect  evidence. 

The  white-to-grey  tin  transformation  offers  many 
advantages  for  a  study  of  the  effects  of  reactor  irradia¬ 
tion  on  phase  transformation.  These  advantages  are3: 

(a)  the  transformation  is  a  first-order  phase  change  be¬ 
tween  two  well-known  structures  in  a  monatomic  system, 

(b)  the  transformation  temperature  13.2°C  is  in  a  con¬ 
venient  temperature  range,  (c)  the  transformation 
rate  is  slow  and  becomes  negligible  below  about  —  80°C, 

(d)  the  radioactivity  produced  in  the  reactor  in  tin 
causes  no  appreciable  experimental  difficulties,  and 

(e)  the  transformation  is  easily  followed  by  dilatometry 
by  virtue  of  the  very  large  volume  increase  accompany¬ 
ing  the  white-to-grey  tin  phase  change  (27  percent). 
An  experimental  study  of  the  white-to-grey  tin  trans¬ 
formation  subsequent  to  low-temperature  irradiation 
of  the  white  tin  samples  is  described  in  this  paper. 

II.  EXPERIMENTAL 

Electrolytically  refined  tin  (99.995  percent)  ob¬ 
tained  from  the  Vulcan  Detinning  Company  was  used 
in  these  experiments.  A  set  of  cylindrical  samples  of 
about  |  cm3  (approximately  J  in.  diameter  and  f  in. 
long,  annealed  in  vacuum  for  1  hr  at  100°C)  was 
irradiated  in  the  low-temperature  facility4  at  the 
Brookhaven  reactor.  The  irradiation  was  carried  out 
at  liquid  nitrogen  temperature  to  an  integrated  neutron 
flux  of  about  1018  nvt.  The  samples  were  accurately 
weighed  prior  to  irradiation.  After  removal  from  the 
reactor  the  specimens  were  stored  in  liquid  nitrogen 
while  the  induced  radioactivity  decayed.  The  specimens 
were  transferred  directly  from  liquid  nitrogen  to 
dilatometers  at  controlled  low  temperatures  (—60  to 
—  20°C  range)  for  transformation  rate  studies.  Control 
specimens  of  unirradiated  tin  had  the  same  thermal 
history  as  the  irradiated  ones. 

The  dilatometers  were  of  conventional  design  using 
ethyl  alcohol  as  the  dilatometer  fluid.  The  unirradiated 
samples  showed  no  transformation  during  the  kinetic 
experiments  and  fluctuations  in  the  dilatometers 
containing  them  were  used  as  corrections  for  tempera¬ 
ture  fluctuations.  In  every  case  these  corrections  were 
minor.  The  over-all  estimated  precision  is  0.5  percent 
over  the  complete  transformation  range  in  any  given 
experiment. 

A  typical  rate  curve  for  irradiated  tin  is  shown  in 
Fig.  1  where  the  percent  change  in  volume  is  plotted 
as  a  function  of  time  at  reaction  temperature.  The 
change  in  volume,  AF,  is  V—  Vi  where  V  is  the  volume 
at  any  time  t  and  Vi  is  the  initial  volume  of  the  pure 

3  For  recent  work  on  the  tin  transformation  see:  F.  W.  Cagle, 
Jr.,  and  H.  Eyring,  J.  Phys.  Chem.  57,  942  (1953),  and  R.  R. 
Rogers  and  J.  F.  Fydell,  J.  Electrochem.  Soc.  100,  383  (1953), 
where  references  to  the  earlier  literature  are  given. 

4  McReynolds,  Augustyniak,  McKeown,  and  Rosenblatt,  Phys. 
Rev.  94,  1417  (1954). 


Fig.  1.  Percent  volume  change  vs  time  curve  for  the  white-to- 
grey  tin  transformation  following  reactor  irradiation  of  the  white 
tin  at  liquid  nitrogen.  Temperature  of  transformation  reaction 
=  —  50.3°C.  Annealed  pure  white  tin  shows  no  transformation  and 
would  be  represented  by  the  abscissa  in  the  figure. 

white  tin  calculated  from  the  weight  of  the  sample. 
According  to  Fig.  1  the  transformation  process  in 
irradiated  tin  is  characterized  by  a  rather  short  induc¬ 
tion  period  (defined  as  the  intercept  of  the  straight  line 
on  the  time  axis  in  Fig.  1)  followed  by  a  linear  volume 
vs  time  region  and  a  final  very  slow  region  where  the 
transformation  is  essentially  complete.  The  transforma¬ 
tion  rate,  as  measured  by  the  volume  change,  was  found 
to  be  constant  in  every  case  at  least  from  2  to  20  percent 
on  the  A V /Vi  scale  (i.e.,  A V/Vi  linear  with  t  over 
practically  the  whole  transformation  range).  Un¬ 
irradiated  tin  during  such  an  experiment  shows  no 
transformation  at  all  and  would  be  represented  by  the 
abscissa  itself.  As  a  matter  of  fact,  the  pure  unirradiated 
tin  samples  were  stable  at  the  reaction  temperature  of 
—  20°C  to  —  60°C  for  at  least  one  week  and  probably 
much  longer.  Appreciable  transformation  in  the  absence 
of  radiation  could  only  be  induced  in  these  samples  by 
seeding  with  grey  tin  or  by  heavy  cold  work  at  low 
temperature. 

Concurrently  with  the  experiments  on  irradiated 
tin  rate  studies  were  made  on  tin  seeded  with  grey  tin. 
The  seeding  was  done  by  simply  touching  one  face  of 
the  sample  to  grey  tin  at  the  reaction  temperature.  The 
volume  vs  time  curves  for  the  seeded  samples  were 
identical  in  shape  with  those  for  the  irradiated  ones. 
However,  the  data  for  the  seeded  samples  were  found 
to  be  far  less  reproducible  than  for  the  irradiated  ones. 
The  poor  reproducibility  of  transformation  rates  for  all 
types  of  unirradiated  tin  has  been  noted  in  the 
literature.3 

The  results  are  given  in  Table  I  where  the  induction 
periods  and  the  constant  rates  are  listed  for  irradiated 
and  seeded  tin  at  various  reaction  temperatures.  The 
data  show  clearly  that  the  steady  rates  are  quite 
reproducible  in  the  case  of  the  irradiated  tin  while  the 
scatter  is  much  greater  in  the  case  of  the  seeded  samples. 
The  transformation  rates  are  of  similar  magnitude.  The 
reproducibility  of  the  induction  periods  is  seen  to  be 
quite  poor. 

As  far  as  the  effect  of  reaction  temperature  is  con¬ 
cerned,  a  maximum  in  the  steady  rate  of  transformation 
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Table  I.  Kinetic  data  for  white-to-grey  tin  transformation. 


Irradiated  white  tina  White  tin  seeded  with  grey  tin* 


Rate  of  trans*  Rate  of  trans¬ 
formation  in  formation  in 


Reaction 

temperature, 

°C 

Induction 

period, 

minutes 

percent  volume 
change  per 
minute 

Induction 

period, 

minutes 

percent  volume 
change  per 
minute 

—59.5 

500 

21.6X10-3 

400 

17.8X10-3 

500 

19.5  X10-3 

-50.3 

150 

17.8X10-3 

300 

28  X10-3 

500 

13.0X10-3 

500 

36  XI 0-3 

-40.7 

100 

30  X10-3 

80 

116  X10-3 

120 

30  XI 0-3 

210 

67  X10-3 

-30.0 

90 

40  X10-3 

75 

90  X10“3 

150 

42  X10-3 

210 

45  XI 0-3 

-20 

400 

23  XI  O'® 

No  measurable  transfor¬ 

530 

21.5X10-3 

mation  in  2000  minutes. 

*  Pure  annealed  and  untreated  white  tin  samples,  which  served  as 
controls,  were  stable  at  these  temperatures  (no  transformation)  for  at 
least  one  week  and  probably  much  longer. 

occurs  near  —  30°C.  This  is  in  agreement  with  data  in 
the  literature.  Tammann  and  Dreyer5  investigated  the 
growth  of  pustules  of  grey  tin  on  a  white  tin  surface 
at  various  temperatures.  They  observed  that  the  radius 
of  the  pustule  increased  linearly  with  time  at  a  fixed 
temperature  with  the  pustule  spreading  from  the  point 
of  innoculation.  They  give  the  temperature  of  maximum 
growth  rate  as  ”30°C.  It  should  be  noted  that  accord¬ 
ing  to  their  results,  and  the  data  presented  here, 
transformation  on  the  surface  as  well  as  volume 
transformation  occurs  at  a  constant  rate. 

X-ray  diffraction  patterns  taken  at  liquid  nitrogen 
temperature  after  a  liquid  nitrogen  irradiation  proved 
quite  conclusively  that  no  significant  transformation 
occurred  during  the  irradiation  itself  since  no  grey 
tin  lines  were  detected.  The  upper  limit  on  the  amount 
of  grey  tin  possibly  present  but  undetectable  in  the 
diffraction  patterns  was  calculated  as  0.05  percent. 
In  the  rate  studies,  therefore,  the  starting  material 
was  “seeded”  but  untransformed  white  tin. 

The  theoretical  27  percent  change  in  volume  was  not 
obtained  in  any  of  the  kinetic  runs.  The  transformation 
apparently  stopped  at  A V /Vi  values  between  24  and 
25  percent.  In  the  final  state  of  transformation  the 
material  is  a  powder.  No  observations  were  made  on  the 
character  of  the  transformation  during  the  rate  studies, 
but  the  sample  certainly  crumbled  before  the  end  of  the 
run.  There  may  be,  therefore,  considerable  inaccuracies 
in  the  volume  measurements  for  the  last  few  points. 
If  the  strong  retardation  at  high  degree  of  conversion 
is  real  the  explanation  is  probably  that  of  crystallo¬ 
graphic  interference.  More  detailed  studies  will  be 
required  to  settle  this  point. 

6  G.  Tammann  and  K.  L.  Dreyer,  Z.  anorg.  u  allgem.  Chem. 
199,  97  (1931). 


III.  DISCUSSION 

These  experiments  show  clearly  that  low-temperature 
neutron  irradiation  has  a  drastic  effect  on  the  white-to- 
grey  tin  transformation.  Compared  to  a  pure  untreated 
sample  the  transformation  is  tremendously  accelerated 
apparently  by  an  essentially  complete  elimination  of  a 
normally  very  long  induction  period. 

The  over-all  features  of  the  transformation  after 
irradiation  and  after  seeding  with  grey  tin  are  similar. 
In  both  cases  the  volume  rate  of  transformation  was 
found  to  be  constant  over  practically  the  whole  trans¬ 
formation.  The  higher  degree  of  reproducibility  of  the 
kinetic  data  for  the  irradiated  specimens  indicates  that 
the  irradiation  resulted  in  quite  uniform  “seeding”  of 
the  white  tin. 

The  foregoing  results  indicate  that  the  defects  intro¬ 
duced  into  white  tin  by  reactor  irradiation  serve  as 
nuclei,  or  at  least  embryos  of  nucleation,  for  the  subse¬ 
quent  phase  transformation.  Whether  point  defects, 
their  aggregates,  or  the  strains  surrounding  the  dis¬ 
placed  atoms  are  responsible  for  the  seeding  cannot 
yet  be  decided.  Reactor  irradiation,  or  the  formation  of 
displaced  atoms  in  general  by  fast  particle  irradiation, 
appears  to  be  a  promising  new  tool  for  studying  nuclea¬ 
tion  and  growth  processes  since  quite  uniform  artificial 
nucleation  evidently  can  be  accomplished  this  way. 

The  kinetic  data  are  not  yet  extensive  enough  to 
permit  a  detailed  analysis.  The  constancy  of  the  volume 
rate  of  transformation  at  a  fixed  temperature  is  some¬ 
what  puzzling.  The  simplest  interpretation  is  that 
nucleation  is  completed  by  the  irradiation  and  that  the 
material  transforms  by  unidimensional  growth  (thin 
rods).  Other  mechanisms  based  on  nucleation  and 
growth  could  also  be  postulated.  We  feel  that  much 
further  data  will  have  to  be  obtained,  particularly 
x-ray  data  on  the  crystallography  of  the  transformation, 
before  the  kinetic  picture  can  be  clarified. 

Interpretation  of  the  temperature  dependence  of  the 
transformation  rate  is  closely  related  to  and  depends  on 
the  interpretation  of  the  volume  rate-time  data. 
Suffice  it  to  say  here  that  the  over-all  behavior  can  be 
explained  either  on  nucleation  and  growth  basis  or  by 
simple  rate  theory  as  discussed  by  Cagle  and  Eyring.3 
We  feel  that  the  final  answer  will  depend  on  a  quanti¬ 
tative  analysis  of  extensive  kinetic  data  again  in 
conjunction  with  detailed  crystallographic  information. 
Further  work  is  planned  along  these  lines. 
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Number  and  energy  gamma-ray  albedos  have  been  calculated  for  a  material  of  Ze ff— 13,  corresponding 
to  both  concrete  and  aluminum.  The  Monte  Carlo  method  was  used,  the  calculations  being  performed  on 
an  IBM-701.  The  single-  and  multiple-scattered  components  were  evaluated  separately;  the  multiple- 
scattered  component  was  considerably  the  larger  of  the  two  in  most  cases,  being  as  much  as  three  times  as 
large  as  the  single-scattered  component.  For  moderately  small  incident  angles,  the  emergent  photons  are 
distributed  approximately  proportional  to  the  cosine  of  the  normal  angle  of  emergence.  The  spectra 
peak  around  150-250  kev  and  in  some  cases  have  a  second  peak  at  higher  energy;  such  secondary  peaks 
move  upward  in  energy  and  increase  in  importance  as  the  angle  of  incidence  increases.  The  average  energy 
of  the  emergent  photons  varies  from  0.33  to  1.4  ntoc 2.  For  the  multiple-scattered  component  the  average 
energy  varies  from  0.30  to  0.93  woe2.  Buildup  factors  have  been  calculated  for  2  nioc 2  gammas  normally 
incident  on  aluminum  of  2  and  4  mean  free  paths  thickness. 


HAYWARD  and  Hubbell1'2  have  recently  calculated 
the  number  and  energy  albedos,  i.e.,  reflection 
coefficients,  of  several  materials  for  1-Mev  photons. 
They  used  a  Monte  Carlo  technique,  calculating  the 
case  histories  by  hand.  In  spite  of  the  tediousness  of 
such  calculations  (each  case  history  required  about 
1  man-day  to  calculate)  they  were  able  to  extract  an 
impressive  amount  of  information  from  the  67  case 
histories  which  they  treated. 

The  calculations  described  here  deal  with  the  albedos 
of  concrete,  for  which  a  typical  Zeff4=  (Z5)/ (Z)~  13.54. 
For  convenience  a  value  of  Z— 13  was  used  in  these 
calculations ;  hence  these  results  apply  also  to  aluminum. 
The  insignificance  of  the  error  arising  from  this  choice 
of  Z  follows  from  the  very  slow  variation  of  albedos 
with  Z.1’2 

A  variety  of  incident  energies  and  angles  have  been 
treated  and  information  has  been  obtained  concerning 
the  distribution  of  the  emergent  radiation  in  direction 
and  energy.  A  variation  of  the  straight  analog  method 
was  employed  in  order  to  reduce  the  variance  in  the 
calculated  values  of  the  emergent  distribution.  The 
necessary  sample  size  has  dictated  the  use  of  a  high¬ 
speed  computer ;  the  problem  was  coded  and  run  on  an 
IBM-701. 

The  photon  paths  were  followed  in  a  straightforward 
manner  except  as  noted  in  the  following ;  the  formulas 
for  compounding  of  angles,  etc.,  have  been  conveniently 
set  forth  elsewhere.2  The  uniformly  distributed  random 
numbers  N  used  in  the  calculations  were  generated  as 
required,  using  the  method  of  middle  squares.  The 
Compton  scattering  angle  0  was  chosen  by  the  rejection 
method.  The  quantity  0  was  first  chosen  from  the 
distribution  /(0)  =  ^4*sin0  by  putting  cos0c=2iVi—  1. 
Then  (d<r/d0)/sin0,  which  is  a  rational  function  of 
energy  and  of  cos0,  was  evaluated.  If  iV2<(l/Vo2) 

*  Work  performed  under  contract  with  the  Wright  Air  Develop¬ 
ment  Center  of  the  U.  S.  Air  Force, 
t  Now  at  Lockheed  Aircraft  Corporation,  Marietta,  Georgia. 

1  E.  Hayward  and  J.  Hubbell,  Phys.  Rev.  93,  955  (1954). 

2  E.  Hayward  and  J.  H.  Hubbell,  Natl.  Bur.  Standards  Rept. 
NBS  2768  (1953). 


X  (do/ dQi)  this  choice  of  0  was  accepted ;  if  the  inequality 
did  not  hold  a  new  Ni  and  N%  were  generated  and  the 
process  repeated  until  the  inequality  was  satisfied. 

Only  Compton  scattering  and  photoelectric  absorp¬ 
tion  processes  were  considered.  Scattering  cross  sections 
were  calculated  from  the  Klein-Nishina  formula,  while 
photoelectric  cross  sections  were  evaluated  by  inter¬ 
polation  in  a  table  taken  from  results  of  Davisson  and 
Evans3  and  White.4 

A  survival  factor  S  was  associated  with  each  segment 
of  a  photon’s  path.  Having  chosen  a  point  of  interaction, 
the  new  direction  of  the  photon  was  calculated  on  the 
assumption  that  it  was  indeed  scattered  rather  than 
absorbed.  The  probability  P  that  the  photon  escaped 
the  surface  was  then  calculated  from  the  new  energy 
a  according  to  the  equation 


P=e— 


ot(a)Z 

cosfl 


if  cos0<O 


P—0  if  cos0>O. 


This  was  in  keeping  with  the  general  rule  that  the 
portions  of  a  ^calculation  which  are  easy  to  treat 
deterministically  should  be  so  treated,  and  only  the 
difficult  parts  should  be  treated  by  sampling  methods.6 
The  estimates  of  the  number  and  energy  albedos 
obtained  from  the  path  of  a  single  photon  are 

T,tPiSi  and  Y<i(aiPiSi)/a  0. 

The  choice  of  the  distance  to  the  point  of  the  next 
interaction  was  biased  so  as  to  assure  that  this  point 
would  lie  within  the  medium.  This  arrangement 
provided  for  including  a  contribution  from  each 
interaction,  thus  reducing  the  variance  in  the  results, 
particularly  inthe  tabulation  of  the  emergent  distribu¬ 
tions.  After  the  ith  scattering  the  new  value  of  5 

3  C.  M.  Davisson  and  R.  D.  Evans,  Revs.  Modern  Phys.  24, 
79  (1952). 

4  G.  R.  White,  Natl.  Bur.  Standards  Rept.  NBS  1003  (1952). 

6  H.  Kahn,  Nucleonics  6,  27  (1950). 
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Fig.  1.  Total  number  albedos  for  photons  incident  at  0o=Oo,  45°, 
60°,  and  80°  as  a  function  of  incident  energy. 


becomes  Si+i=Si(<rkn/(Tt)  (1— i\).  The  second  term 
gives  the  probability  that  the  interaction  was  a  scatter¬ 
ing  rather  than  an  absorption,  while  the  last  term 
corrects  for  the  bias  introduced  by  forcing  the  photon 
to  remain  with  the  medium.  Each  photon  was  followed 
until  S  became  less  than  0.05. 

The  contribution  to  the  albedos  arising  from  the 
first  scattering  can  be  calculated  by  a  straightforward 
deterministic  process,  and  it  is  the  contribution  from 
subsequent  scatterings  which  requires  a  Monte  Carlo 
treatment.  For  this  reason  these  two  contributions  to 
the  albedos  were  calculated  separately. 

The  rather  large  sample  size  required  for  moderate 
accuracy  necessitated  a  computer  program  which  would 
require  a  minimum  amount  of  calculating  time.  For  this 
reason  the  programing  was  done  in  ‘‘fixed  point,” 
rather  than  by  use  of  an  abstract  interpretive  system. 
This  necessitated  a  considerable  amount  of  tracing, 
i.e.,  printing  out  and  examining  of  the  step-by-step 
performance  of  the  calculation,  to  assure  that  there 
were  no  scaling  errors  over  the  range  of  energies  and 
angles  considered.  The  program  is  easily  contained 
within  the  high-speed  electrostatic  storage  of  the  701. 


Fig.  2.  Total  energy  albedos  for  photons  incident  at  0o=O0,  45°, 
60°,  and  80°  as  a  function  of  incident  energy. 


Approximately  80  percent  of  the  machine  time  is 
required  by  the  subroutines  which  calculate  sin#,  ex , 
log  Xj  and  \/x  by  iterations.  This  leaves  some 
latitude  for  speeding  up  the  program  for  later  use  by 
means  of  evaluation  of  these  functions  by  table  lookups. 
As  presently  programed  a  sample  of  250  gamma-ray 
case  histories  requires  about  8  minutes  of  calculating 
time  and  about  If  minutes  of  input-output  time. 

The  calculations  have  dealt  with  four  incident  angles 
do  and  a  variety  of  incident  energies,  including  those 
of  Cs137  and  Co60.  The  values  of  the  total  albedos  are 
shown  in  Figs.  1  and  2.  Figure  3  shows  the  energy 
albedos  for  normal  incidence  broken  down  into  the 
single-  and  multiple-scattered  components ;  the  ratio  of 
multiple-  to  single-scattered  component  is  even  larger 
in  the  case  of  the  number  albedos.  The  single-scattered 
component  is  the  smaller  of  the  two  in  all  the  cases 
treated  here  except  the  energy  albedos  for  0o=8O°. 

The  standard  deviations  indicated  in  the  figures 


Eo|MoC:) 

Fig.  3.  Total  energy  albedos  and  the  single-  and  multiple- 
scattered  components  of  this  albedo  for  0o=O°,  as  a  function  of 
incident  energy. 

were  calculated  according  to  the  equation  o-=|]((A'2) 
—  {XY)/Ny,  where  X  represents  PS  and  aPS/ao  for 
the  number  and  energy  albedos,  respectively.  Calcula¬ 
tions  were  performed  in  blocks  of  N~  250  incident 
photons,  a  sample  size  which  resulted  in  fractional 
standard  deviations  ranging  from  ±5  percent  to 
±20  percent.  For  most  of  the  cases  only  one  set  of  250 
photons  was  treated.  For  6  combinations  of  incident 
angles  and  energies,  for  each  of  which  there  are  4 
calculated  albedos  (with  some  correlations  between 
the  4),  two  such  sets  were  treated  using  different 
initial  random  numbers.  A  statistical  test  was  made  on 
these  to  determine  whether  the  computed  s  appro¬ 
priately  represent  the  statistical  uncertainty.  The 
equation  Y=  (Xi— X2)/(<7i2-f-cr22)*  was  calculated  for 
these  24  albedos,  with  the  following  results:  (F2)  =  0.98, 
(|F|)  =  0.88,  (F)  — 0.511.  These  results  seem  to  be  in 
satisfactory  agreement  with  the  assumption  that  F  is 
normally  distributed  with  mean  0  and  standard 
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deviation  1,  indicating  that  the  computed  <r’s  do  indeed 
accurately  represent  the  statistical  uncertainty. 

Six  of  the  albedos  which  have  been  calculated  here 
are  directly  comparable  with  results  of  Hayward  and 
Hubbell;1-2  the  agreement  between  the  two  calculations 
is  satisfactory.  The  energy  albedos  fall  off  with  increas¬ 
ing  incident  energy  much  more  rapidly  than  do  the 
number  albedos  because  of  the  greater  fractional  energy 
degradation  at  the  higher  energies.  The  average  energy 
of  the  emergent  photons  varies  from  about  0.33  moc2 
for  normally  incident  Cs137  radiation  to  1.4  m0c2  for 
12  m0 c2  radiation  incident  at  0o=8Oo.  The  corresponding 
range  for  the  multiple-scattered  component  alone  is 
0.30  moc2  to  0.93  moc2. 

The  emergent  energy  spectra  show  a  peak  in  the 
region  of  150-250  kev,  the  position  of  which  does  not 
vary  greatly  with  incident  angle  or  energy.  There  is 
also  a  smaller  peak  at  a  higher  energy,  the  position  of 
which  increases  with  increasing  incident  energy.  This 
behavior  of  the  secondary  peak  is  in  accord  with 
experimental  results  of  Hayward  and  Hubbell.6,7  Hine 


Fig.  4.  Energy  spectra  of  emergent  photons  for  Co60  gamma  rays 
incident  at  0o=O°,  60°,  and  80°. 


and  McCall8  have  also  noted  the  presence  of  a  secondary 
peak.  These  experimental  results  did  not  come  to  our 
attention  until  the  present  calculations  had  been 
performed  and  exploration  of  the  behavior  of  this 
peak  has  not  been  emphasized.  We  note  that  the 
relative  size  of  the  secondary  peak  increases  with 
increasing  incident  angle.  Figure  4  shows  energy 
spectra  for  a  Co60  radiation  source. 

Figure  5  shows  the  distribution  of  the  number  and 
energy  of  emergent  photons  over  the  polar  angle  of 
emergence  0  integrated  over  the  azimuthal  angle  of 
emergence  0  for  the  case  of  normally  incident  Co60 
radiation.  For  this  particular  case  the  distributions 
are  strongly  anisotropic  and  both  the  multiple-scattered 
component  and  the  total  dose  have  approximately 
the  form  cos0.  For  large  angles  of  incidence  the  multiple- 
scattered  component  becomes  slightly  more  nearly 

e  E.  Hayward  and  J.  H.  Hubbell,  J.  Appl.  Phys.  25,  506  (1954). 

7  E.  Hayward  and  J.  H.  Hubbell,  Natl.  Bur.  Standards  Rept. 
NBS  2264  (1953). 

8  G.  J.  Hine  and  R.  C.  McCall,  Nucleonics  12,  No.  4,  27  (1954). 


Fig.  5.  Variation  of  number  and  energy  of  emergent  photons 
as  a  function  of  polar  angle  of  emergence  for  Co60  gamma  rays 
incident  at  0o=O°. 

isotropic  and  the  single-scattered  component,  which  is 
always  fairly  isotropic,  becomes  relatively  more 
important. 

Figure  6  shows  the  distribution  over  the  azimuthal 
angle  0  with  the  0  dependence  integrated  out.  As  would 

Table  I.  Number  and  energy  buildup  factors  for  2woc2  gamma 
rays  normally  incident  on  aluminum  slabs  (present  results)  and 
for  Cs137  gamma  rays  normally  incident  on  water  slabs  (Berger’s 
results). 


2  moc2  gammas  normally 

Cs™ 

gammas  normally 

incident  on  aluminum 

incident  on  water 

paths 

Bn 

Be 

Bn 

Be 

2 

3.12dr0.14 

2.00=b0.08 

3.93 

2.50 

4 

5.26=1=0.69 

2.80=h0.30 

8.2 

3.66 

be  expected,  the  forward  (0=0)  peaking  is  stronger 
for  the  larger  incident  angles  and  arises  largely  from 
the  single-scattered  component. 

As  an  incidental  part  of  this  work  number  and  energy 
buildup  factors,  BN  and  BE,  were  calculated  for  2  m0c 2 
gammas  normally  incident  on  aluminum  slabs  of  2 


Fig.  6.  Variation  of  number  and  energy  of  emergent  photons 
as  a  function  of  azimuthal  angle  of  emergence  for  CoM  gamma 
rays  incident  at  0o=O°,  45°,  and  80°.  The  multiple-scattered 
component  and  the  total  dose  are  shown  separately. 
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and  4  mean  free  paths  thickness.  These  results  are 
shown  in  Table  I.  The  sample  used  in  each  of  these 
two  cases  also  consisted  of  250  incident  photons.  These 
particular  cases  do  not  seem  to  have  been  treated  before, 
but  Goldstein  et  al .9  and  Berger10  have  treated  fairly 
similar  cases.  In  contrast  with  Berger  and  the  present 
author,  Goldstein  calculated  the  dose  received  by 
an  isotropic  detector,  and  hence  weighted  emergent 
photons  with  the  factor  sec  0.  For  this  reason  Goldstein's 
values  are  somewhat  higher  than  the  present  ones. 

9  Goldstein,  Wilkins,  and  Presier,  NDA  Memo  15C-20  (1953). 

10  M.  J.  Berger,  results  presented  at  the  Symposium  on  Monte 
Carlo  Methods,  Gainesville,  Florida,  March  16—17,  1954. 


The  present  results  seem  to  be  in  reasonable  agreement 
with  Berger's  results  for  Cs137  gammas  incident  on 
water.  Berger's  results  were  obtained  from  a  Monte 
Carlo  computation  performed  by  hand.  They  dealt  with 
lower-energy  gammas  and  a  higher-Z  material  than 
treated  here;  hence  his  buildup  factors  would  be 
expected  to  be  somewhat  larger. 
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The  reverse  current  and  carrier  lifetime  have  been  measured  in  a  series  of  germanium  diodes  as  a  function 
of  temperature  between  room  temperature  and  liquid  nitrogen  temperature.  The  lifetime  reaches  a  plateau 
at  low  temperatures,  and  its  behavior  can  be  explained  in  terms  of  the  Hall-Shockley-Read  recombination 
theory.  Log  iR  vs  1/T  exhibits  a  break  to  a  shallower  slope  at  lower  temperatures,  which  can  be  explained  in 
terms  of  charge  generation  by  recombination  centers  in  the  space-charge  region. 


I.  INTRODUCTION 

HE  Hall-Shockley-Read  theory  of  recombination 
in  germanium1*2  predicts  that  the  plot  of  lifetime 
vs  reciprocal  temperature  should  reach  a  plateau 
at  low  temperatures.  The  presence  of  this  plateau  has 
never  been  adequately  verified  experimentally.3  The 
present  experiment  demonstrates  that  such  a  plateau 
does  in  fact  exist  and  offers  some  evidence  for  a  model 
which  would  explain  the  large  variations  in  slope  which 
are  observed  on  such  a  plot  at  intermediate  tem¬ 
peratures. 

Since  the  lifetime  was  measured  by  making  a  junction 
diode  with  the  germanium  under  study,  it  was  con¬ 
venient  also  to  measure  the  diode  reverse  current  as  a 
function  of  temperature.  On  a  plot  of  log  iR  vs  1/T,  two 
straight-line  regions  were  evident  in  all  diodes  studied, 
and  the  slopes  of  these  regions  were  the  same  for  all 
samples  to  within  experimental  error.  It  was  found  that 
the  steep  region  fitted  the  usual  junction  diode  theory4 
in  both  slope  and  magnitude.  The  shallower  region 
could  be  fitted,  in  slope  and  magnitude,  using  a  model 
of  charge  generation  by  recombination  centers  in  the 

1  R.  N.  Hall,  Phys.  Rev.  87,  387  (1952). 

2  W.  Shockley  and  W.  T.  Read,  Jr.,  Phys.  Rev.  87,  835  (1952). 

3  Some  experimental  information  is  given  in  the  first  two 
references.  See  also  D.  Navon  and  H.  Y.  Fan,  Phys.  Rev.  83, 
911(A)  (1954),  and  Burton,  Hull,  Morin,  and  Severiens,  J.  Phys. 
Chem.  57,  853  (1953) ;  also  P.  Ransom  and  F.  W.  G.  Rose, 
Proc.  Phys.  Soc.  (London)  B67,  646  (1954). 

4  W.  Shockley,  Electrons  and  Holes  in  Semiconductors  (D.  Van 
Nostrand  Company,  Inc.,  New  York,  1950). 


space-charge  region.  This  model  is  a  necessary  out¬ 
growth  of  the  Hall-Shockley-Read  recombination 
theory  and  has  already  been  alluded  to  in  explaining 
observed  data  on  silicon  diodes.6  This  paper  examines 
this  model  more  fully  and  shows  how  this  phenomenon 
can  be  used  for  finding  the  position  of  the  recombination 
(or,  in  this  case,  generation)  centers. 

II.  EXPERIMENTAL  TECHNIQUES 

The  germanium  samples  studied  were  in  the  form  of 
diodes,  either  grown  junctions  or  indium  dots  on  iV-type 
germanium.  They  are  described  in  Table  I,  and  it  can 
be  seen  that  in  addition  to  representing  two  different 
methods  of  fabrication,  they  represent  diodes  with  both 
N-  and  P-high-resistivity  regions,  and  that  there  is  a 
wide  range  of  resistivities  and  perimeter- to-area  ratios. 
All  diodes  were  electrolytically  etched  in  sodium 
hydroxide  and  mounted  in  a  glass-and-metal  vacuum 
system  for  the  measurements.  The  system  was  evacu¬ 
ated  by  a  mercury  diffusion  pump,  and  the  gasket  seal 
was  of  metal.  Heat  shields  were  employed  around  the 
sample,  and  the  system  was  made  light-tight  (photo 
currents  from  residual  light  leakage  were  too  small  to 
read) . 

The  temperature  of  the  sample  was  measured  with  a 
calibrated  chromel-constantan  thermocouple  attached 
to  a  copper  plate  to  which  the  sample  diode  was 
soldered  (with  solder  of  58°C  melting  point).  An 

6  K.  G  McKay  and  K.  B.  McAfee,  Phys.  Rev.  91, 1079  (1953). 
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additional  experiment  with  a  sample  crystal  and  a 
second  thermocouple  established  that  there  was  a 
negligible  temperature  difference  between  sample  and 
base  plate  over  the  temperature  range  used. 

Changing  the  sample  geometry  established  that  there 
were  no  observable  effects  to  be  ascribed  to  thermal 
stresses  produced  by  the  method  of  mounting. 

Reverse  current  was  measured  with  a  breaker 
amplifier  of  100  K  ohms  input  impedance,  arranged  with 
suitable  shunts  to  measure  current,  and  followed  by  a 
recorder.  Contact  potentials  in  this  instrument  and 
the  rest  of  the  circuit  were  low  enough  at  all  sample 
temperatures  so  that  good  data  could  be  obtained  with 
only  0.001  volt  across  the  diode. 

Recombination  rates  were  measured  with  a  pulse 
method6*7  using  the  diode  itself  to  inject  the  minority 
carriers  and  to  measure  the  decrease  in  their  density 
as  a  function  of  time  following  injection.  This  method 
has  been  compared  with  other  methods  on  six  samples — 
both  short  and  long  lifetime — at  room  temperature, 
and  the  agreement  was  within  20  percent.  The  actual 
technique  used  was  to  compare  an  oscilloscope  display 
of  the  reverse-current  decay  after  pulsing  with  a  family 
of  curves,  calculated  from  theory,  using  a  half-silvered 
mirror  to  bring  the  planes  of  the  two  images  into 
coincidence.  The  system  was  so  designed  that  the 
sweep  speed,  which  could  be  read  from  the  dials  on  the 
oscilloscope,  gave  the  lifetime  of  the  minority  carriers 
directly,  after  it  was  adjusted  to  bring  the  two  curves 
into  coincidence.  This  technique  also  made  it  possible 
to  include  the  scope  distortion  in  the  coordinate  system 
on  which  the  theoretical  curves  were  plotted,  so  that 
the  entire  area  of  the  cathode-ray  tube  could  be  used. 
By  the  above  method,  the  lifetime  could  be  read  in  a 
fraction  of  a  minute  to  within  a  few  percent. 

Trapping  effects  (generally  trapping  of  holes8)  have 
never  been  very  serious  in  this  method  of  measuring 
recombination  rates.  In  an  JV-type  sample,  hole  traps 
would  not  be  expected  to  be  bothersome  since  an 

Table  I.  Ratio  of  observed  magnitude  of  reverse  current  to 
magnitude  calculated  using  previously  published  intrinsic  resis¬ 
tivity  data  for  estimate  of  partition  functions.  The  “diffusion 
component”  is  iV»7V'c/[3.1X1032r3  exp {c/k)~\.  The  “charge  genera¬ 
tion  component”  is  [iV»iVc/3.1X  10327’3  exp  (c/£)]h 


Chg. 

Diffusion  gen. 

Sample  component  component 


1.  Indoton24ficm  V.O.Ol  cm*  0.92  <1.1 

2.  Grown,  4.2fl  cm  N  —  0.4Q  cm  P,  1.16  cm2  2.86  1.1 

3.  Grown,  4.20  cm  N  —0.40  cm  P,  0.048  cm2  4.54  3.2 

4.  Grown,  0.40  cm  P  -0.060  cm  N,  0.992  cm2  3.62  >0.72 

5.  Grown,  0.40  cm  P  —0.060  cm  iV,  0.0921  cm2  6.05  <0.53 

6.  Grown,  120  cm  P  —4.40  cm  N,  1 .016  cm2  2.64  >0.56 

7.  Grown,  120  cm  P  —4.40  cm  N,  0.047  cm2  4.59  >0.58 

8.  In  dot  on  Fe  doped  Ge,  360  cm  N,  0,132  cm2  0.22  1.94 

9.  Grown,  130  cm  N  -0.80  cm  P,  0.028  cm2  1.62  1.20 

10.  In  dot  on  Au  doped  Ge,  140  cm  N,  0.0252  cm2  0.60  1.38 


6  E.  M.  Pell,  Phys.  Rev.  90,  278  (1953). 

7  B.  Lax  and  S.  F.  Neustadter,  J.  Appl.  Phys.  25,  1148  (1954). 
This  is  a  more  complete  analysis  of  the  method  though  all  our 
measurements  were  made  within  the  range  of  validity  of  the 
approximations  in  the  previous  reference. 

8  J.  R.  Haynes  and  J.  A.  Hombeck,  Phys.  Rev.  90, 152  (1953). 


Fig.  1.  Log  carrier  lifetime  vs  1000/T,  grown  junction 
(doped) :  4.2 ft  cm  N  vs  0.4ft  cm  P. 


experiment  which  measures  minority  carrier  density 
would  observe  the  trapped  holes  only  when  they  re¬ 
evaporate.  In  a  P-type  sample,  the  situation  would  be 
expected  to  be  worse  since  one  trapped  hole  would  give 
rise  to  a  continuous  current  of  electrons.  Trapping 
effects  were  sometimes  observed  in  diodes  whose 
P-region  was  of  higher  resistivity  than  the  A-region, 
but  a  small  amount  of  ambient  light  always  permitted 
r  to  be  read. 

III.  SURFACE  EFFECTS 

Because  the  impedance  of  a  reverse-biased  junction 
can  be  very  high,  any  surface  phenomenon  which  could 
give  rise  to  leakage  or  allied  effects  could  be  very 
troublesome.  Several  attempts  were  made  to  eliminate 
the  possibility  of  surface  effects.  The  perimeter-to-area 
ratio  of  the  junctions  was  varied  by  cutting  a  single 
junction  into  two  pieces  with  area  ratios  of  about  20  to 
1,  but  this  method  was  too  insensitive  to  be  conclusive. 
A  second  attempt  consisted  of  deliberately  mistreating 
the  surface  by  the  introduction  of  various  kinds  of  gas, 
with  a  spark  discharge  near  the  diode.  The  lifetime  was 
not  affected,  but  the  reverse  current  was.  The  in¬ 
sensitivity  of  the  lifetime  to  surface  conditions,  plus 
its  excellent  reproducibility,  causes  us  to  feel  that  the 
lifetime  measurements  were  free  of  any  appreciable 
errors  caused  by  surface  recombination.  In  the  case  of 
the  reverse  current,  there  is  more  room  for  doubt.  To 
minimize  any  surface  effect  that  might  be  present, 
reverse  currents  were  read  at  as  low  a  voltage  as  possible, 
because  many  recognizable  surface  effects  have  in 
our  experience  exhibited  current  increases  with  voltage. 
Currents  were  read  at  voltages  down  to  0.001  volt, 
using  the  theoretical  diode  characteristic  corresponding 
to  the  measured  diode  temperature  to  find  the  satura¬ 
tion  current.  This  generally  gave  a  somewhat  lower 
current  than  would  have  been  obtained  at  higher 
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Fig.  2.  Log  carrier  lifetime  vs  1000/r,  In  dot  junction 
on  iron-doped  germanium  (360  cm  N). 


voltages,  but  using  higher  and  more  conventional 
voltages  would  not  have  seriously  altered  the  resulting 
characteristic.  In  all  units,  there  was  a  lower  limit  to 
the  reverse  current  at  each  temperature  which  could 
not  be  improved  upon  with  further  etching,  and  the 
slope  of  this  lower  limit  vs  temperature  was  the  same 
for  all  units  tested.  This  implies  that  the  measured 
characteristic  was  either  the  desired  bulk  property  or 
was  a  reproducible  surface  effect.  We  lean  toward  the 
former  interpretation  because  the  magnitude  of  the 
current  was  at  all  temperatures  so  close  to  the  value 
predicted  from  the  bulk  properties. 

IV.  RESULTS  AND  DISCUSSION 

Recombination  Rate  vs  Reciprocal  Temperature 

Figure  1  is  a  plot  of  carrier  lifetime  vs  reciprocal 
temperature  in  a  sample  of  4.2ft  cm  iV-type  germanium. 
In  many  samples,  the  data  were  not  sufficiently  good 
to  show  region  A  as  a  region  of  distinctly  steeper  slope. 
Whenever  such  a  steep  slope  could  be  distinguished, 
its  activation  energy  was  around  0.3  ev.  The  slope  of 
region  B  differed  widely  from  sample  to  sample, 
ranging  from  zero  to  the  slope  shown  in  Fig.  1. 

In  measuring  the  lifetime,  it  was  often  found  that  the 
slope  of  the  decay  curve  shortly  after  injection*  (short  *) 
corresponded  to  a  shorter  lifetime  than  the  slope  far 
out  on  the  tail  of  the  decay  curve  (long  *).  High-level 
injection  might  be  suspected,  but  this  would  require2 
that  the  small-*  (high  injection)  value  of  Tpiateau  be 
greater  than  the  long-*  (low  injection)  value  of  Tpiateau, 
which  was  contrary  to  most  of  the  observed  data. 
Furthermore,  decreasing  the  size  of  the  injection  pulse 
had  no  effect,  and  calculated  representative  values  of 
injection  densities  were  small  relative  to  majority 
carrier  densities.  A  second  possibility  is  that  one  region 
of  the  decay  curve  showed  the  effect  of  surface  re¬ 
combination,  but  this  possibility  seems  unlikely  in 
view  of  the  insensitivity  of  either  region  of  the  curve 

*  This  slope  was  nevertheless  measured  far  enough  out  on  the 
decay  curve  to  be  free  from  the  effects  of  series  resistance  discussed 
by  Lax  and  Neustadter,  see  reference  7. 


to  surface  treatment.  A  third  possibility  is  that  the 
observed  behavior  resulted  from  traps,  but  the  decay 
rate  was  not  typical  of  traps,  and  shining  light  on  the 
sample  had  no  effect.  Another  interpretation  is  that  the 
short-*  value  of  r  is  descriptive  of  die  region  very  near 
the  barrier,  for  at  short  *  the  carriers  which  are  flowing 
across  the  barrier  are  those  whose  existence  has  been 
spent  entirely  in  the  region  near  the  barrier.  The  long-* 
value  would  be  descriptive,  then,  of  the  carriers  and 
lifetime  some  distance  away  from  the  barrier.  While 
this  experiment  does  not  purport  to  demonstrate 
conclusively  the  truth  of  this  latter  interpretation,  it 
seems  the  most  reasonable  one  and  has  been  adopted  in 
the  analysis  of  the  reverse-current  data.  Other  interpre¬ 
tations  could  lead  to  slightly  larger  descrepancies 
between  theory  and  experiment,  but  probably  they 
would  not  be  serious. 

The  significant  conclusion  to  be  drawn  from  these 
data  is  that  the  lifetime  does  reach  a  plateau  at  suffi¬ 
ciently  low  temperatures,  as  predicted  by  the  Hall- 
Shockley-Read  theory.  We  are  inclined  to  interpret  the 
slope  of  region  A  (see  Fig.  1)  as  a  measure  of  the  depth 
of  the  recombination  center  in  the  forbidden  band.  In 
this  connection,  the  effect  of  doping  with  iron  or  gold  is 
of  some  interest,  for  in  two  such  samples  studied,  this 
steep-slope  region  was  considerably  extended  (see  Figs. 
2  and  3)  and  in  both  of  these  cases,  as  well  as  the  un¬ 
doped  specimens,  the  slope  was  around  0.3  ev. 

We  believe  that  the  various  slopes  of  region  B  can 
be  interpreted  most  easily  by  postulating  the  presence 
of  a  second  recombination  center  about  0.1  ev  deep, 
the  various  observed  slopes  then  corresponding  to  differ¬ 
ent  relative  contributions  by  the  two  sets  of  recombina¬ 
tion  centers.9  Since  this  belief  is  somewhat  speculative,  it 
has  been  relegated  to  Appendix  I. 
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Fig.  3.  Log  carrier  lifetime  vs  1000/ T,  In  dot  junction  on 
gold-doped  germanium  (14h  cm  N). 


9F.  Rose  (private  communication)  finds  evidence  for  several 
additional  levels.  Since  our  data,  which  is  perhaps  more  limited, 
does  not  require  these  additional  levels  for  its  explanation,  we 
mention  only  the  two  and  leave  the  presence  or  absence  of  other 
levels  as  an  open  question.  The  presence  of  other  recombination 
levels  is  not  unlikely  in  view  of  the  many  impurity  levels  found  from 
resistivity  and  optical  absorption  measurements  in  the  past  few 
years. 
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Region  C  was  not  always  so  flat  as  in  the  sample 
described  by  Fig.  1.  From  the  data  accumulated  to 
date,  it  seems  safe  to  say  that  this  plateau  region  has  a 
temperature  dependence  which  may  be  as  low  as  zero 
but  which  does  not  exceed  t~TK  In  higher  resistivity 
samples,  the  beginning  of  plateau  region  C  did  not 
appear  until  liquid  nitrogen  temperature  was 
approached  (which  is  consistent  with  the  interpretation 
given  in  Appendix  I). 

In  the  sample  of  Fig.  1,  lifetimes  measured  near 
the  beginning  of  the  decay  curve  and  thought  to  be 
characteristic  of  the  region  nearer  the  barrier  were 
shorter  than  the  lifetimes  measured  at  longer  /.  In  some 
samples,  these  lifetimes  were  nearly  identical.  In 
most  samples  the  short-/  lifetimes  were  somewhat 
smaller.  In  the  iron  and  gold  doped  samples,  the  short-/ 
lifetimes  were  slightly  longer.  These  latter  observations 
are  pointed  out  only  for  completeness,  and  there  is  no 
desire  to  emphasize  them  until  they  are  more  completely 
understood. 

Provided  that  the  capture  cross  section  of  the  re¬ 
combination  centers  is  different  for  electrons  and  holes 
and  provided  one  knows  the  depth  of  the  centers,  it  is 
theoretically  possible  to  find  whether  the  recombination 
centers  lie  closer  to  the  valence  or  to  the  conduction 
band.  One  accomplishes  this  by  noting  the  temperature 
at  which  the  plateau  is  reached.  In  practice,  the  method 
is  not  very  sensitive,  and  it  has  not  yet  proved  possible 
to  establish  the  band  near  which  the  centers  lie. 
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Fig.  4.  Log  reverse  current  (measured  at  low  voltages  and  extra- 
k  polated  to  V—KT/q)ys  1000/T,  same  sample  as  in  Fig.  1. 


Fig.  5.  Log  reverse  current  as  1000/T  for  ten  samples,  diffusion 
and  charge  generation  regions  normalized  separately  to  show 
scatter  of  data. 


Diode  Reverse  Current  vs  Reciprocal  Temperature 

Figure  4  shows  reverse  current  vs  reciprocal  tempera¬ 
ture  for  the  same  diode  described  by  Fig.  1.  In  Fig. 
5  the  same  data  is  plotted  for  all  ten  diodes,  with  the 
two  regions  of  different  slope  normalized  separately  to 
show  the  extent  of  scatter  of  the  data.  The  scatter  is 
obviously  too  great  to  permit  an  accurate  determination 
of  the  slope  in  the  steep  region,  but  the  observed  data 
in  this  region  all  lie  within  experimental  error  of  a  line 
whose  slope  is  given  by  the  usual  diode  diffusion 
theory.4  This  theory  predicts  that  the  slope  should  be 
given  by  the  band  gap  energy  (extrapolated  to  zero 
degrees  Kelvin;  we  have  used  0.75  ev  though  the  fit 
would  be  equally  good  using  the  newer  value  of  0.785 
ev10)  modified  by  the  T1  dependence  of  Nv  and  Nc  in 
the  expression  for  the  density  of  intrinsic  carriers, 
w*2=iVrt,Arcexp(—  eG/kT),  and  further  modified  at  the 
high-temperature  end  by  the  observed  temperature 
dependence  of  minority  carrier  lifetime  (see  Appendix 
II).  The  temperature  dependence  of  the  diffusion 
constant  can  be  neglected  in  the  high-slope  region 
within  the  accuracy  at  this  experiment.  The  density  of 
majority  carriers  remains  constant  in  the  temperature 
range  of  these  measurements. 

10  F.  J.  Morin  and  J.  P.  Maita,  Phys.  Rev.  94,  1525  (1954). 
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The  significant  feature  of  the  shallow-slope  region  is 
that  all  diodes,  within  experimental  error,  exhibit  the 
same  slope,  which  corresponds  to  an  activation  energy 
of  about  0.40  ev.  While  it  cannot  be  denied  that  this 
could  arise  from  some  unknown  reproducible  surface 
effect,  it  is  our  feeling  that  this  region  is  descriptive  of 
charge  generation  in  the  space-charge  region.  Our 
reasons  can  be  briefly  stated:  1.  The  Hall-Shockley- 
Read  recombination  theory  predicts  such  behavior. 
2.  The  depth  of  the  responsible  generation  centers  as 
found  from  the  slope  of  the  reverse  current  data  (about 
0.32  ev  if  the  band  gap  is  taken  to  be  about  0.72  ev 
and  temperature  dependences  of  these  energies  are 
neglected)  is  in  good  agreement  with  the  depth  of  the 
deeper  recombination  centers  as  found  from  lifetime 
data  (about  0.30  ev).  3.  The  magnitude  of  the  current 
in  this  region  is  in  excellent  agreement  with  theory 
(see  Table  I).  4.  The  shape  of  the  current-voltage 
characteristic  is  somewhat  different  in  this  region,  and 
this  different  shape  is  similar  to  what  one  would  expect 
if  charge  generation  is  responsible  (see  Appendix  II). 

Magnitude  of  the  Reverse  Current 

For  the  ten  diodes  tested,  the  magnitude  of  the 
reverse  current  at  1000/T=3.5  (region  of  steep  slope) 
was  compared  with  the  diffusion  model,  and  the 
magnitude  of  the  reverse  current  at  1000/7=5.0 
(shallow-slope  region)  was  compared  with  the  charge 
generation  model  described  in  Appendix  II.  The  results 
are  given  in  Table  I.11 

It  will  be  seen  in  Appendix  II  that  the  dif¬ 
fusion  component  is  proportional  to  an  expression 
NVNC  exp(—  €g/kT)  and  the  charge  generation 
component  is  proportional  to  an  expression  Nc  exp 
{( — tG~\~^R)/kT)  or  Nv  exp{  ( — tG~\~tit)/kT)}.  These 
expressions  collect  the  terms  which  cannot  be  measured 
by  the  present  experiment,  the  exponential  being 
included  because  of  the  unknown  temperature  de¬ 
pendence  of  the  band  gap.  Now  Nv  and  Nc  are  known 
from  theoretical  considerations  to  each  vary  as  7*, 
and  the  temperature  dependence  of  the  band  gap  can 
be  described  by  €<?=e0— r7.  We  may  therefore  use  our 

11  A  few  of  the  methods  adhered  to  in  calculating  the  values  in 
Table  I  may  not  be  entirely  obvious:  1.  In  calculating  the  width 
of  the  space-charge  region  corresponding  to  the  applied  potential 
of  one  millivolt,  the  capacitance  extrapolated  to  the  value  of  the 
electrostatic  potential  of  the  junction  (estimated  to  be  about 
0.35  volt  at  1000/ T—  5)  was  used,  because  this  was  much  larger 
than  the  applied  potential.  2.  The  value  of  plateau  lifetime  used 
in  calculating  the  charge  generation  component  was  that  corre¬ 
sponding  to  the  short-/  lifetime  (which  is  presumed  to  be  more 
typical  of  the  space-charge  region)  and  that  corresponding  to  the 
deep  recombination  centers  only,  since  these  are  the  effective 
charge  generation  centers.  (From  Appendix  II,  deeper  centers 
correspond  to  a  larger  exponential  factor  in  Eq.  (12),  resulting 
in  a  larger  I r  from  Eq.  (11).  In  the  samples  used,  this  effect  of  the 
exponential  factor  far  outweighed  the  opposing  effect  of  the  ratio 
of  plateau  lifetimes.)  This  plateau  was  estimated  from  the  point 
at  which  region  A  (see  Fig.  1)  intersects  region  B  (or  the  highest 
lifetime  in  region  B  if  region  A  is  too  short  to  be  distinguishable ; 
the  resulting  ratio  in  Table  I  is  indicated  by  the  symbol  >) 
using  Fig.  6  as  a  guide.  For  the  sample  of  Fig.  1,  this  would  be 
about  10  fjLsec. 


data  for  the  diffusion  region  to  obtain  a  value  for  the 
expression  NVNC/T3  exp(c/k).  This  can  be  compared 
with  the  value  for  the  same  expression  obtained  in 
recent  measurements  of  intrinsic  resistivity  in 
germanium10  (equal  to  3.1  X1032).  In  the  case  of  the 
charge  generation  component,  we  should  really  compare 
our  results  with  Nv/T?exp(c/k)  or N c/T*txp{c/k)  (there 
is  some  question  about  the  use  of  the  exponentials  here ; 
their  use  depends  upon  to  which  band  the  recombination 
centers  are  most  closely  bound).  We  have  compared 
them  with  \NVNC/T3  exp(c/&)]*;  the  results  will  then 
give  an  experimental  measure  of  the  ratio  of  Nv  to  Nc- 
The  following  information  from  Table  I  is  of  some 
interest,  though  it  is  to  be  qualified  by  whether  or  not 
one  is  willing  to  accept  the  proposed  model : 

1.  For  the  diffusion  component,  the  average  of  the 
ratios  for  the  ten  samples  is  2.8±1.3,  which  indicates 
fair  agreement  between  this  experiment  and  intrinsic 
resistivity  data. 

2.  For  the  charge  generation  component,  the  average 
ratio  is  1.3±0.6,  which  indicates  good  quantitative 
agreement  with  the  proposed  model. 

Comparison  of  Depth  of  Observed  Center 
with  Other  Data 

This  experiment  indicates  the  presence  of  a  re¬ 
combination/generation  center  about  0.3  ev  from  the 
valence  or  the  conduction  band  in  all  samples  tested. 

W.  W.  Tyler  has  found  iron  levels  from  resistivity 
measurements  at  0.34  ev  above  the  valence  band  and 
0.26  ev  below  the  conduction  band,12  and  the  presence 
of  these  levels  has  been  confirmed  by  R.  Newman  using 
infrared  techniques.13  Our  results  could  be  explained  in 
terms  of  these  same  levels.  They  could  also  be  explained 
by  the  copper  level  reportedly  lying  0.3  ev  above  the 
valence  band.14  On  the  other  hand,  Dunlap  has  measured 
gold  levels  at  0.15  ev  above  the  valence  band  and  0.2  ev 
below  the  conduction  band15  (values  which  are  further 
supported  by  data  of  R.  Newman16)  which  appears  to 
contradict  the  similar  behavior  of  the  lifetime  and 
reverse  current  in  the  two  materials.  There  are  three 
possibilities:  1.  This  particular  gold  sample  accidentally 
contained  iron.  2.  Gold-doped  germanium  also  contains 
a  deeper  center  whose  presence  is  masked  in  resistivity 
measurements  by  the  shallower  centers.  3.  Both  iron 
and  gold  bring  with  them  another  center,  perhaps  a 
lattice  defect  of  some  kind,  which  is  the  same  in  both 
materials  and  constitutes  the  recombination  center. 

CONCLUSIONS 

1.  The  lifetime,  if  plotted  versus  temperature, 
reaches  a  plateau  at  low  temperatures. 

2.  At  intermediate  temperatures,  the  slope  of  logr 

12  W.  W.  Tyler  and  H.  H.  Woodbury,  Phys.  Rev.  96,  874  (1954). 

13  R.  Newman  and  W.  W.  Tyler,  Phys.  Rev.  96,  882  (1954). 

14  J.  F.  Battey  and  R.  M.  Baum,  Phys.  Rev.  94,  1393  (1954). 

16  W.  C.  Dunlap,  Jr.,  Phys.  Rev.  91,  1282  (1953). 

16  R.  Newman,  Phys.  Rev.  94,  278  (1954). 
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versus  reciprocal  temperature  varies  from  sample  to 
sample,  while  at  higher  temperatures  there  is  usually 
a  steep  region,  having  an  activation  energy  of  about 
0.3  ev  in  these  samples.  One  possible  interpretation  is 
that  there  are  two  levels  of  recombination  centers 
present,  one  about  0.3  ev  ideep  and  the  other  very 
roughly  0.1  ev  deep. 

3.  The  slope  and  magnitude  of  log  reverse  current 
versus  reciprocal  temperature  agrees  with  the  usual 
diode  diffusion  theory  at  higher  temperatures.  At  lower 
temperatures,  there  is  a  region  of  lower  slope,  repro¬ 
ducible  from  sample  to  sample.  One  possible  interpre¬ 
tation  is  that  this  arises  from  charge  generation  in  the 
space-charge  region.  If  so,  the  generation  centers  in 
these  samples  are  about  0.3  ev  from  the  nearest  allowed 
band.  The  magnitude  of  the  current  agrees  with  that 
calculated  from  this  model. 
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APPENDIX  I 

The  Hall-Shockley-Read  model  for  recombination  of 
holes  and  electrons  has  been  described  elsewhere.1-2 
The  results  of  this  experiment  can  be  explained  by 
the  presence  of  recombination  centers  of  at  least  two 
energy  levels,  and  it  is  therefore  necessary  to  extend  the 
theory  to  include  more  than  one  level.  If  the  recombina¬ 
tion  centers  act  independently,  the  total  recombination 
rate  of  two  sets  of  centers  at  different  levels  will  be 
simply  the  sum  of  the  individual  recombination  rates,  or 

Rtotai— R1+R2.  (1) 

Since  r-dn/R^2  where  r  is  the  lifetime  of  a  carrier, 
dn  is  the  departure  from  equilibrium  of  the  carrier 
concentration,  and  R  is  the  recombination  rate,  it 
follows  that 

1  1  1 

- — j — ?  (2) 

T two  centers  T  l 

where  the  subscripts  refer  to  the  two  levels  of  recombina¬ 
tion  centers.  The  results  of  such  a  summation,  for  the 
extrinsic  temperature  range,  are  shown  in  Fig.  6,  for 
different  relative  contributions  (as  described  by  the 
different  plateau  lifetimes  no  and  no)  by  centers  at 
0.3  ev  and  0.1  ev  from  either  the  valence  or  the  conduc¬ 
tion  band. 

It  will  be  noticed  that  such  relative  contributions 
can  produce  a  region  at  intermediate  temperatures 
having  a  surprisingly  straight  slope,  but  a  slope  which 
will  vary  depending  upon  the  relative  densities  of  the 


T 


Fig.  6.  Calculated  effect  on  Iogr  vs  1000 /T  if  there  are  recombina¬ 
tion  centers  at  two  levels,  0.1  and  0.3  ev  deep. 

two  kinds  of  centers.  This  varying  slope  is  charac¬ 
teristic  of  our  experimental  observations. 

It  will  also  be  noted  that  the  shallower  centers,  if  ob¬ 
servable,  will  cause  the  break  to  the  plateau  region  to 
come  at  about  the  temperature  observed  in  this  experi¬ 
ment,  and  comparison  with  the  Hall-Shockley-Read 
theory1,2  will  show  that  this  break  should  occur  at 
lower  temperatures  in  higher  resistivity  samples, 
which  was  also  observed. 

It  will  be  noted,  furthermore,  that  if  the  density  of 
the  deeper  centers  is  sufficiently  increased,  the  effect 
of  the  shallower  centers  will  no  longer  be  observed. 
Such  was  the  result  in  the  iron-  and  gold-doped  samples. 

APPENDIX  II 

The  reverse  current  of  a  junction  diode  is  normally 
described  by 


where 

n?  NvNcexp(-eG/kT) 
nmin= - - - ,  (4) 

flma]  ^maj 

where  the  subscripts  refer  to  minority  and  majority 
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DE  =  VR  =  APPLIED  REVERSE  VOLTAGE 

AD  +  EB  =V^p  =  ELECTROSTATIC  POTENTIAL  ACROSS 
JUNCTION  WITH  ZERO  APPLIED 
VOLTAGE. 

AM  =  €6-2«r,  WHERE €rIS  THE  DEPTH  OF  THE  RECOMB. 

CENTER  {MEASURED  FROM  NEAREST 
ALLOWED  BAND). 

Fig.  7.  Geometric  construction  for  finding  approximate  width  of 
useful  region  for  charge  generation. 

carriers,  e  is  the  electronic  charge,  A  is  the  area  of  the 
junction,  n  is  the  density  of  carriers,  Dmln  is  the  diffusion 
constant  for  minority  carriers,  r  is  the  lifetime,  m  is 
the  density  of  intrinsic  carriers,  Nv  and  TVC  are  the 
partition  functions  for  the  valence  band  and  the 
conduction  band,  respectively,  (each  equal  to 
2(2 irm*kT/h2)*  for  a  simple  band,  where  m*  is  the 
effective  mass  and  h  is  Planck’s  constant),  €$  is  the 
band  gap,  k  is  Boltzmann’s  constant,  and  T  is  the 
absolute  temperature.  There  are  really  two  components 
to  this  reverse  current,  corresponding  to  the  two 
different  minority  carriers,  holes  and  electrons,  on  the 
two  sides  of  the  junction,  but  one  can  be  neglected 
relative  to  the  other  when  the  resistivities  of  the  TV  and 
the  P  regions  are  substantially  different.  We  shall  refer 
to  the  component  of  reverse  current  defined  by  Eqs.  (3) 
and  (4)  as  the  diffusion  component. 

There  should  also  be  a  contribution  arising  from 
charge  generation  by  the  recombination  centers  in  the 


space-charge  region,2  and  the  rate  of  this  charge 
generation  is  given  by 

n?—np 

G= - ,  (5) 

(»+»l)  +  Tp  (p~\~p  l) 

where  n  and  p  are  the  densities  of  electrons  and  holes, 
respectively,  in  the  space-charge  region,  tn  and  tp  are 
the  limiting  values  of  lifetimef  at  very  low  temperatures 
if  this  region  were  TV-type  or  P-type,  respectively,  and 
tii  and  pi  are  the  densities  of  electrons  and  holes, 
respectively,  if  the  Fermi  level  were  at  the  energy  level 
of  the  recombination  centers.  If  a  voltage  V  is  applied 
to  the  junction,  the  quasi-Fermi  levels  in  the  space- 
charge  region  will  be  separated  by  this  voltage  V, 
so  that 

np=n?  exp(— eV/kT).  (6) 

We  also  know  that  nf—nipi,  giving 

nip\{  1— exp(— eV/kT)} 

G=— - - — - - — -.  (7) 

tn  (»+  tii)  +  tp  (p~\~pi) 

For  V  sufficiently  large  in  the  reverse  direction,  the 
field  in  the  space-charge  region  will  be  sufficient  to 
make  n<Ktii  and  p<£pi.  Generally,  either  niTN<Q>\Tv 
or  niTN$>piTp,  giving  G—ni/rp  or  G^Pi/tn,  re¬ 
spectively. 

For  V  small,  the  analysis  is  more  complicated.  For 
example,  if  the  recombination  centers  are  near  the 
conduction  band,  near  one  end  of  the  space-charge 
region  ri2>ni  and  near  the  other  end  p^>ni,  while  in 
the  region  between,  n<<ini  and  p<Kpi<Kni  as  before. 
This  is  made  clear  by  Fig.  7,  which  is  further  described 
in  the  next  paragraph.  In  the  end  regions  of  the  space- 
charge  region,  the  denominator  of  the  expression  for 
G  will  hence  be  much  greater,  and  to  a  first  approxi¬ 
mation  we  can  neglect  the  contribution  to  G  of  these 
end  regions.  By  using  straight  line  approximations  for 
the  energy  band  structure  across  the  space-charge 
region,  we  can  make  a  geometric  construction  which 
will  give  an  approximate  value  for  the  fraction  of  the 
barrier  width  which  contributes  most  of  the  generated 
charge. 

The  construction  is  given  in  Fig.  7.  The  P  and  TV 
sides  of  the  space-charge  region  are  marked,  as  are  the 
quasi-Fermi  levels.  The  line  ^4C  gives  the  position  of  the 
recombination  centers  (nearer  the  conduction  band 
than  the  valence  band  in  this  example).  Line  ML  is 
drawn  at  a  distance  from  the  valence  band  equal  to  the 
spacing  of  ^4C  from  the  conduction  kand  and  is  used  for 
defining  the  region  where  p^th.  The  useful  width  is 
defined  in  accordance  with  the  preceding  paragraph 
and  is  appropriately  labelled  on  the  diagram.  The 
useful  fraction  of  the  space-charge  region  for  charge 

|  We  use  this  nomenclature  because  the  lifetime  is  a  function 
of  the  region  in  the  crystal  and  not  of  the  type  of  carrier;  in  a 
given  region,  the  lifetime  of  an  excess  electron  is  the  same  as  that 
of  an  excess  hole,  provided  injection  is  small.  See  reference  2. 


REVERSE  CURRENT  IN  p-n  JUNCTION  DIODES 


665 


Fig.  8.  Log  reverse 
current  vs  log  voltage 
when  charge  generation 
predominates  over  dif¬ 
fusion  component,  and 
comparison  of  approxi¬ 
mate  theory  with 
experiment. 


generation  is  then  given  by: 


KI  KH+HI  KH  LC 
BC  BC  BC+BC 

DE  AM  DE+AM 
AB  AB  AB  ’ 

now 

AB=Vr-VaF 


and 

Therefore, 


AM  —  tG—2eR 
DE^Vr. 

VrA-cg—  2cr 

f~ - -• 

Vr+VaF 


(8) 


A  typical  valuef  at  200°K  in  Ge  would  be  / 
=  (Tfl-f0.10)/ (F/e+0.35). 

The  reverse  current  arising  from  this  generation  will 
be  given  by 

IR=eGfWA,  (9) 

where  W  is  the  width  of  the  space-charge  region.  This 
width  can  be  found  by  measuring  the  capacitance  C, 
and  it  can  be  shown  that,  for  germanium,  JT(cm) 
=  1A2A/C(nni),  independent  of  the  impurity  concen¬ 
tration  gradient  in  the  junction  region.  The  width  will, 
of  course,  be  a  function  of  the  electrostatic  potential 

t  Vaf  can  be  measured  experimentally  by  shining  a  bright  light 
on  the  junction,  with  ohmic  contacts  placed  at  least  a  diffusion 
length  from  the  edge  of  the  illuminated  region.  If  the  ohmic 
contact  is  closer  than  this,  the  interpretation  will  depend  upon 
the  conditions  at  the  contact.  Vaf  can  also  be  estimated  from 
theoretical  considerations,  knowing  the  resistivities  on  the  two 
sides  of  the  junction.  In  any  case,  an  approximate  value  will 
suffice  since  I r  is  not  very  sensitive  to  Vaf . 


across  the  space-chargenregion,  which  is  equal^to  the 
applied  reverse  voltage  plus  Vaf. 

We  have,  then,  for  the  component  of  I R  caused  by 
generation  in  the  space-charge  region : 

if  niTNy>piTP)  (10) 

\A2eA2  /  pi\ 

/«= - •/(  — ){l-exp(-.F/AT)>, 

C  \Tn/ 

and  if  niTN<^p\rp 

\A2eA2  n\ 

Ir= - f-{l-exp(-eV/kT)},  (11) 

C  T  p 

where  C  is  measured  in  nfd. 

The  resulting  log-log  plot  of  the  i—V  characteristic 
as  calculated  for  a  typical  Ge  diode  at  200 °K  is  given 
in  Fig.  8,  which  shows  the  contributions  of  the  individual 
voltage  dependent  factors  of  Eq.  (11),  and  which  also 
includes  an  average  of  experimental  data  at  this 
temperature. 

The  temperature  dependence  of  this  charge  genera¬ 
tion  component  is  given  by  the  temperature  dependence 
of  ni  or  pi .  (There  will  also  be  a  slight  temperature 
dependence  caused  by  the  variation  of  Vaf  with  tem¬ 
perature,  but  this  can  be  neglected.)  Now 

ni~Nc  exp{  (—€(?+€#) /&T}.  (12) 

A  similar  expression  gives  pi.  These  expressions  corre¬ 
spond  to  a  lower  activation  energy  than  the  activation 
energy  for  the  diffusion  component  of  reverse  current, 
and  at  a  sufficiently  low  temperature  one  would  there¬ 
fore  expect  to  observe  a  reverse  current  composed 
largely  of  charge  generation  in  the  space-charge  region. 
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The  scattering  of  a  cylindrical  TEM  wave  by  two  parallel,  identical  conducting  circular  cylinders  is 
developed  as  a  special  case  of  a  theoretical  analysis  which  treats  the  scattering  by  an  arbitrary  array  of  cyl¬ 
inders.  Only  the  case  with  the  incident  E-vector  parallel  to  the  axes  of  the  cylinders  is  considered,  and 
attention  is  focused  on  the  mutual  effects  present  when  the  cylinder  diameter  and  spacing  are  comparable 
to  a  wavelength. 

The  approximations  made  in  the  theory  are  tested  experimentally  using  3  cm  microwaves  in  a  parallel 
plate  region.  Significant  departures  from  the  results  of  the  independent  scattering  hypothesis  as  predicted 
by  the  theory  have  been  confirmed  experimentally. 


1.  INTRODUCTION 

WITHIN  recent  years  a  number  of  papers1"8  have 
been  published  dealing  with  various  theoretical 
and  experimental  aspects  of  the  diffraction  of  electro¬ 
magnetic  waves  by  a  planar  grating  of  parallel  conduct¬ 
ing  wires.  In  the  main,  the  results  of  the  theoretical 
analyses  have  been  directed  towards  obtaining  informa¬ 
tion  about  gratings  of  elements  whose  size  and  spacing 
are  either  small  compared  with  a  wavelength,  or 
spacings  large  enough  to  allow  mutual  effects  between 
elements  to  be  neglected.  Several  workers4, 6,7-9  have 
formulated  their  particular  problems  for  quite  general 
element  size  and  spacings  but  have  later  specialized  the 
results  to  the  aforementioned  cases.  This  paper  reports 
a  preliminary  investigation  into  the  effect  of  mutual 
coupling  in  a  planar  grating  of  parallel  identical  conduct¬ 
ing  cylinders  where  the  cylinder  diameters  and  spacing 
are  comparable  to  a  wavelength.  In  view  of  the  interest 
that  this  problem  has  generated  recently,  it  is  interesting 
at  this  point  to  take  a  brief  look  at  the  work  that  has 
been  done  on  it  in  the  past. 

It  is  interesting  to  note  that  about  60  years  ago  the 
development  of  reliable  spark  oscillators  which  radiated 
barely  useful  amounts  of  energy  in  the  decimeter  wave¬ 
length  range  stimulated  interest  in  the  problem  of 
diffraction  of  electromagnetic  waves  by  the  planar 
grating.  J.  J.  Thompson10  and  Rayleigh11  both  worked  on 
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limited  aspects  of  the  problem  and  H.  Lamb12  applied 
the  technique  of  conjugate  functions  to  the  successful 
calculation  of  the  transmission  coefficient  of  gratings  of 
closely  spaced  small  cylinders  or  thin  strips.  His  results 
were  confirmed  experimentally  by  Schaefer  and 
Laugwitz.13  Ignatowsky9  was  the  first  to  develop  a 
general  theory  of  scattering  from  an  infinite  planar 
grating  of  identical  elements  using  a  formal  solution  of 
Maxwell’s  field  equations  satisfying  the  appropriate 
boundary  conditions.  The  periodic  nature  of  the  bound¬ 
ary  conditions  allowed  the  field  to  be  represented  in  a 
series  of  propagating  and  evanescent  plane  waves. 
Ignatowsky’s  work  received  little  attention  until  quite 
recently  when  the  mode  or  waveguide  type  of  expansion 
has  been  used  in  connection  with  a  variational  principle 
to  calculate  the  mode  coefficients.  Here  again  results 
have  been  presented  only  for  small  cylinders. 

Concurrently  with  Ignatowsky,  Zaviska14  developed 
an  analysis  of  diffraction  from  an  arbitrary  array  of 
parallel  cylinders  by  expanding  the  scattered  field  in  a 
series  of  Hankel  functions  representing  cylindrical 
waves  radiating  from  each  cylinder.  The  results  of  this 
analysis  were  applied  to  scattering  by  two  small  cy¬ 
linders.  However,  the  method  of  analysis  is  interesting 
and  is  essentially  the  method  employed  in  this  paper. 
It  has  an  advantage  in  the  directness  with  which  various 
approximations  may  be  introduced  at  the  end  of  the 
rigorous  analysis. 

Wessel’s  theory  is  restricted  to  small  wires  from  the 
outset,  and  as  such,  requires  no  futher  mention  here 
except  to  say  that  his  results  have  been  recently  con¬ 
firmed  experimentally  by  Esau,  Ahrens,  and  Kebbel.2 

Twersky’s7  novel  grating  analysis  by  the  use  of 
“multiply  scattered”  waves  is  essentially  an  iteration 
process  based  on  systematically  improving  the  results 
of  the  independent  scattering  hypothesis.  The  method 
has  not  been  applied  in  the  case  of  large  cylinders  so  far 
as  this  writer  is  aware.  The  problem  discussed  here  is 

11  Lord  Rayleigh,  Proc.  Roy.  Soc.  (London),  79,  399  (1907). 

12  H.  Lamb,  Proc.  Roy.  Soc.  (London)  27,  523-544  (1898). 

13  C.  L.  Schaefer  and  M.  Laugwitz,  Ann.  Physik  21,  587-594 
(1906). 

14  F.  Zaviska,  Ann.  Physik  40,  1023  (1913). 
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first  set  up  for  scattering  of  an  incident  cylindrical 
TEM  wave  (with  the  electric  vector  oriented  parallel  to 
the  cylinder  axes)  by  an  arbitrary  configuration  of  paral¬ 
lel  cylinders,  and  later  specialized  to  the  case  of  a  planar 
grating  of  identical  cylinders.  Owing  to  the  complexity 
of  the  results  the  problem  is  reduced  a  step  further  by 
considering  only  two  identical  cylinders.  The  choice 
of  a  cylindrical  incident  wave,  rather  than  the  con¬ 
ventional  plane  wave  excitation,  is  to  facilitate  com¬ 
parison  of  the  theoretical  results  with  measurements 
made  on  the  diffraction  of  3.2  cm  microwaves  by  two 
cylinders  in  a  parallel  plate  region. 

2.  OUTLINE  OF  THE  THEORY 

In  the  following  only  scalar  scattering  by  circular 
cylinders  is  considered  since  this  results  in  a  mathe¬ 
matically  tractable  problem;  although  from  Lamb’s12 
work  on  the  grating  of  closely  spaced  small  wires  or 
strips  it  is  expected  that  for  small  scattering  elements 
the  precise  form  of  their  boundary  is  secondary  in 
determining  their  scattered  field  in  directions  away  from 
the  source  of  radiation.  The  theory  assumes  a  current 
distribution  on  the  surface  of  each  perfectly  conducting 
cylinder ;  the  total  field  is  then  calculated  through  the 
use  of  one  of  Green’s  theorems.  Application  of  the 
boundary  conditions  gives  a  series  of  integral  equations 
for  the  current  on  each  cylinder  which  takes  into  account 
arbitrary  excitation  and  coupling  between  all  the  ele¬ 
ments.  The  unknown  surface  current  on  each  cylinder  is 
then  expanded  in  a  complex  Fourier  series  whose 
coefficients  may  be  evaluated  using  the  usual  ortho¬ 
gonality  property  of  the  trigonometric  functions.  The 
resulting  system  of  linear  algebraic  equations  in  the 
unknown  coefficients  may  be  written  as  an  infinite 
matrix  equation.  The  problem  then  remaining  is  to  solve 
this  system  of  linear  algebraic  equations.  Various 
methods  of  numerical  solution  may  be  used,  depending 
on  the  number  of  terms  and  accuracy  required  in  the 
final  result.  For  small  cylinders  the  terms  off  the  princi¬ 
pal  diagonal  are  small,  and  the  meaning  of  the  term 
“small”  may  be  evaluated  readily  in  estimating  the 
importance  of  higher  mode  currents  contributing  to  the 
scattered  field.  The  results  obtained  at  this  point  in  the 
analysis  are  similar  in  form  to  those  of  Zaviska14  who 
started  by  assuming  a  spectrum  of  scattered  cylindrical 
waves  and  determining  the  spectral  amplitudes  from  a 
consideration  of  the  boundary  conditions.  There  is  also 
a  formal  analogy  to  the  results  of  Twersky’s7  multiple 
order  scattering  analysis. 

This  theory  is  readily  specialized  to  the  case  of  a 
plane  wave  incident  on  an  infinite  planar  grating  of 
small  wires.  If  the  effects  of  higher  order  current  modes 
are  neglected,  this  result  becomes  identical  with  that  of 
Wessel1  who  considered  a  uniform  current  distribution 
on  the  surface  of  the  wires  in  his  analysis. 


n**  CYLINDER 


Fig.  1.  Geometry  for  scattering  from  an 
arbitrary  array  of  cylinders. 

3.  GENERAL  THEORY  (ARBITRARY  CONFIGURATION 
OF  PARALLEL  CYLINDERS) 

Figure  1  shows  the  general  arrangement  of  line  source 
and  scattering  cylinders.  The  axes  of  the  cylinders  and 
line  source  are  all  parallel  to  the  z-axis  so  that  all  rele¬ 
vant  electromagnetic  field  quantities  may  be  derived 
from  the  single  scalar  quantity  EZ)  the  electric  field 
intensity  in  the  z-direction,  for  convenience  written  as 
yp{x,y).  With  the  customary  time  dependence  exp(-icot) 
suppressed  throughout,  and  k=2ir/\ ,  ^(x,y)  satisfies 

(V*,v2+W)t(x}y)= 0, 

subject  to  the  appropriate  boundary  conditions  and  the 
radiation  condition  at  infinity. 

If  a  Green’s  function  G(x,y;^',y')  is  defined  as  a 
solution  of  the  inhomogeneous  wave  equation 

(Vx, „+  kr)G (x,y ;  x’,y')  =-S(x-x')S(y-y'), 

and  substituted  into  Green’s  scalar  identity 


r  /*  /  dG  d\p\ 

I  (\pV2G — GVty)d<rf  =  (p  (  p - G —  \dC' 

J  J  V  dn  dn/ 


the  result 


dG 

t— 

dn 


is  readily  found,  where  the  line  integral  is  taken  over  a 
closed  contour  containing  the  source  and  all  the 
cylinders.  By  imposing  the  boundary  condition  ^=0  on 
the  surface  of  each  cylinder  and  making  the  convenient 
definition 


<¥  1  y  ,  , 
dfl  on  Kth  cylinder  2l rdn 

where  /„(<£„)  may  be  considered  as  the  surface  current 
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on  the  nth  cylinder,  the  previous  result  can  be  reduced 
to 

i  r2ir 

*(r)=*>“(r)+- E  |  I „(tt>n)G(r,r')d<t>ni  (1) 
2ir  n  J0 

where  ^inc(r)  is  the  field  that  would  exist  at  the  point  r 
if  no  scattering  obstacles  were  present. 

Application  of  the  boundary  condition  ^(r)  =  0  where 
r  is  on  the  surface  of  each  cylinder  and  use  of  the  appro¬ 
priate  two  dimensional  Green’s  function  leads  to  the 
following  integral  equation  for  the  surface  current  on 
each  cylinder, 


^inc(r) 

r  on  cylinder 


=  -— E  f  Iri4>nW(K\t-T’\)d4,n 

8  r  "  Jo 


r,r'  on  cylinders 
(2) 


The  problem  now  is  to  find  a  set  of  /«(<£„)  which 
satisfy  this  set  of  simultaneous  integral  equations.  One 


method  of  solution  is  to  expand  the  unknown  function 
in  a  complete  set  of  ortho-normal  functions  appropriate 
to  the  geometry  of  the  particular  problem  and  then  to 
determine  the  resulting  unknown  coefficients.  Follow¬ 
ing  this  method  a  natural  choice  here  is  to  expand  the 
surface  current  on  each  cylinder  in  the  complex  Fourier 
series 

oo 

In(<j>n)=  E  ansexp(is<j>n). 

s=— oo 

By  assuming  the  /n(<£»)  to  have  a  sufficiently  regular 
behavior  and  using  the  orthogonal  properties  of  the  set  of 
functions  exp  (is<t>n),  it  is  possible  to  reduce  the  problem 
of  finding  the  ans  to  the  solution  of  an  infinite  set  of 
linear  inhomogeneous  simultaneous  algebraic  equations 
in  which  the  ans  are  the  unknowns. 

If  the  mth  integral  equation  is  multiplied  by  exp  (it<f>m) 
(where  t  is  any  integer  including  zero),  and  both  sides 
are  integrated  with  respect  to  <f>m  from  0  to  2tt  it  follows 
that: 

T tm  F  F  Ktmnsdns  (3) 

n  8 

where  the  definitions 


and 


exp(— it<f>m)d<f>  7 Tlf 

r  on  mth  cylinder 


2t  ~2ir 


K 


tmns 


i  r™  r 

SttJq  Jq 


exp(w0n)JSro(1)  (k  i  r—  r'  | ) 


exp  (  it  (pm)  d(ji  nd<f>  m 

r  on  mth  cylinder 
r'  on  nth  cylinder 


have  been  used. 

The  incident  field  characteristic  of  a  uniform  line  source  may  be  represented  as 


(4) 


^inc(r)^tfoa)(£|r|), 

where  A  is  a  complex  constant.  With  this  choice  of  excitation  the  expressions  for  ytm  and  Ktmns  as  evaluated  in  the 
Appendix  are 

ytm=2TrAJt(kam)Hta) (&| rm | )  exp[-*7(0m+7r)] 


t n 

K  (mns  =  ~~~J  t  {h&Tn) ' 

2 


H8(1)  (kam)8sti 

r,r'  on  mth  cylinder 

J 8(k(ln)II t— (h  |  bm  ^n|)  OXQ{it<Xnm~\~iSCinrn) 


r,r'  on  different  cylinders 


(5) 


For  any  given  values  of  the  parameters  k ,  an,  6m  and 
|bm—  brt  | ;  ytm  and  Ktmns  may  be  evaluated  using 
existing  tables  of  the  Bessel  and  Neumann  functions. 

Finally,  the  total  field  may  be  calculated  from  formula 

(1), 

=4'in°(x,y) 

+-  E  E  anlJs(kan)H,w (kRn)  exp (is<t>n).  (6) 
4 

Here  the  reader  familiar  with  Twersky’s7  multiple 
scattering  analysis  will  notice  a  formal  analogy  be¬ 
tween  Eq.  (6)  and  his  formula  for  the  scattered  field. 


At  this  point  it  is  convenient  to  show  the  connection 
between  the  analysis  of  this  paper  and  the  work  of 
Wessel1  on  diffraction  of  a  plane  incident  wave  by  a 
planar  grating  of  small  wires. 

If  the  constant  A  is  so  chosen  as  to  make  the  exciting 
field  a  plane  wave  incident  from  the  direction  6q  and 
the  array  is  taken  as  a  planar  grating  of  identical 
cylinders  then  bm—mb , 


and 


ao  for  m>  0 
ao±7r  for  m< 0 


dm  dy 
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and  from  symmetry  it  is  apparent  that  all  the  cylinders 
have  the  same  current  distribution  except  for  the  phase 
factor  exp(ikmb  cos(0o— ao))  relative  to  the  zeroth 
cylinder.  Thus, 

am8=exp(ikmb  cos(0o--ao))a'o« 

where  a' o*  is  the  sth.  Fourier  coefficient  on  the  zeroth 
cylinder  in  the  array.  It  is  only  necessary  to  calculate 
the  current  on  the  zeroth  cylinder,  thus  for  m— 0  the 
system  of  Eq.  (1)  becomes 

4 i  exp^— U^6q — —  H t(1) (ka)aot 

+exp(— itao)  Y  Y  #o /  exp {iknb  cos(0o— a0) 

715^0  * 

-\-isao)Js(ka)Ht^(k\n\b).  (7) 

As  t  ranges  through  all  positive  and  negative  integers, 
an  infinite  number  of  linear  simultaneous  equations  in 
the  unknown  a' 0s  is  generated.  In  principle  this  set  of 
equations  could  be  solved,  but  practically  it  is  not 
feasible  to  solve  for  all  the  unknowns.  For  small  ka 
and  6»o,  it  may  be  seen  from  the  behavior  of  the 
Bessel  and  Hankel  functions  involved  that  the  dominant 
terms  in  the  right-hand  side  of  the  previous  expression 
are  those  with  /=j=0.  Thus  Eq,  (7)  becomes 

4 i^{H0V(ka)+  Y  Jo(ka)Hoa)(k\n\b) 

«  =  -« 

7*0 

Xexp [inkb  cos(0o— «o)]}aoo'. 


POINT  OF 
OBSERVATION 


Fig.  2.  Geometry  for  scattering  from  two  identical  cylinders 
(normal  incidence). 

The  system  of  Eq.  (3)  for  the  unknowns  a± i,»  (for 
m—  —  1)  may  be  written 

(itir\ 

-—){J»(ka)HPKMb)ait* 

+ Y  exp (iar/2)/.  (ka) [tff+s (2kb)alt  _s 

#=i 

(2kb)alt  J}  =  4iHtMlk(r02+b*yi 

X  exp[— it  (tt+0_i)  ].  (8) 

It  is  evident  that 


This  is  the  same  equation  as  obtained  by  Wessel  for  the 
current  on  the  zeroth  cylinder.  Tables  of  the  series 
YfUnkb)  and  Yi°Yo(nkb)  corresponding  to  normal 
incidence  have  been  computed  by  Ignatowsky9  and 
Wessel.1 

As  far  as  coupling  effects  and  their  dependence  on 
cylinder  radius  and  spacing  are  concerned,  a  finite 
number  of  mode  coefficients  could  be  computed  with  a 
large  amount  of  labor  for  the  case  of  an  infinite  planar 
grating  using  Eq.  (7).  However,  when  it  comes  to  com¬ 
paring  the  theoretical  results  for  the  scattered  field  to 
experimental  results,  it  is  not  feasible  to  use  plane-wave 
excitation,  and  the  system  of  equations  for  the  mode 
coefficients  for  a  line  source  excitation  and  the  infinite 
grating  are  exceedingly  complex.  Hence,  it  is  expedient 
to  consider  the  simplest  configuration  for  which  mutual 
coupling  effects  may  be  calculated  with  a  reasonable 
amount  of  labor.  For  these  reasons  the  problem  of 
scattering  of  a  cylindrical  wave  by  two  identical  cyl¬ 
inders  has  been  chosen  as  an  example  to  test  the  general 
theory. 

4.  TWO  IDENTICAL  CYLINDERS  (NORMAL  INCIDENCE) 

Figure  2  shows  the  geometrical  arrangement  of  source 
and  cylinders  for  scattering  of  a  cylindrical  incident 
wave  by  two  identical  cylinders. 


where  h(<f>i)  and  7_i(— #i)  are  the  surface  currents  at 
mirror  image  points  on  the  upper  and  lower  cylinders. 
If  the  Fourier  representation  for  the  surface  currents  is 
combined  with  the  above  symmetry  requirement,  the 
following  identity  is  readily  established, 

#1,  *=  I,—  s> 

for  all  s. 

The  system  of  equations  relating  the  unknowns  ob¬ 
tained  from  Eq.  (8)  by  using  this  statement  of  symme¬ 
try  and  allowing  t  to  range  through  all  positive  and 
negative  integers  may  be  conveniently  summarized  in 
matrix  form  as, 

K-a=  4iA 

where  IT  is  a  square  (infinite)  matrix,  whose  elements 
are  the  coefficients  of  the  a±ii8,  and  4 i\  is  the  infinite 
matrix  of  elements  on  the  right-hand  side  of  Eq.  (8). 

The  rigorous  solution  of  the  problem  requires  the 
solution  of  an  infinite  matrix  equation.  Except  for 
certain  special  cases  (in  this  problem  corresponding  to 
no  coupling,  i.e.,  kb—> the  solution  to  such  an  infinite 
matrix  equation  is  not  immediately  obvious. 

The  best  that  can  be  done  by  way  of  a  solution  is  to 
solve  by  numerical  means,  a  finite  number  of  the  equa¬ 
tions  represented  by  Eq.  (8).  Putting  aside  any  dis¬ 
cussion  of  the  rigorous  justification  of  this  procedure, 
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and  granting  that  the  approximation  is  good,  how 
many,  and  which  equations  should  be  chosen  for  solu¬ 
tion?  Since  the  problem  of  scattering  by  two  cylinders 
must  reduce  to  that  of  scattering  by  a  single  cylinder  in 
the  limit  of  very  large  spacing  between  cylinders,  the 
first  question  is  most  readily  answered  by  using  the 
simple  well-known  solution  to  the  problem  of  the 
scattering  of  a  plane  wave  by  an  isolated  cylinder.  The 
symmetry  of  the  diagonal  elements  of  the  K  matrix 
about  the  element  corresponding  to  2=5=0  points  to 
an  obvious  choice  of  equations  as  those  with  2=0, 
±1,  ±2,  •  •  *,  ±«,  and  unknowns  with  s  ranging  from 
—  n  to  +n.  The  scattered  field  (for  the  same  orientation 
of  the  incident  plane  wave  as  in  the  two  cylinder  prob¬ 
lem)  from  an  isolated  cylinder  may  be  put  in  the  form 
00 

^Bcatt (^0)  =  —  esi <H_1  sin5s(&a) 

Xexp[— iSa)(&a)]Z7*(1)(i&r)  cos s<f> 


where 

and 


Hs  (1)  ( ka )  =  —  iCs  ( ka )  expp5s  ( ka )  ] 
1,  5=0 

€s  = 

.2,  5^0 


In  the  far  zone  the  amplitude  of  (kr)  changes  slowly 
with  increasing  5,  and  thus  the  change  of  amplitude  of 
each  term  corresponding  to  a  change  in  index  s  is 
essentially  proportional  to  |sin5s(£a)  cos5$|.  The  term 
cos 50  is  one  at  most  and  from  the  tables  for  8s(ka) 
it  is  seen  that  sin 8s(ka)  tends  to  zero  with  increasing 
5  (for  5  greater  than  a  certain  integer).  Thus,  by 
reference  to  these  tables,  it  is  possible  to  pick  out  the 
greatest  integer  s  for  which  any  significant  contribution 
will  be  made  to  the  summation  for  the  scattered  field. 
This  maximum  integer  may  then  be  used  as  a  guide  in 
deciding  upon  the  number  of  equations  to  be  solved  in 
the  two  cylinder  problem.  Thus,  for  &a=3.0(2a/\~l), 


sin  8a(Ka)  \ 


0 

0.5680 


1 

0.7222 


2 

0.9496 


3 

0.4977 


4 

0.1426 


5 

0.02251 


6 

0.002094 


7 

0.000175 


and  5  =  6  is  the  largest  index  giving  an  appreciable  term 
in  the  field  summation.  Hence  in  the  two  cylinder  prob¬ 
lem  at  least  6  modes  must  be  solved  for,  corresponding 
to  2=0,  dhl,  ±2,  ±3,  •  •  •  ±6.  There  is  an  enormous 
amount  of  labor  involved  in  solving  such  a  system  of 
equations  with  complex  coefficients,  however,  for  a  spac¬ 
ing  of  one  wavelength  between  centers,  such  a  system  of 
equations  has  been  solved  exactly  for  the  cas  eKa=  1.253, 
and  approximately  for  Ka=  2.0  and  2.5,  for  2  ranging 
between  values  determined  by  the  above  procedure. 

Methods  of  solving  such  systems  of  equations  on  a 
desk  calculator  are  well  known, f  but  except  for  ka  <1.3 
the  labor  required  to  solve  such  a  system  by  hand 
methods  limits  the  usefulness  of  the  theory.  However, 
the  solution  of  a  “block”  out  of  the  matrix  equation 
yields  results  in  excellent  agreement  with  the  measure¬ 
ments  to  be  discussed  later. 


In  view  of  the  computational  difficulties  encountered 
in  solving  a  large  number  of  linear  algebraic  equations 
with  complex  coefficients,  it  is  desirable  to  have  a  simple 
approximation  to  the  solutions  for  the  unknowns  a\\  so 
that  some  of  the  major  characteristics  of  the  scattering 
by  two  cylinders  may  be  more  readily  seen.  The  most 
obvious  approximation,  and  the  one  to  be  discussed 
here,  is  suggested  by  the  fact  that  the  diagonal  elements 
in  the  K  matrix  increase  without  bound  with  increasing 
2,  and  at  the  same  time  the  off-diagonal  terms  tend  to 
zero.  Hence  it  seems  reasonable  as  a  first  approximation 
to  neglect  all  off-diagonal  terms.  The  success  of  this 
approximation  will  be  discussed  later  in  connection  with 
the  experimental  measurements. 

The  final  expression  for  the  scattered  field  using  the 
diagonal  approximation  is  readily  found  to  be 


E  E  (-) 

n—  dtl  «=0 


ex pRsfo,-*,)] 


Hs<»(ka)+Js(ka)H2s(1)(  2kb) 


(9) 


In  the  limit  as  kb  and  &r0— this  expression  (except 
for  a  constant)  is  identical  with  Seitz’s15  expression  for 
the  field  scattered  by  an  isolated  conducting  cylinder 

!The  contribution  of  each  mode  in  Eq.  (9)  depends 
principally  on  the  quantity 

f  For  the  exact  solution  of  22  (real)  linear  equations  Crout’s 
method  [P.  D.  Crout,  Am.  Inst.  Elec.  Engrs.  60,  (1941)]  requires 
5634  machine  operations  including  a  check  column.  For  1  percent 
accuracy  ( ka=  1.253,  b/\— 1.0)  the  Gauss-Seidel  iteration  method 
[[See  Whittaker  and  Robinson,  Calculus  of  Observations  (Blackie 
and  Son  Limited,  London,  England),  fourth  edition],  requires  4 
iterations  totaling  2134  operations. 

15  W.  Seitz,  Ann.  Physik  16,  746  (1905),  and  Ann.  Physik  19, 
544  (1908). 


J  8  (ka) 

as(ka,kb)  = - .  (10) 

HsV{ka)+Js(ka)IhV(2kb) 


As  5  increases,  and  for  ka ,  kb^>  1  and  ka ,  kb<s  the 
approximations  for  the  Bessel  and  Hankel16  functions 
yield  for  Eq.  (11),  the  following  asymptotic  form, 


a8(ka,kb)~ 


2s 


16  G.  N.  Watson,  Bessel  Functions  (Macmillan  Company,  New 
York,  1948),  second  edition,  pp.  243,  198. 
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ing  representation  is  used  for  the  Hankel  function 


Z?,o>(4.,~(^-)1  exp[«(ta-^-I)  ] 


where  u=  (ro2+#0*  and 


p-i  (-»i)mr(5+w+i) 

s8v(ku)  =  z - ■ 

m= o  (2iku)mm\T (s—  w+J) 

Since  in  practice  kr^>s  and  k~2i r/X,  the  incident  field 
at  x—%  and  y— 0  is 


Fig.  3.  Scattering  coefficient  |a*|  and  |a«°|  for  two  coupled 
cylinders  (diagonal  terms  only),  and  an  isolated  cylinder  as  a 
function  of  spacing  between  centers  for  Ka—2X 3  and  normal- 
incidence. 

where  the  right-hand  term  in  the  denominator  contains 
the  coupling  effect.  From  this  last  expression  it  is 
apparent  that  since  b^a  that  the  two  cylinders  in¬ 
fluence  each  other  to  a  decreasing  extent  as  the  mode 
index  s  increases.  This  behavior  is  most  strikingly 
demonstrated  by  the  graphical  plot  in  Fig.  3  of  \as\ 
computed  from  Eq.  (10)  as  a  function  of  spacing  for 
ka= 2.0.  In  addition  |a,°|,  the  corresponding  quantity 
for  an  isolated  cylinder  is  plotted  for  comparison  along 
with  |  otB  j  •  From  this  curve  it  is  apparent  that  mutual 
effects  tend  to  diminish  slowly  with  increasing  separa¬ 
tion. 

To  compare  the  predictions  of  the  diagonal  approxi¬ 
mation  to  measurable  field  quantities  Eq.  (9)  has  been 
used  to  calculate  the  scattered  field.  For  a  large 
separation  between  source  and  cylinders  the  follow- 


Fig.  4.  Experimental  and  theoretical  results  of  diffraction  by 
two  cylinders  as  a  function  of  probe  position  for  ka= 0.313  and 
spaced  1.0  wavelength  between  centers. 


~exp(— wr/4)/7r((r0+#)/A) * ■  exp [ik (fo+#)]. 


Fig.  5.  Experimentally  measured  diffracted  field  from  two 
cylinders  and  comparison  with  various  theoretical  approximations 
for  Ka— 1.253,  as  a  function  of  probe  position.  (One  wavelength 
between  centers.) 

Using  the  definition 

^tot=  ^inc_|_^  scatty 

and  dividing  this  expression  by  the  incident  field  at  the 
reference  point  x—  x,  y~0  gives  for  the  normalized  total 
field. 

^totnorm  fay)  =  Eg=  1  —  U/o+x)/  (r02+  &) 

Xexpp&(r02+&2)*— ^(fo+#)]X  E  E 

ft=±l  S= — 00 

X  exp  {iris/ 2)  {as  (ka,kb)S8  (1)[&  (r  o2+ b2)  (1)  (kRn) 

Xexp[w(0n-0i)]}. 

This  formula  has  been  used  in  calculating  the  theoretical 
results  labeled,  diagonal  terms  only  in  Figs.  7,  9,  10, 
and  11. 
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Fig.  6.  Theoretical  and  experimental  diffraction  curves  for 
scattering  from  two  identical  closely  coupled  cylinders,  radius 
a  =  0.3185X  and  spacing  between  centers=  1.0X. 

The  factor  [(r+^)/(r02+&2)4]i  represents  an  ampli¬ 
tude  correction  owing  to  the  use  of  a  line  source  in 
place  of  a  plane  wave,  and  the  factor  ik(ra2+b2)*  in  the 
exponent  plays  the  role  of  a  phase  correction  factor. 
Inside  the  summation  the  term  Ss(1)[£(r02+&2)*] 
corrects  for  the  line  source  excitation  for  each  mode. 

5.  EXPERIMENTAL  RESULTS 

The  parallel  plate  region  and  associated  field-probing 
equipment  described  by  the  author  in  an  earlier  paper17 


Fig.  7.  Amplitude  of  field  scattered  by  two  identical  cylinders, 
for  fixed  probe  location  and  spacing  26/X=  1.0  as  a  function  of 
radius  of  cylinders  (line  source). 

17  R,  Row,  J.  Appl.  Phys.  24,  12  (1953). 


have  been  used  to  measure  the  electric  field  scattered 
by  two  identical  highly  conducting  cylinders  with  a 
uniform  line  source  for  the  primary  excitation  (at 
normal  incidence)  as  sketched  in  Fig.  2. 

These  measurements  are  designed  as  a  check  on  the 
validity  of  the  approximations  made  in  the  theory  de¬ 
veloped  in  the  preceding  sections,  and  to  compare  the 
predictions  of  the  independent  scattering  hypothesis 
with  the  field  distributions  actually  measured.  The 
results  labeled  “independent”  scattering  were  deter¬ 
mined  in  the  following  way.  £2ino(r)  is  the  incident 
electric  field  at  a  point  r  and  E^ir)  is  the  total 
electric  field  with  cylinder  1  in  place,  then 

EZl  scatt  (r)  =  Ez™(r)-Ezinc  (r) . 


Fig.  8.  Experimentally  measured  independent  and  coupled 
scattering  from  two  identical  cylinders  with  Ka=  1.253  as  a  func¬ 
tion  of  spacing.  Probe  position  fixed. 


Similarly,  if  cylinder  1  is  removed  and  cylinder  —1  is 
put  in  place : 

£*Vcatt(r)  =  E-  itot(r)  -  £2inc(  r) . 

According  to  the  independent  scattering  hypothesis  the 
total  field  with  both  cylinders  in  place  is  given  by 

E^ir)  —  £zinc(r)+£2lscatt(r)+£z_1  scatt(r) 

= Ez_™  (r) +^,_1tot  (r)  -  E™  (r) . 

The  actual  results  presented  required  a  measurement  of 
amplitude  and  phase  of  the  total  scattered  fields  and  the 
incident  field.  Brass  cylinders  J  inch  thick  and  machined 
to  the  required  diameters  were  used  as  the  scatterers  in 
the  parallel  plate  region.  In  all  cases  the  experimental 
results  are  reproducible  to  within  2  percent. 

Figures  4  through  6  show  the  total  field  as  measured 
by  a  probe  moving  along  a  line  parallel  to,  and  two 
wavelengths  from  (on  the  side  away  from  the  source), 
the  line  joining  the  centers  of  the  cylinders;  for  a  fixed 
center-to-center  spacing  of  one  wavelength  and  equal 
to20.05A,  0.20X,  and  0.3 18X.  Figure  7  shows  the  total 
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field  at  the  point  x—2\  y  =  0  for  a  fixed  center  spacing 
of  1.0  wavelength  as  an  increase  from  0.0  to  0.477 
wavelength.  Figures  8  through  11  show  the  field  at  the 
same  point  as  a  function  of  spacing  for  a  equal  to  0.20A, 
0.24A,  0.318X,  and  0.477A. 

In  all  cases  the  corresponding  theoretical  quantities 
are  also  shown  on  the  same  graph  for  comparison. 

6.  CONCLUSIONS 

A  study  of  Figures  5  through  11  shows  that  over  a 
fairly  large  range  or  radii  and  spacings  the  independent 
scattering  hypothesis  may  be  used  to  predict  large 
scale  trends  in  the  results.  Thus  for  the  probe  fixed, 
and  a  constant  spacing  of  1.0  wavelength  between 


Fig.  9.  Experimentally  measured  independent  and  coupled 
scattering  from  two  identical  cylinders  with  ka=  1.50  as  a  function 
of  spacing.  Probe  position  fixed. 


centers  (see  Fig.  7),  the  trend  in  the  measured  field  as 
the  radius  increases  is  closely  predicted  by  the  inde¬ 
pendent  scattering  hypothesis  for  ka  ranging  from  zero 
to  approximately  1.5. 

In  all  the  measurements  taken  there  is  practically  no 
detailed  agreement  between  the  independent  scattering 
data  and  the  results  obtained  with  both  cylinders 
present.  As  is  to  be  expected  the  larger  the  radius,  and 
the  smaller  the  spacing,  the  poorer  becomes  the  detailed 
agreement  between  the  predictions  of  the  simple  inde¬ 
pendent  scattering  hypothesis  and  the  corresponding 
measurements. 

Attention  will  now  be  focused  on  the  results  of  the 
theory  developed  in  Sec.  4. 

For  small  cylinders  only  the  zeroth  mode  or  uniform 
current  mode  is  of  significance  in  calculating  the  scat- 


Fig.  10.  Experimentally  measured  independent  and  coupled 
scattering  from  two  identical  cylinders  with  Ka=  2.0,  as  a  func¬ 
tion  of  spacing.  Probe  position  fixed. 


tered  field.  The  range  of  radii  and  spacing  over  which 
this  mode  alone  is  sufficient  is  determined  primarily  by 
the  radius, J  since  here  this  parameter  determines  the 
number  of  modes  required. 

Thus,  with  a  fixed  probe  and  a  constant  spacing  of 
1.0  wavelength  between  centers,  Fig.  8  shows  that  the 
uniform  current  distribution  gives  excellent  agreement 
with  experiment  for  ka  less  than  0.3.  The  next  step  is 


Fig.  11.  Experimentally  measured  independent  and  coupled 
scattering  from  two  identical  cylinders  with  iT<j=3.0  as  a  func¬ 
tion  of  spacing.  Probe  position  fixed. 

t  For  cylinder  diameters  and  spacings  much  less  than  a  wave¬ 
length,  the  problem  can  be  handled  by  the  electrostatic  approxi¬ 
mation  much  as  Lamb  (see  reference  12)  treated  the  problem  of  a 
planar  grating  of  small  wires. 
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to  keep  all  the  modes  required  for  good  convergence  in 
the  problem  of  diffraction  by  a  single  isolated  cylinder. 
Owing  to  the  amount  of  computing  required,  the  effect 
of  solving  a  finite  number  of  equations  for  a  fewer  or 
greater  number  of  modes  has  not  been  thoroughly 
investigated.  However  in  one  case,  that  for  ka  equal  to 
1.253  with  a  spacing  of  1.0  wavelength  (see  Fig.  6),  a 
finite  “block”  from  the  matrix  equation  was  solved 
keeping  at  first  three  modes,  and  then  four  modes. 
Both  cases  lead  to  results  in  about  equally  close  agree¬ 
ment  with  experiment.  In  all  cases  where  the  number  of 
modes  solved  for  was  the  same  as  required  by  the  single 
cylinder  problem,  the  detailed  agreement  between 
theory  and  experiment  is  excellent. 


Without  the  use  of  large  scale  automatic  computing 
machinery,  it  would  be  impractical  to  compute  the 
solutions  to  the  system  of  Eqs.  (8)  for  any  appreciable 
range  of  radii  and  spacings.  Therefore,  the  diagonal 
approximation  has  been  used  to  compute  the  total 
field  at  a  point  equidistant  from  each  cylinder  and  two 
wavelengths  behind  the  line  joining  their  centers  (see 
Figs.  7,  9  through  11). 

From  these  results  it  is  apparent  that  the  diagonal 
approximation  yields  a  satisfactory  approximation  to 
the  detailed  shape  of  the  experimental  curves.  In  com¬ 
paring  the  experimental  data  with  the  theory  for  con¬ 
stant  radius  there  is  noted  a  progressive  shift  in  the 
peaks  and  valleys  of  the  theoretical  curves  towards 
smaller  spacings  as  the  radius  increases,  and  for  ka 
equal  to  3.0  the  initial  valley  in  the  experimental  curve 
is  absent  in  the  theory.  These  effects  indicate  the  in¬ 
creasing  need  for  considering  interactions  between 
modes  of  different  order  in  the  theory  as  the  radius  is 
increased;  that  is,  the  mode  coefficients  must  be  ob¬ 
tained  as  the  solutions  to  a  block  from  the  matrix 
equation. 

Computations  based  on  the  diagonal  approximation 
involve  very  little  additional  labor  above  that  required 
by  the  independent  scattering  hypothesis  and  give  much 
better  results  than  this  latter  hypothesis,  over  a  limited 
range,  of  course.  Consequently,  this  method  might  be 
considered  in  examining  other  problems  where  the 
independent  scattering  hypothesis  does  not  yield 
satisfactory  results. 

The  author  wishes  to  thank  Professor  J.  E.  Storer  for 
his  illuminating  discussions  on  the  theory,  and  Miss  M. 
Tynan,  Miss  E.  Miller,  and  Mrs.  M.  Amith  for  their 
assistance  with  the  computations.  Mr.  E.  Roffey 
modified  the  parallel  plate  apparatus  to  allow  measure¬ 
ments  to  be  made  of  the  scattering  by  two  cylinders. 


With  reference  to  Fig.  1 


APPENDIX 

Evaluation  of  the  Integrals  and  K  tmns 


r 


=  [rm2+am2—  2rmam  cos(0m+7r— 


on  mth  cylinder 


and 

rm=  [r02+bm2+2r0bm  cos(0o~ ao™)]*. 
Using  the  addition  theorem  for  cylinder  functions, 


then 


H<,™(Kr)  =  £  Jl(Kam)HfiKKrm)explil(9m+ir-4>m)']-, 

t= — 00 


ytr 


✓*27 r 

.~AZ  - 
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J i  (Kam)H ;(l)  (Krm)  exp (il(dm+ir) — iUfrm—  it<t>m)d4> 
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where  interchanging  the  order  of  summation  and  integration  is  assumed  to  be  valid.  The  orthogonality  relations 
for  the  trigonometric  functions  enable  y  tm  to  be  evaluated  explicitly,  hence 

ytm^2ir A Jt{Kam)TItil){Krm )  exp[— fl(0»+ir)]. 

It  should  be  noted  that  for  cylinders  with  centers  above  the  line  A  — Bin  Fig.  1,  6m  is  to  be  taken  as  positive,  and 
for  those  with  centers  below  A  —  By  it  is  negative. 

The  computation  of  Ktmna  must  proceed  in  two  steps.  The  first  case  is  that  in  which  the  indices  m  and  n  are 
equal,  corresponding  to  r  and  r'  lying  on  the  surface  of  the  same  cylinder. 

With  reference  to  Fig.  12  for  the  case  n=m, 

|  r — r'  |  =om[l  —  cos(<f>m— <0]*- 

Using  the  above  addition  theorem  for  the  cylinder  functions  gives  us 


Ktmns  ' 


87 r 


E 


where 


7 ri 

exp ii<t>m)J i(Kam)H iw  (Kam)  exv[il($m-<l>J)y<t>rn.d4J=-J  t{Kam)Htm  (Kam)S,h 

2 


&st  — 


[1  for  s=t 
io  for  Sy^t. 


We  turn  now  to  the  evaluation  of  Ktmns  when  n^m.  From  Fig.  12  it  may  be  seen  that 

|r  —  r'|  —  {SnJ-\-OLr?—2Snmdn  COS[lT+ anm~  H £«+/3nm])*. 

Again,  applying  the  same  addition  theorem, 
i  /*2ir  /»27r 

Ktmns  = — E  I  I  exp (is<l>n~-it(f>m)Ji(kam)Hia)(ksnm)  expp/(7r+ew~  <f>n— 

87 r  1  Jq  Jo 


Carrying  out  the  <bn  integration,  we  get 

i 

K tmns~  I  exp(  —  it<f>m)J s(kan)H8W  (ksnm)  expp5(7T+anm+i3«m)]d^m. 

4v0 

Both  sftm  and  (3nm  are  dependent  on  d>m  so  that  in  order  to  perform  thepemaining  integration,  the  more  general 
addition  theorem 

Hs(l)(Ksnm)  exp(w/?nm)=  E  J  q(Kam)H  s+qa)  (K\bm—  bn|)  expp<?(anm— 

must  be  used  whence  it  may  readily  be  shown  that 

7 ri 

KtmnS=—Jt(kam)Js(kan)HL-s(1)(.k\bm-bn\)  exp(-itotnm+isanm). 

2 


Summarizing, 


7  tr, 


,=  2i rAJt(kam)Hta)(krm)  exp[-^(0m-}-7r)] 


7 ri  [Hsa)(kam)8sh  n=m 

2  \js(kan)Ht-s(1)(k\bm—bn\)exp(—ilanm-\-isanm), 
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Trajectory-Tracer  Study  of  Helix-  and  Band-Type  Postdeflection  Acceleration* 

George  C.  SpoNSLERf 

Lincoln  Laboratory,  Massachusetts  Institute  of  Technology,  Lexington,  Massachusetts 
(Received  September  25,  1954) 

A  high-speed  automatic  electron-trajectory  tracer  was  employed  to  study  the  relative  loss  in  deflection 
sensitivity  and  linearity  caused  by  continuous  resistive  helical  and  conventional  band-type  cathode-ray 
tube  postdeflection  accelerators.  A  total  of  144  trajectories  was  traced  for  six  different  electrode  configurations 
immersed  in  a  wedge-type  electrolytic  tank  that  simulated  a  particular  tube  envelope.  Beam- deflection 
angles  of  5.5°,  13.5°,  21.5°,  and  30°  were  employed  with  maximum  potential  differences  of  0,  2.3,  4.8,  7.3, 

9.8,  and  12.3-kv  postdeflection  acceleration  and  a  2.7-kv  initial  electron  energy.  The  relative  error  of  the 
resultant  trajectories  plotted  is  estimated  at  one  percent.  Of  the  configurations  tested,  the  performance 
of  the  continuous  resistive  helix  was  far  superior  in  deflection  sensitivity  and  slightly  better  in  deflection 
linearity.  The  results  also  indicate  that  a  linear,  stepped  voltage  distribution  [(Fo /N)-n],  although  poorer 
than  the  continuous-helix  distribution,  may  give  better  performance  than  that  resulting  from  a  stepped, 
geometrical  voltage  distribution  (Fo,  Fo/2,  Fo/4,  etc.). 


I.  INTRODUCTION 

OSTDEFLECTION  acceleration,  also  termed 
“after-acceleration,”1  is  employed  in  cathode-ray 
tubes  to  permit  beam  deflection  at  low  field  intensities 
together  with  subsequent  high  final  electron  energies 
at  the  phosphor  screen.  This  double  objective  is 
obtained  by  applying  some  form  of  accelerating 
electrode  or  electrodes  on  the  cathode-ray  tube  envelope 
between  the  deflection  region  and  the  viewing  screen. 
These  accelerating  electrodes  are  operated  at  high 
electrostatic  potential  differences  with  respect  to  the 
electron  beam  energy  as  measured  in  the  deflection 
region.  This  method  of  acceleration  permits  the  use  of 
low-power  beam-deflection  amplifiers  (for  either 
electrostatic  or  magnetic  deflection),  yet  provides 
high  light-spot  brightness  on  the  viewing  screen  which 
results  from  the  high  final  electron  velocity.  Unfor¬ 
tunately,  the  accelerator  electrodes  necessarily  behave 
like  an  electrostatic  electron-optical  lens  which  acts 
to  bend  the  deflected  beam  back  toward  the  central 
axis  of  the  tube.  Expressed  another  way,  a  lens  action 
is  produced  which  results  in  a  loss  of  deflection  sensitiv¬ 
ity  and  also  in  a  loss  in  deflection  linearity.  (Other  lens 
aberrations  are  introduced  as  well,  but  these  are 
second-order  effects.) 

A  number  of  different  postdeflection  electrode 
configurations  have  been  suggested.2  The  conventional 
electrode  system  employs  conductive  bands  painted 
upon  the  tube  envelope  with  potential  steps  applied  to 
button  connectors  inserted  through  the  tube  wall.3 
A  more  unusual  proposal  was  made  by  Schwartz4 

*  The  research  in  this  document  was  supported  jointly  by  the 
Army,  Navy,  and  Air  Force  under  contract  with  the  Massachusetts 
Institute  of  Technology. 

f  Staff  Member,  Lincoln  Laboratory,  Massachusetts  Institute 
of  Technology. 

1  J.  R.  Pierce,  Theory  and  Design  of  Electron  Beams  (D.  Van 
Nostrand  Company,  Inc.,  New  York,  1949),  p.  137. 

2  E.  Schwartz,  Ferseh,  A.  G.,  1,  1938. 

3  T.  Soller,  et  al.,  Cathode  Ray  Tube  Displays,  M.I.T.  Radiation 
Laboratory  Series  (McGraw-Hill  Book  Company,  Inc.,  New 
York,  1948),  Vol.  22,  p.  65. 

4  E.  Schwartz,  Germany,  Patent  No.  2  123  636. 


who  suggested  that  the  accelerating  electrode  be 
painted  upon  the  glass  envelope  in  the  form  of  a 
continuous  resistive  helix  across  the  two  ends  of  which 
would  be  applied  the  full  potential  difference  to  create 
the  accelerating  field.  Such  an  electrode,  it  was  thought, 
should  have  the  theoretical  advantage  that  it  should 
behave  as  a  weak  thick  lens  and  should  cause  less  loss 
in  deflection  sensitivity  than  the  conventional  band- 
type  accelerators.  Unfortunately,  the  electrostatic 
potential  distribution  within  the  cathode-ray  tube 
envelope  resulting  from  such  a  continuous  resistive 
helix  can  only  be  calculated  for  comparatively  simple 
geometries  (e.g.,  for  a  cone  closed  by  a  portion  of  a 
sphere6),  and  the  resultant  electron  trajectories  require 
tedious  numerical  computations.  Therefore,  it  was 
decided  to  simulate  various  electrode  configurations  in 


FtG.  1. 1-,2-,3-,4-,  and  88-banff  gold-plated  electrodes  and  holders. 


6  G.  C.  Sponsler,  “Electrostatic  potential  distribution  for  the 
helically  wound  postdeflection  accelerator  of  a  conical  cathode-ray 
tube,”  Technical  Report  No.  58,  Lincoln  Laboratory,  Massachu¬ 
setts  Institute  of  Technology  (January  20,  1954). 
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Fig.  2.  Typical  21.5°  deflec¬ 
tion  angle  cathode-ray  trajec¬ 
tories  for  different  total  post¬ 
deflection  potential  differences. 


READING  FROM  TOP  TO  BOTTOM  TRAJECTORIES 

15  kv  AND  CHECK  7.5  kv 

12.5  kv  5  kv 

10  kv  0  v  AND  ORIFT 


a  wedge-type  electrolytic  tank6  and  to  employ  an 
automatic  electron-trajectory  tracer  to  trace  the 
electron  trajectories  for  a  variety  of  imposed  conditions. 

A  complete  description  of  the  automatic  trajectory 
tracer  is  to  be  published  elsewhere.7-8  However,  it 
should  be  mentioned  that  the  device  is  similar  to  that 
of  Sanders9  in  that  it  employs  an  electromechanical 
differential  analyzer10  to  integrate  the  equations  of 
motion  of  the  electrons. 

d2x  e 

— = - Ex(x,y) ; 

dt2  m 

a) 

d2y  e 

— = - Ev(x,y). 

dt2  m 

The  tracer  differs  from  the  English  one  principally  in 
that  it  employs  a  novel  type  of  dual-axis  servo  “function 
generator”  to  position  the  pickup  probe  (which  repre¬ 
sents  the  instantaneous  electron  position  in  the  sim¬ 
ulated  field  of  the  electrolytic  tank  and  which  measures 
the  and  y-field  components  at  that  point)  and 
operates  much  faster  (1  in./sec  as  compared  to  0.4 
in./min).  Using  this  apparatus,  it  was  quite  simple, 
once  the  tracer  had  been  “checked-out,”  to  trace  250 
separate  trajectories  in  less  than  two  days’  total  running 
time. 

II.  SIMULATOR  PROCEDURE 

The  envelope  outlines  of  a  particular  set  of  cathode- 
ray  tubes  (see  Figs.  1  and  2)  scaled  to  three-fifths  size? 

6  M.  Bowman-Manifold  and  F.  H.  Nicoll,  Nature  140,  39  (1938). 

7  Logan,  Welti,  and  Sponsler,  “Analogue  study  of  electron 
trajectories,”  (to  be  published). 

8G.  C.  Sponsler,  “An  automatic  electron-trajectory  tracer 
study  of  helix-  and  band-type  postdeflection  acceleration,” 
Technical  Report  No.  64,  Lincoln  Laboratory,  Massachusetts 
Institute  of  Technology  (May  26,  1954). 

9  K.  I.  Sanders,  et  al.,  Proc.  Inst.  Elec.  Engrs.  (London)  3,  169 
(1952). 

10  This  differential  analyzer  was  developed  at  the  Dynamic 
Analysis  and  Control  Laboratory,  Massachusetts  Institute  of 
Technology,  and  was  adapted  to  the  present  use  by  George  Welti, 
and  Benjamin  Logan,  of  that  laboratory,  and  the  author. 


were  simulated  in  the  electrolytic  tank  by  gold-plated 
metal  and  gold-sputtered  formed  Pyrex  glass  electrodes. 
Banded  accelerators  of  1,  2,  3,  4,  and  88  bands  were 
simulated,  as  well  as  the  continuous  resistive  helix  of 
88  turns.  The  electrolytic  wedge  tank  simulated  the 
electrostatic  field  of  the  cathode-ray  tube  which 
possessed  rotational  symmetry  about  its  central  axis. 
Gold  was  employed  to  combat  polarization  of  the 
electrolyte.11  For  the  same  reasons,  fine  platinum  wires 
were  employed  for  the  pickup  probe.  Mechanical 
misalignment  of  the  probe  wires  and  differing  channel 
gains  could  be  compensated  by  an  ingenious  cross¬ 
coupling  network  in  the  computer  which,  in  essence, 
performed  an  electrical  linear  transformation  of  the 
projected  field  components.  For  further  details  as  to 
the  actual  tracer  design,  reference  should  be  made  to 
the  literature  cited.7-8  Two  photographs  of  the  appara¬ 
tus  are  presented  in  Figs.  3  and  4. 

Employing  a  concentric-cylinder,  central-force  field 
auxiliary  electrolytic  tank  as  a  calibration  aid,12  the 
initial  electron  (i.e.,  probe)  velocity  was  scaled  to 
represent  2700  electron  volts.  Initial  deflection  angles 
of  5.5°,  13.5°,  21.5°,  and  30°  were  set  into  the  computer. 
The  actual  voltages  applied  to  the  tank  were  scaled  to 
represent  maximum  postdeflection  acceleration  poten¬ 
tial  differences  of  0,  2.3,  4.8,  7.3,  9.8,  and  12.3  kv, 
which  corresponded  to  2.7,  5,  7.5,  10,  12.5,  and  15  kv 
taken  with  reference  to  the  cathode-ray  tube  cathode. 
These  maximum  accelerating  voltages  were  applied 
across  a  resistor  voltage  divider  by  means  of  a  variable 
autotransformer  (Variac).  For  the  single-band  electrode, 
the  full  voltage  was  applied  between  the  single  accel¬ 
erator  and  the  neck  electrode  which  represented  the 
deflection  region  of  the  cathode-ray  tube.  For  the 
multiple  2-,  3-,  and  4-band  electrodes,  taps  were  taken 
on  the  voltage  divider  so  that  the  voltages  applied  to 
the  electrodes  between  the  viewing  screen  and  the 

11  P.  A.  Einstein,  Brit.  J.  Appl.  Phys.  2,  49  (1951). 

12  See  references  7  and  8  for  operational  details. 
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Fig.  3.  Over-all  view  of  trajectory  tracer. 

neck  of  the  cathode-ray  tube  were  stepped  down  by 
successive  factors  of  |  (e.g.,  for  4  electrodes,  the  applied 
voltages  were  Fo,  F0/2,  F0/4,  and  F0/8).  Unfortunately, 
the  lack  of  scheduled  running  time  prevented  other 
voltage  ratios  from  being  employed. 

The  88-band  electrode  and  the  88-turn  continuous- 
helix  electrode  were  simulated  by  the  same  gold- 
sputtered  88-band  formed  Pyrex  glass  strip  (see 
Fig.  1).  When  operated  as  a  banded  electrode,  each 
individual  gold  strip  was  connected  to  a  corresponding 
point  on  a  linear  voltage  divider  resistor  bank  in  such 
a  manner  that  the  voltage  of  the  wth  strip  was  (F0/88) 

•  n ,  where  the  electrodes  were  numbered  starting  at  the 
neck  of  the  cathode-ray  tube.  The  particular  voltage 
corresponding  to  each  strip  (which  would  be  present 
if  the  electrode  structure  were  an  actual  continuous 
resistive  helix)  was  calculated  numerically  for  what 
would  be  the  intersection  points  of  the  actual  helix 
with  the  88  circular  bands.  The  proper  voltage  distribu¬ 
tion  was  then  obtained  from  taps  on  a  resistor  voltage 
divider  composed  of  88  precision  resistors  especially 
wound  to  provide  the  desired  voltage  drops.  The 
resistors  were  wound  to  an  accuracy  of  one-half  of 
one  percent. 

III.  RESULTS  AND  OBSERVATIONS 

Using  the  automatic  electron- trajectory  tracer,  the 
individual  trajectories  were  traced  at  a  speed  of  about 
1  in./sec.  This  high  rate  reduced  the  errors  arising 
from  the  integration  drift  and  amplifier  drift  in  the 
equipment  but  was  not  high  enough  to  introduce 
dynamic  errors  in  the  various  servomechanical  compo¬ 
nents.  To  further  reduce  the  relative  error,  one  partic¬ 
ular  solution  (the  single-electrode  30°  curve)  was 
employed  as  a  check  solution  before  running  each 
trajectory  set  for  the  other  electrode  configurations. 
The  first  trajectory  run  in  each  of  these  sets  was  em¬ 
ployed  as  a  subsidiary  check  solution  for  that  particular 
set  of  trajectories. 

A  discussion  of  equipment  performance  error  is 


included  in  the  other  papers.7*8  Here,  it  should  be  noted 
that  the  individual  curve  displayed  a  reproducibility 
of  better  than  one-half  of  one  percent.  The  principal 
relative  errors  arose  from  drift  of  the  cathode  followers 
which  amplified  the  probe  voltages  and  from  the  effect 
of  electrolyte  evaporation  which  lowered  the  water 
level  at  a  rate  of  0.005  in./min.  It  is  estimated  that  the 
over-all  relative  error  of  the  trajectories  is  one  percent, 
but  the  absolute  error  is  unknown.  The  actual  trajec¬ 
tories  traced  are  similar  to  that  reproduced  in  Fig.  2 
which  represents  a  21.5°  deflection-angle  solution. 
The  trajectories  do  not  extend  up  to  the  tube  envelope, 
since  the  probe  had  to  be  halted  in  time  to  avert 
collision. 

To  analyze  the  curves,  the  intercepts  of  the  individual 
trajectories  with  the  abscissa  marked  “10”  on  the 
tracer  diagram  were  tabulated.  All  the  trajectories  had 
become  linear  before  reaching  this  “10”  abscissa  line 
as  by  then  they  had  been  accelerated  through  the 
greater  portion  of  the  applied  postdeflection  field. 
Hence,  using  the  “10”  abscissa  intercepts  rather  than 
the  actual  intercepts  at  the  screen  of  the  cathode-ray 
tube  is  not  thought  to  affect  the  relative  behavior  or  the 
conclusions  drawn  from  the  trajectories.  In  the  case 
of  the  30°  deflection-angle  curve,  one  or  two  trajectories 
on  each  diagram  had  to  be  extended  by  dashed  straight 
lines  in  order  to  obtain  an  intercept  with  the  “10” 
abscissa.  This  extension  is  permissible,  since  each  curve 
had  already  attained  its  linear  characteristics  before 
the  initial  extension  point  was  reached.  The  graphs  in 
Figs.  5  to  7  plot  the  actual  deflection  intercept  d  versus 
the  tangent  of  the  deflection  angle.  The  family  param¬ 
eter  is  the  maximum  applied  accelerating  voltage. 

Study  of  the  curves  shows  that  the  continuous-helix 
characteristics  is  everywhere  above  all  the  other  curves 
on  each  graph.  (Unfortunately,  the  data  for  the 
continuous  helix  at  the  5°  deflection  angle  are  missing. 
This  omission  was  caused  by  an  accident  when  the 
probe  was  bent  before  the  very  last  set  of  runs.)  From 


Fig.  4.  Electrolytic  tank  with  probe  and  88-band 
electrode  in  position. 
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TANGENT  OF  THE  DEFLECTION  ANGLE 

Fig.  5.  Deflection  vs  deflection  angle  tangent,  2.3-kv  acceleration. 


which  observation  it  may  be  stated  that  the  deflection 
sensitivity  is  better  for  the  continuous  resistive  helix 
than  for  any  and  all  the  other  configurations. 

The  order  of  performance  of  the  various  configura¬ 
tions  is  somewhat  interesting.  In  order  of  decreasing 
performance,  they  would  be  listed  as  continuous 
helix,  88-band  electrode,  2-electrode,  3-electrode,  4- 
electrode,  and  (least  desirable)  single-electrode  band 
accelerators.  The  position  of  the  3-  and  4-electrode 
results  between  the  numbers  1  and  2  is  an  interesting 
point.  In  a  sense,  the  actual  voltage  steps  chosen  for 
the  various  electrodes  of  the  3-  and  4-band  configura¬ 
tions  were  incorrectly  selected  if  it  had  been  desired 
that  their  performance  be  intermediate  between  that 
of  the  2-  and  the  88-band  configurations;  i.e.,  if  it 


were  desired  to  approach  the  performance  of  the 
88-band  configuration  as  a  (sort  of)  limit  for  band-type 
electrodes.  For  such  performance,  the  voltages  applied 
to  the  3-  and  4-band  electrodes  ought  not  to  have  been 
stepped  down  “geometrically”  by  a  factor  of  |  as  they 
were,  but  rather  voltages  applied  given  by  a  formula 
similar  to  the  88-band  electrodes’  linear  or  “propor¬ 
tional”  voltage  distribution,  i.e., 

Vo 

F*-— 1»,  (2) 

N 

where  F„  is  the  voltage  applied  to  the  n\h  electrode, 
Vo  is  the  maximum  potential  difference  applied,  and  N 
is  the  total  number  of  electrodes.  (Thus,  for  the 
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TANGENT  OF  THE  DEFLECTION  ANGLE 

Fig.  6.  Deflection  vs  deflection  angle  tangent,  7.3-kv  acceleration. 


4-electrode  structure,  the  applied  voltages  would  have 
been  Fo,3Fo/4,  Fo/2and  Fo/4.)  The  poorer  performance 
of  the  “geometrically”  stepped  voltages  may  indicate 
that  the  linear  or  proportional-type  distribution,  of 
which  the  1-,  2-,  and  88-band  configurations  are 
members,  is  better  than  the  so-called  “geometrical” 
one  employing  the  factor  f ,  of  which  the  3-  and  4-band 
types  are  representative.  Much  more  data  would  be 
required  to  confirm  or  deny  this  supposition. 

Comparison  of  the  relative  deflection  linearity  of 
the  various  curves  is  slightly  arbitrary.  If  one  accepts 
the  loss  of  deflection  sensitivity  and  then  asks  what 
the  deflection  linearity  is  with  this  particular  sensitivity 


accepted,  none  of  the  curves  is  really  too  bad.  This 
argument  is  aided  if  the  best  straight-line  approximation 
is  fitted  to  each  of  the  individual  curves  as  could  also 
be  done  to  demonstrate  the  loss  of  deflection  sensitivity. 
Then  the  comparison  of  the  relative  deflection  linearity 
might  be  made  by  comparing  the  various,  say,  mean- 
square  deviations  away  from  these  straight-line  approxi¬ 
mations.  By  this  criterion,  there  is  little  to  be  gained  in 
the  choice  of  any  of  the  various  electrode  configurations 
as  regards  deflection  linearity. 

If,  however,  deflection  linearity  is  taken  to  mean  the 
curvature  of  the  various  characteristics  away  from  the 
zero  potential  straight-line  reference  (which  is  plotted 
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TANGENT  OF  THE  DEFLECTION  ANGLE 

Fig.  7.  Deflection  vs  deflection  angle  tangent,  12.3-kv  acceleration. 


on  all  graphs  to  aid  comparison),  then  obviously  the 
continuous  resistive  helix  possesses  the  least  curvature, 
and  hence  displays  the  best  deflection  linearity.  The 
behavior  of  the  other  configurations  follows  in  the 
same  order  as  before. 

Two  observations  ought  to  be  made  with  reference  to 
these  graphs.  First,  there  is  actually  little  difference 
between  the  characteristics  of  the  3-  and  4-electrode 
accelerators.  This  is  of  interest  in  relation  to  the 
argument  concerning  the  proportional  or  linear  versus 
the  geometrical-type  voltage  distributions.  In  both  the 
3-  and  4-band  electrodes,  half  the  total  applied  poten¬ 
tials  apply  between  the  last  two  bands  in  each  case; 
hence,  similar  performance  might  be  expected.  Second, 
the  5°  set  of  the  single-electrode  graphs  are  in  error. 


This  error  was  demonstrated  by  the  customary  drift 
check  of  the  tracer  which  was  made  after  each  set  of 
runs  and,  in  this  particular  case,  indicated  substantial 
drift  amounting  to  perhaps  10  percent.  Similar  drifts 
were  encountered  in  no  other  cases. 

Finally,  it  might  be  noted  that  the  use  of  nonlinear 
deflection  amplifiers  possessing  slightly  rising  gain 
characteristics  could  be  employed  to  compensate 
partially  for  the  loss  in  both  deflection  sensitivity  and 
linearity  resulting  from  the  use  of  any  of  the  types  of 
postdeflection  acceleration  tested. 

IV.  CONCLUSIONS 

It  would,  of  course,  have  been  desirable  to  study  a 
greater  variety  of  both  electrode  configurations  and 
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other  potential  distributions.  However,  on  the  basis 
of  the  study  made,  it  can  be  stated  categorically  that 
the  continuous  resistive  helix  gave  the  finest  perform¬ 
ance  with  respect  to  both  deflection  sensitivity  and 
deflection  linearity. 

It  would  also  seem  to  be  indicated,  on  the  basis  of 
the  relatively  limited  data  taken,  that  the  linear  or 
proportional  voltage  distribution  [(Fo /N)'n\  gives 
better  performance  than  the  stepped  or  geometrical 
voltage  distribution  (Fo,  Fo/2,  Fo/4,  etc.)  in  which 
fully  one-half  the  accelerating  field  is  applied  between 
the  last  two  electrodes  next  to  the  viewing  screens. 


Use  of  the  continuous  helix  eliminates  the  extra  bulb 
connectors  needed  for  multiple-band  electrode  tubes 
and  hence  simplifies  the  cathode-ray  tube  glassworking 
requirements  and  construction.  Practical  continuous 
resistive  helices  have  been  made  in  the  laboratory13  and 
have  performed  creditably  in  actual  cathode-ray  tubes. 
At  present,  it  is  believed  that  the  continuous  resistive 
helix  represents  one  of  the  best  methods  of  postdeflec¬ 
tion  acceleration. 


13  At  Tektronics,  Inc.,  Portland,  Oregon,  and  at  Massachusetts 
Institute  of  Technology. 
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The  nonmagnetic  radio-frequency  principle  of  mass  selection  appears  attractive  because  it  promises  to 
result  in  a  mass  spectrometer  of  simple  construction  and  rugged  nature.  Accurate  evaluation  of  the  use  of 
this  principle  is  difficult  because  of  the  lack  of  published  performance  data.  In  an  effort  to  obtain  performance 
data  a  5-stage  Bennett-type  tube  with  stage  separation  of  5-9-4-7  cycles  has  been  constructed  and  opera¬ 
tional  variables  studied  theoretically  and  experimentally. 

The  experimental  results  are  encouraging.  They  indicate  the  tube  is  capable  of  sufficient  stability,  resolving 
power,  and  sensitivity  to  be  used  for  many  analytical  and  research  problems.  Electronic  circuits  required  to 
achieve  a  reasonable  stability  are  relatively  simple. 


I.  INTRODUCTION 


II.  THEORETICAL  CONSIDERATIONS 


SEVERAL  types  of  nonmagnetic  radio-frequency 
mass  spectrometer  tubes  have  appeared  in  the 
literature.  Among  the  most  recent  are  those  of 
Redhead1,2  and  Bennett.3  Of  the  two,  more  work 
appears  to  have  been  done  with  the  tube  proposed  by 
Bennett.  Three  stage  tubes  have  been  used  by  several 
people  for  various  purposes4-6  with  varying  degrees  of 
success.  Quite  recently  Townsend  has  described  its 
use  in  an  instrument  designed  for  upper  atmospheric 
research.7,8  The  data  presented  here  concern  a  five 
stage  tube  designed  according  to  this  principle  of  mass 
selection  proposed  by  Bennett.  The  stage  separation 
is  5-9-4- 7  cycles. 

*  Presented  in  part  before  the  Second  Annual  Meeting  of 
ASTM  E-I4  Committee  on  IVJass  Spectroscopy,  New  Orleans, 
Louisiana,  1954. 

1  P.  A.  Redhead,  Can.  J.  Phys.  30,  1-13  (1952). 

2  P.  A.  Redhead,  J.  Appl.  Phys.  24,  331  (1953). 
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The  principle  may  be  explained  briefly  by  reference 
to  Fig.  1  which  shows  a  schematic  diagram  of  a  5-stage 
tube.  The  flow  of  electrons  from  the  heated  filament 
into  the  collector  cage  “3”  is  maintained  constant  by 
a  control  grid.  Ions  are  formed  inside  “3”  by  electron 
bombardment.  These  ions,  drawn  out  and  collimated 
by  grids  4  and  5,  are  accelerated  into  the  mass  selector 
section  by  grid  6.  An  rf  stage  is  formed  by  grids  6,  7,  and 
8  with  the  rf  potential  on  the  center  grid.  Because  of 
the  accelerating  potential,  one  particular  ionic  mass 
will  traverse  this  stage  so  as  to  acquire  maximum  energy 
from  the  rf  voltage.  Others  will  acquire  lesser  amounts 
or  even  lose  energy.  A  constant  field  drift  space  follow¬ 
ing  this  stage  is  so  dimensioned  that  an  integral  number 
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Fig.  1.  Schematic  of  5-stage  nonmagnetic  rf 
mass  spectrometer  tube. 


RADIO-FREQUENCY  MASS  SPECTROMETER 


683 


of  rf  cycles  will  occur  during  the  time  the  resonant  ion 
travels  from  grid  7  to  grid  10.  This  enables  the  resonant 
ion  to  gain  maximum  energy  from  the  second  rf  stage. 
All  ions  arrive  at  grid  11  with  the  resonant  ion  dis¬ 
tinguished  by  having  the  greatest  energy.  A  retarding 
potential  on  this  grid  will  allow  only  the  ion  with  the 
highest  energy  through  to  the  collector.  Grid  12 
suppresses  secondary  electrons.  The  ion  current  is 
amplified  and  recorded  by  conventional  means. 

Since  the  rf  voltage  tends  to  increase  the  velocity 
of  the  resonant  ion,  Ri,  i?2,  #3,  R 4,  and  Rs  provide 
step-back  voltages  to  counteract  the  rf  voltage.  By 
maintaining  the  velocity  of  the  resonant  ion  essentially 
constant,  an  ion  will  resonate  according  to 

M=0.26Va/s2f2, 

where  Va = accelerating  voltage,  s—  spacing  in  centi¬ 
meters  between  grids  in  a  stage,  /=  frequency  in 
megacycles,  and  M — mass  of  ion. 

This  provides  a  very  simple,  qualitative  picture  of 
the  mass  selection  principle.  To  understand  the  com¬ 
plete  operation  of  the  tube  a  more  rigorous  quantitative 
analysis  is  necessary.  No  general  equation  with  simple 
parameters  can  be  devised  to  describe  the  motion  and 
energy  gained  for  any  particular  ion  through  the 
system.  However,  it  is  possible  to  derive  a  general 
equation  containing  a  few  variables  and  by  a  series  of 
lengthy  calculations  obtain  the  data  necessary  to  plot 
curves  which  reveal  the  quantitative  functioning  of  a 
particular  tube  under  set  conditions. 

Derivation  of  a  usable  general  equation  begins  with 
the  equation  giving  the  energy  gained  by  an  ion  as  it 
passes  through  a  single  stage  in  the  tube : 

AWsF=Ve-^£  sin(wt+d)dt—  j*  sin(wi:+0)d/j  (1) 

where  F=rf  voltage  (peak),  e=  charge  on  ion  in 
electron  volts,  v= velocity  of  ion  through  stage  (assumed 


Fig.  2.  Energy  gain  of  ions  through  mass  selector-mass  41  resonant. 


constant),  5= grid  spacing,  w= angular  frequency  of 
rf,  6— entrance  phase  angle  of  rf  as  ion  enters  first  stage, 
th  t2,  h=  times  at  which  ion  passes  first  dc,  rf,  and  last  dc 
grids,  respectively. 

For  the  first  stage,  one  may  take  £i=0  as  the  time  the 
ion  passes  the  first  dc  grid.  Then:  /i=0,  h=s/vi> 
t$—  2s/viy  where  v\  is  the  velocity  of  the  ion  due  to 
accelerating  voltage. 

For  the  second  stage,  h  is  the  time  to  pass  the  first 
stage  and  the  first  drift  space,  or: 

25  d\  2s  di  s  2s  d\  2s 

h= — 1 — ,  h— — I - 1 — ,  h— — I - - 

Vi  V2  Vi  V2  V2  Vl  V2  V  2 

For  the  n\h  stage, 
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Equation  (1)  may  be  integrated  to  yield  the  following 
equation  for  the  gain  in  energy  produced  by  the  rf 
voltage : 
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In  using  this  equation,  all  the  variables  must  be 
fixed.  One  then  computes  the  energy  gain  through 
the  first  stage  assuming  a  constant  ionic  velocity.  This 
approximation  holds  quite  well  because  a  step-back 
voltage  is  used.  Since  the  step-back  voltage  is  intended 
to  maintain  the  resonant  ion  velocity  constant,  its 
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Fig.  3.  Calculated  values  of  mass  number  vs  ion  sensitivity. 

value  is  calculated  to  provide  an  energy  loss  just  equal 
to  the  energy  gained  from  the  rf  voltage  by  the  resonant 
ion  entering  at  the  optimum  entrance  angle  of  46.43 
degrees.  To  continue  one  must  then  know  v2  which  is 
calculated  from  the  difference  between  the  energy 
gained  from  the  rf  voltage  and  that  lost  from  the  step- 
back  voltage.  This  process  is  carried  out  until  the  ion 
has  traversed  the  five  stages.  Another  calculation  can 
then  be  made  by  changing  only  the  variable  under 
study  and  repeating  the  same  steps.  All  the  data  in 
Figs.  2,  3,  and  4  were  obtained  in  this  manner. 

Figure  2  shows  the  rf  phase  angle  when  an  ion  enters 
the  first  stage  plotted  against  the  percent  of  maximum 
energy  gain  an  ion  receives  after  traversing  the  entire 
tube.  Curve  1  illustrates  the  energy  gain  of  ions  of  the 
resonant  mass,  41,  for  various  entrance  angles.  It 
reveals  that  the  energy  gain  falls  off  rapidly  as  resonant 
ions  enter  at  other  than  the  optimum  angle  of  46.43 
degrees.  It  also  reveals  the  “duty  cycle”  of  the  tube. 
If  the  stopping  potential  were  set  so  ions  gaining  from 
96  to  100  percent  the  maximum  energy  were  allowed 
through  to  the  collector,  it  would  be  possible  for 
37/360,  or  about  10  percent,  of  the  available  ions  of 
mass  41  to  reach  the  collector. 

Curve  2  of  Fig.  2  shows  the  energy  gained  by  the 
mass  40  ion  when  the  tube  was  adjusted  to  resonate 


Fig.  4.  Calculated  values  of  mass  number  vs  resolving  power. 


mass  41  ions.  It  indicates  one  must  adjust  the  stopping 
potential  at  least  above  94  percent  to  resolve  mass  41 
from  mass  40. 

Curve  3  of  Fig.  2  indicates  that  the  energy  gained  by 
the  next  heavier  mass  is  considerably  lower  than  the 
lighter  mass. 

These  three  curves  do  not  show  the  energy  gain  of 
“harmonic”  ions.  These  are  ions  whose  velocity  under  a 
given  accelerating  voltage  is  such  that  they  traverse 
the  entire  five  stages  in  some  very  nearly  integral 
number  of  cycles  other  than  5-9-4-7.  Experiment  has 
shown  such  “harmonic”  ions  do  not  gain  more  than  85 
percent  of  maximum  energy.  Since  the  tube  is  normally 
operated  at  a  stopping  potential  of  94  percent  or 
greater,  they  constitute  no  problem. 

Figure  3  reveals  the  relationship  between  arbitrary 
sensitivity  units  and  mass  at  different  stopping  po- 


Fig.  5.  Calculated  versus  determined  resolving 
power  values  at  mass  20  ion. 

tentials.  It  shows  a  discrimination  against  the  lighter 
masses. 

Figure  4  reveals  the  relationship  between  resolving 
power  and  mass  at  different  stopping  potentials. 
Again  the  discrimination  against  the  lighter  masses 
may  be  noted.  It  should  be  pointed  out  that  the 
resolving  power  definition  used  here  is  roughly  similar 
to  the  Rayleigh  criterion. 

Use  of  the  general  equation  in  this  manner  enables 
one  to  predict  the  behavior  of  any  particular  tube 
design  under  different  conditions  of  operation.  Once 
the  calculations  are  made,  it  is  a  very  simple  step  to 
compute  the  advantages  of  designing  a  tube  with 
additional  stages. 

To  determine  how  closely  the  experimental  behavior 
of  the  tube  checks  the  calculated,  the  data  shown  in 
Figs.  5  and*6  were  obtained  using  the  mass  20  ion  of 
neon. 

The  value  for  percent  of  maximum  energy  gain  was 
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obtained  experimentally  by  using  the  ratio  of  the 
stopping  potential  to  that  potential  required  to  just  stop 
all  ions  from  reaching  the  collector.  Figure  5  compares 
the  calculated  resolution  change  to  that  obtained 
experimentally  as  the  stopping  potential  is  increased. 
The  experimental  value  was  based  on  the  Rayleigh 
criterion  of  resolving  power;  M/ AM,  where  AM  is  the 
peak  width  at  the  half-height.  It  was  not  possible  to 
use  this  identical  criterion  for  the  calculated  values. 
Therefore,  one  would  expect  only  the  shapes  of  the 
curves  to  be  similar,  which  Fig.  5  clearly  indicates. 

Figure  6  compares  the  calculated  sensitivity  change 
as  one  increases  the  stopping  potential  to  that  obtained 
experimentally.  Here  again,  absolute  values  could  not 
be  compared,  only  the  shapes  of  the  two  curves.  It  is 
not  surprising  that  the  shape  of  experimental  sensitivity 
curve  does  not  agree  more  closely  to  the  calculated  one. 
It  would  be  difficult  for  the  calculations  to  take  into 


Fig.  6.  Calculated  versus  determined  sensitivity- 
values  at  mass  20  ion. 


account  the  unknown  effects  of  ion  generation,  ion 
recombinations,  and  space  charges. 

III.  PERFORMANCE 

The  mass  spectra  of  hydrocarbons  from  methane 
through  pentanes  have  been  determined.  Cracking 
patterns  are  quite  similar  to  published  patterns  ob¬ 
tained  on  conventional  magnetic  deflection  instruments. 
A  linear  mass  scale  which  follows  exactly  the  equation 
M= 0.192 Va  is  obtained.  Figure  7  shows  the  mass 


spectrum  of  w-butane,  using  an  ionizing  current  of  200 
microamperes  and  a  pressure  of  3X10-6  mm.  The 
signal- to-noise  ratio  of  the  mass  43  ion  in  Fig.  7  is 
2500/1. 

Ion  peak  height  stability  of  the  instrument  has-been 
determined  by  cyclically  scanning  different  mass  peaks 
for  24  hour  periods.  A  series  of  tests  conducted  over 
several  months  indicate  an  average  peak  height  drift 
produced  by  instability  in  the  tube  and  electronics 
combined  to  be  around  ±0.2  percent  an  hour. 

The  tube  displays  a  marked  indifference  to  ambient 
temperature  changes.  When  the  envelope  temperature 
is  varied  from  40°C  to  250°C,  the  change  in  the  spec¬ 
trum  of  w-butane  may  be  attributed  to  change  in 
temperature  of  ionization.  Since  no  temperature  control 
of  the  ionization  is  used,  this  is  to  be  expected. 

Numerous  hydrocarbon  mixtures  with  five  and  six 
components  have  been  analyzed  by  conventional 
techniques.  Most  analytical  results  are  within  ±0.4 
mole  percent  of  the  known  values. 

IV.  CONCLUSIONS 

While  further  work  is  required  to  determine  condi¬ 
tions  of  optimum  operation,  the  preliminary  experi¬ 
mental  data  produced  from  a  5-stage  nonmagnetic 
mass  spectrometer  tube  are  encouraging.  They  indicate 
the  tube  is  capable  of  sufficient  stability,  resolving 
power,  and  sensitivity  for  use  in  the  instrumentation 
of  many  analytical  and  research  problems.  The  elec¬ 
tronic  circuits  required  to  achieve  a  reasonable  stability 
are  relatively  simple. 
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Silicon  n-p-n  Grown  Junction  Transistors 
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Silicon  n-p-n  junction  transistors  have  been  made  from  rate-grown  single  crystals.  Using  gallium  and 
antimony  as  doping  agents,  single  crystals  of  w-type  silicon  have  been  grown  containing  up  to  five  ^-regions 
from  0.0005  to  0.002  inches  wide  which  are  suitable  for  the  production  of  transistors.  The  ohmic  contact  to 
the  p- type  base  region  was  made  by  alloying  an  aluminum  wire  using  techniques  similar  to  those  employed 
in  the  fabrication  of  aluminum-silicon  diodes. 

The  electrical  evaluation  of  n-p-n  transistors  produced  from  these  single  crystals  is  described.  Alphas  in 
excess  of  0.9  at  —  1  ma  emitter  current  have  been  obtained,  and  collector  saturation  currents  of  10"6  ampere/ 
cm2  are  common.  With  base-layer  widths  of  about  0.0005  inch,  the  alpha  cutoff  occurs  at  approximately  5 
megacycles.  The  units  (approximately  0.04X0.04X0.5  inches  in  size)  have  been  operated  at  power  levels 
in  excess  of  1.5  watts  in  air  with  no  special  provision  for  heat  dissipation. 


INTRODUCTION 

BECAUSE  silicon  has  a  larger  forbidden  energy  gap 
than  germanium  (1.08  ev  vs  0.72  ev),  silicon 
devices  inherently  have  at  least  two  advantages Jover 
their  germanium  counterparts  which  are  of  great 
importance  for  many  practical  applications.  First, 
silicon  devicesjmay  be  operated  at  much  higher  tem¬ 
peratures  than  germanium  devices ;  temperatures  up  to 
200 °C  are  feasible.  Secondly,  the  higher  energy  gap 
leads  to  reverse  currents  in  silicon  p-n  junctions  that 
are  orders  of  magnitude  lower  than  those  in  germanium 
junctions. 

The  silicon  transistors  which  will  be  described  here 
have  been  made  from  n-p-n  material  produced  by  the 
rate-growing  technique.  The  growth  of  silicon  single 
crystals  is  described  in  the  first  part  of  this  paper. 
The  techniques  used  for  making  the  transistors  and 
the  effect  of  heat  treating  the  silicon  are  discussed 
in  the  next  section.  Finally,  the  characteristics  of 
these  silicon  n-p-n  transistors  are  summarized. 

1.  GROWTH  OF  SINGLE  CRYSTALS  CONTAINING 
n-p-n  JUNCTIONS 

Thin  layer  n-p-n  or  p-n-p  structures  have  been  made 
in  germanium  by  the  double-doping  technique1  and 
by  rate  growing2;  both  of  these  techniques  have  been 
successfully  applied  to  silicon.  The  rate-growing 
technique  depends  on  the  fact  that  in  closely  com¬ 
pensated  melts,  the  conductivity  type  of  the  grown 
material  is  a  sensitive  function  of  growth  rate.  This 
fact  makes  it  possible  to  produce  thin  layers  of  differing 
conductivity  types  in  a  growing  crystal  by  inducing 
transients  in  the  growth  rate  that  are  large  compared 
to  the  small  uncontrolled  fluctuations  which  are  always 
present  in  any  practical  crystal-growing  machine. 

The  concentration  distributions  of  antimony,  boron, 
and  gallium  as  a  function  of  length  in  a  silicon  crystal 
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2  R.  N.  Hall,  Phys.  Rev.  88,  139  (1952);  R.  N.  Hall,  J.  Phys. 
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grown  at  a  constant  rate  are  shown  in  Fig.  1.  These 
curves  are  based  on  the  latest  available  figures  for  the 
distribution  coefficient,  k ,  of  these  elements:  that  is 
&sb  =  0.04,  KGa=0.01,  and  ^b  — 0.9.  In  order  to  produce 
rate-grown  junctions,  the  initial  average  melt  concen¬ 
trations,  C0  were  chosen  so  as  to  provide  near-com¬ 
pensation  for  most  of  the  length  of  the  crystal.  Although 
the  exact  dependence  of  k  on  the  growth  rate  has  not 
•been  determined  in  silicon,  combinations  of  boron  with 
antimony  and  of  gallium  with  antimony  have  been 
employed  successfully  to  produce  ^-layers  in  72- type 
crystals  by  introduction  of  a  change  in  the  growth  rate. 
Experience  with  boron  and  antimony  indicated  that 
the  concentration  ratio  would  be  useful  over  only  a 
short  distance.  This  is  anticipated  from  Fig.  1  which 
indicates  that  the  concentration  ratio  of  the  two  ele¬ 
ments  in  the  melt  will  change  radically  as  the  crystal  is 
pulled.  Antimony  and  gallium  were  chosen  for  the 
doping  impurities  since  their  concentration-distribution 
curves  are  almost  parallel  and  the  concentration  ratio 
in  the  melt  should  remain  substantially  constant. 

The  antimony  was  added  after  the  silicon  was 
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Fig.  1.  Distribution  of  impurities  in  a  pulled 
silicon  crystal. 
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molten  in  order  to  avoid  excess  loss  of  antimony  by 
vaproization.  A  single-crystal  seed  was  then  inserted 
into  the  melt  and  the  crystal  was  grown  by  slowly 
withdrawing  the  seed  from  the  melt.  Junctions  were 
grown  into  the  crystal  by  causing  the  rate  of  crystal¬ 
lization  to  go  from  a  positive  value  to  a  negative  value 
(meltback)  and  then  back  to  the  original  positive 
value.  This  was  accomplished  by  changing  both  the 
temperature  of  the  melt  and  the  rate  at  which  the 
seed  was  withdrawn.  This  cycle  was  repeated  as  many 
times  as  the  volume  of  the  melt  would  permit.  An 
average  crystal  would  contain  five  or  six  n-p-n 
structures. 

The  relative  concentrations  of  Ga  and  Sb  which  one 
might  expect  to  be  produced  in  the  crystal  by  such 
growth  variations  are  shown  in  Fig.  2.  The  meltback 
should  give  an  n-p  step  junction  which  is  a  good  emitter. 
The  second  junction  should  be  more  graded  and  a  good 
collector  up  to  higher  voltages.  The  electrical  measure¬ 
ments  to  be  reported  in  Sec.  3  substantiate  this 
picture  of  the  structure  of  the  />-region. 

Figure  3  is  a  photograph  of  an  early  crystal  with  five 
junctions.  The  p- type  layers,  which  have  been  selec¬ 
tively  darkened  by  etching,  are  thin  in  the  center  and 
become  wider  at  the  edges.  Layers  near  the  seed  end 
are  always  thinner  than  those  near  the  tip  end  since  the 
concentration  ratio  of  Ga/Sb  in  the  melt  does,  in 
reality,  increase  as  the  crystal  is  withdrawn. 

Because  of  certain  heat-treating  characteristics, 
which  are  discussed  in  more  detail  in  Sec.  2,  it  was 
advantageous  to  grow  n-p-n  structures  in  crystals  which 
were  not  rotated  during  growth. 

In  addition  to  these  heat-treating  characteristics, 
another  difficulty  is  observed  when  rate-grown  junc¬ 
tions  are  made  in  rotated  crystals.  Because  of  an  uneven 
wetting  of  the  quartz  crucible  by  the  molten  silicon, 
the  melt  tends  to  “hang  up”  on  certain  sides  of  the 
crucible  and  thus  presents  an  asymmetrical  and 
nonplanar  surface  to  the  growing  crystal.  If  the  crystal 
is  rotating,  during  the  course  of  a  single  revolution  a 
particular  spot  will  at  one  moment  see  hot  melt  and  at 
the  next  moment  will  see  relatively  cold  gas  ambient. 
Such  variations  produce  rapid  fluctuations  in  the  growth 
rate,  and  in  such  a  closely  compensated  crystal  produce 
rate-grown  p- layers  where  they  are  not  wanted.  Figure 
4  is  a  photograph  of  a  section  of  such  a  rotated  crystal. 
An  etch  has  been  used  which  preferentially  darkens  the 


Fig.  2.  Impurity  concentrations  in  rate-grown  silicon 
n-p-n  junction  transistors. 
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Fig.  3.  Section  of  rate-grown  silicon  crystal. 

£-type  regions.  The  spacing  between  these  ^-regions 
corresponds  exactly  to  the  rate  of  rotation  of  the 
crystal  during  growth.  These  ^-regions  form  a  spiral 
around  the  crystal  with  pitch  equal  to  the  rate  of 
rotation  divided  by  the  growth  rate. 

A  rate-grown  flayer  was  produced  in  the  section 
near  the  center  of  the  photograph  and  the  variations 
in  growth  rate  are  evidenced  by  the  changes  in  spacing 
of  the  striations.  The  fact  that  this  spacing  is  appreci¬ 
ably  larger  just  below  the  p- layer  than  a  short  distance 
away  on  both  sides  of  the  layer  shows  that  although 
the  pull  rate  is  returned  to  its  original  value  after 
meltback,  the  actual  growth  rate  is  somewhat  more 
rapid  for  a  brief  period  and  then  decreases  to  its  original 
value. 

2.  PREPARATION  OF  TRANSISTORS 

Before  describing  the  preparation  of  transistors  from 
rate-grown  n-p-n  structures,  it  is  necessary  to  review 
briefly  the  results  of  a  detailed  series  of  investigations 
by  C.  S.  Fuller3  concerning  the  effect  of  heating  silicon 
single  crystals  at  elevated  temperatures. 

3  Fuller,  Ditzenberger,  Hannay,  and  Buehler,  Phys.  Rev.  96, 
833(A)  (1954);  Acta  Metallurgica,  3,  97  (1955). 
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Seed  End 


Fig.  4.  Conductivity  striations  in  a  rotated  silicon  crystal. 


Although  considerable  variability  in  the  effect  of 
heating  different  crystals  was  observed  by  Fuller,  the 
following  generalizations  could  be  made: 

(1)  Heating  a  crystal  (grown  with  normal  rotation) 
below  500°C  results  in  an  increase  in  Nd~Na  (con¬ 
version  toward  n- type),  where  Nd  and  Na  are  the 
concentrations  of  donors  and  acceptors,  respectively. 
This  change  may  require  from  several  minutes  to  several 
hours  to  reach  a  stationary  state,  but  usually  several 
hours  are  required. 

(2)  Heating  above  500 °C  results  in  a  decrease  in 
Nd~ Na  (conversion  toward  ^-type).  At  1000°C  this 
change  generally  reaches  a  stationary  state  in  a  matter 
of  seconds. 

Fuller  also  noted  that  grown  crystals  of  diameter  less 
than  one  quarter  of  an  inch  did  not  show  much  change 
on  heating.  In  the  course  of  a  study  of  crystal-growing 
variables  by  Buehler  and  Hannay,  crystals  were  grown 
without  rotation,  and  it  was  observed  by  Fuller  that 
these  also  did  not  change  in  resistivity  upon  heating. 
The  mechanisms  of  these  changes  in  silicon  produced 
by  heating  are  not  entirely  understood  at  present,  but 
with  a  knowledge  of  the  experimental  facts  in  mind  it 
has  been  possible  not  only  to  circumvent  the  effect  of 
heat  treatment,  but  even  to  utilize  the  effect  to  produce 
structures  which  would  be  very  difficult  to  prepare  by 
conventional  crystal-growing  techniques. 

The  effect  of  heating  is  of  importance  in  the  present 
work  because  of  the  necessity  of  making  contact  to 
the  very  narrow  base  region  in  a  grown- junction 


transistor  structure.  It  is  necessary  to  make  a  contact 
to  this  region  that  is  mechanically  strong  and  of  low 
resistance.  Since  there  is  at  present  no  mechanically 
feasible  method  of  making  a  contact  which  meets  these 
requirements  to  a  base  layer  which  is  a  thousandth  of 
an  inch  or  less  in  width  without  overlapping  into  the 
emitter  or  collector  regions  of  the  unit,  the  contact 
must  also  be  rectifying  to  these  end  regions.  It  then 
becomes  merely  an  extension  of  the  base  and  little  harm 
is  done.  The  most  convenient  contact  that  is  presently 
feasible  and  that  meets  the  preceding  specifications  is  a 
wire  which  is  either  alloyed  or  electrically  bonded  to 
the  base  layer.  The  wire  must  either  be  of  a  material 
which  will  dope  silicon  to  the  same  conductivity  type 
as  the  base  layer  or  else  consist  of  an  inert  material 
with  a  sufficient  concentration  of  such  a  doping  agent. 
Since  aluminum  is  known  to  give  low  resistance  con¬ 
tacts  to  p- type  silicon  and  excellent  rectifying  contacts 
to  w-type  silicon,  it  was  the  obvious  choice  for  the 
n-p-n  structure.  However,  in  the  ideal  case  it  is  neces¬ 
sary  to  heat  the  silicon  and  the  aluminum  at  least  to 
the  eutectic  temperature  (577°C)  in  order  to  make  a 
satisfactory  contact,  and  in  actual  practice  higher 
temperatures  are  required.  It  might  be  expected  that 
one  would  have  to  worry  about  heat-treatment  effects, 
and  indeed  this  was  found  to  be  the  case. 

The  effects  of  resistivity  changes  produced  by  heating 
the  silicon  during  alloying  are  best  shown  by  considering 
the  ^-layer  of  a  typical  crystal  which  was  rotated  during 
growth.  Figure  5(a)  shows  the  BaTi03  pattern  of  the 
p- layer  obtained  on  a  half  of  the  crystal  as  received 
from  the  crystal  puller.  The  base  width  is  about  0.002 
in.  The  crystal  was  then  placed  on  a  clean  strip  of 
tantalum  metal  which  was  heated  to  the  alloying 
temperature  by  passing  a  large  current  through  the 
strip  in  an  atmosphere  of  tank  helium.  The  crystal 
section  was  heated  in  this  manner  for  several  seconds 
until  it  reached  peak  temperature  and  was  then  allowed 
to  cool  rapidly  in  helium.  This  is  the  same  technique 
that  was  generally  used  when  alloying  an  aluminum 
contact  to  the  base  layer  of  a  unit,  the  only  differences 
being  that  no  aluminum  was  present  in  this  case,  and 
a  longer  time  was  required  to  get  the  more  massive 
crystal  section  up  to  the  strip  temperature.  The  BaTi03 
pattern  of  the  base  layer  after  this  heating  is  shown  in 
Fig.  5(b).  The  layer  has  become  somewhat  wider  and 
shows  striations  on  the  convex  side  of  the  layer.  This  is 
away  from  the  seed  and  is  thus  the  rate-grown  junction. 
The  remelt  junction  remains  sharply  defined.  The 
widening  is  explainable  if  the  actual  structure  of  the 
junction  is  that  which  is  postulated  in  Fig.  2,  and  if  the 
heat  treatment  has  served  to  decrease  the  relative  value 
of  Nd,  i.e.,  decrease  Nd—Na-  The  striations  may  be 
explained  if  the  increase  in  iVn  near  the  rate-grown 
junction  is  not  a  smoothly  increasing  function  of 
distance  as  shown  in  Fig.  2,  but  instead  oscillates  with 
small  amplitude  about  this  smooth  curve.  There  is 
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(a)  Base  layer  as  received 


Fig.  5.  Heat-treat- 
ment  effects  in  a  rotated 
silicon  crystal  near  a 
rate-grown  p- layer. 


(b)  Base  layer  after  alloying  cycle 


(c)  Base  layer  after  annealing  at  475  °C 


ample  evidence  of  such  oscillations  in  more  extreme 
cases  to  permit  this  assumption  in  this  case.4 

Thus,  after  alloying  the  base  contact,  the  junction 
may  be  wider  than  in  the  as-grown  condition  and  may 
also  contain  an  undesired  striated  structure.  (“Bonding” 
the  aluminum  wire,  which  consists  of  passing  a  large 
current  through  the  aluminum  wire  and  the  cold 
specimen  and  thus  produces  the  alloying  temperature 
in  a  localized  region,  has  been  shown  to  produce  similar 
alterations  in  the  base  region.)  However,  Fuller’s  results 
show  that  by  annealing  at  475 °C,  it  is  possible  to 
return  the  silicon  to  a  state  of  maximum  Nd •  Indeed, 
by  controlling  the  time  at  475  °C,  the  base  layer  width 
may  be  reduced  to  almost  any  desired  thickness. 
Figure  5(c)  shows  the  BaTi03  pattern  of  the  same 
crystal  section  after  16  hours  at  475  °C  in  air  following 
the  strip  heating  described  above.  End-to-end  electrical 
measurement  shows  clearly  that  an  n-p-n  structure 
still  exists,  but  both  junctions  cannot  be  resolved  with 
BaTi03,  i.e.,  the  width  of  the  ^-region  is  less  than 
0.0005  in. 

A  bar  cut  adjacent  to  this  half  section  of  the  crystal 
shown  in  Fig.  5  was  given  a  similar  annealing  at  475°C 
after  an  aluminum  wire  was  bonded  to  the  flayer.  In 
this  manner  a  silicon  transistor  with  an  alpha  of  0.9 
at  —  1  ma  emitter  current  was  produced. 

Although  the  technique  described  above  is  a  powerful 

4  Burton,  Kolb,  Sfichter,  and  Struthers,  J.  Chem.  Phys.  21, 
1991-1996  (1953). 


method  of  producing  base  layer  widths  which  would 
be  difficult  to  produce  by  conventional  techniques, 
there  is  the  fundamental  objection  that  a  phenomenon 
is  utilized  which  is  not  as  yet  fully  understood,  and 
therefore  cannot  be  completely  controlled.  The  experi¬ 
ments  of  Buehler,  Fuller,  and  Hannay  show,  however, 
that  if  n-p-n  structures  are  grown  without  rotating 
the  crystal,  there  will  be  no  resistivity  changes  during 
alloying.  As  reported  in  the  foregoing,  this  has  been  done 
successfully  and  reproducibly  and,  as  predicted,  little 
change  in  the  base  layer  structure  was  apparent  either 
after  alloying  or  after  a  succeeding  heat  treatment 
at  475°C. 

The  procedure  that  was  finally  adopted  to  prepare 
nonrotated  rate-grown  silicon  transistors  is  outlined 
below.  Bars  0.04X0.04  in.  in  cross  section  were 
cut  from  the  crystal  and  chemically  polished  in  an 
etching  solution  of  hydrofluoric  and  nitric  acids.  A 
60-cycle  alternating  voltage  was  applied  to  the  ends  of 
the  specimen,  and  the  p- layer  was  located  by  applying 
a  dilute  suspension  of  BaTi03  powder  in  carbon 
tetrachloride.  An  aluminum  wire  was  then  alloyed  to 
the  base  layer  by  heating  the  specimen  in  an  inert 
atmosphere.  Contacts  to  the  emitter  and  collector 
regions  were  made  by  sandblasting  and  rhodium  plating 
the  ends  of  the  bars  and  then  soldering  directly  to  the 
rhodium  plate.  A  final  etch  in  the  hydrofluoric-nitric 
acid  mixture  completed  the  preparation. 

Although  the  etch  after  alloying  and  mounting  was 
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COLLECTOR  CURRENT,  Ic,  IN  MILLIAMPERES 

Fig.  6.  Collector  characteristics  of  a  silicon  n-p-n  rate-grown 
transistor  at  elevated  temperature.  This  figure  is  a  tracing  of  an 
oscilloscope  pattern. 


tion  of  silicon  transistors  must  wait  until  there  are 
devices  which  obey  the  simple  theory  and  can  be  treated 
analytically.  The  transistors  which  are  described  here, 
despite  their  relatively  complex  structure,  seem  to 
behave  according  to  the  analytical  model  for  planar 
n-p-n  transistors. 

The  most  important  advantage  of  silicon  transistors 
is  their  ability  to  operate  at  high  temperatures.  This 
opens  a  new  field  of  applications  for  transistors,  since 
germanium  devices  are  restricted  to  a  maximum 
ambient  temperature  around  70°C.  The  feasibility  of 
high-temperature  operation  is  best  illustrated  with  the 
aid  of  Fig.  6,  which  shows  the  collector  characteristics 
of  a  typical  experimental  silicon  n-p-n  transistor  at 
205 °C.  Even  at  this  temperature  the  collector  satura¬ 
tion  current  at  20  volts  was  only  56  microamperes. 
At  room  temperature  the  saturation  current  under  the 
same  bias  conditions  was  10-8  amperes  or  one  micro¬ 
ampere  per  square  centimeter  of  junction  area. 

Many  of  the  pertinent  transistor  characteristics5 
are  outlined  in  Table  I.  A  typical  silicon  transistor  has 


necessary  to  remove  the  debris  around  the  base  layer 
formed5  during  these  operations,  no  further  etching 
has  been  necessary.  The  general  behavior  of  the  units 
has  not  changed  significantly  after  several  months  from 
the  behavior  immediately  after  etching  although  none 
of  these  transistors  is  hermetically  sealed.  In  general, 
it  is  necessary  to  use  ^-layers  less  than  0.001  in.  wide 
in  order  to  obtain  alphas  greater  than  0.9.  This  is 
probably  because  of  the  large  surface  recombination 
velocity  on  silicon  which  has  not  been  reduced  signifi¬ 
cantly.  Since  these  thin  layers  result  in  small  surface- to- 
volume  ratios,  it  is  not  surprising  that  the  alpha  of 
these  units  is  relatively  stable  over  long  periods  of  time. 

3.  ELECTRICAL  CHARACTERISTICS  OF 
SILICON  TRANSISTORS 

The  temperature  and  power  advantages  that  silicon 
devices  would  possess  have  been  evident  for  some  time. 
However,  it  has  also  been  known  that  a  critical  evalua- 


Table  I.  Comparison  of  silicon  and  germanium  transistors. 


Silicon 

research 

model 

A-1859 

Development 

model 

hn(—  1,  4.5)— ohms 

154 

200  max 

*«(- 1,4.5) 

0.4X10-3 

10-3  max 

M-i,  4-5) 

—0.919 

—0.85  min 

A22( —  1,  4.5) — micromhos 

0.47 

1.0  max 

Ic( 0,  4.5)— amperes 

3.5X10-9 

10-6  max 

Cc(0,  4.5) — 

30 

25  max 

fe  of  a — megacycles/ sec 

5 

0.5  min 

Noise  fig. — decibels 

25 

Power  ratings 

30  max 

Collector  voltage 

20  max 

30  max 

Collector  current — ma 

80  max 

5  max 

Power  dissipation— mw 

1500  max 

50  max 

Ambient  temp — °C 

200  max 

60  max 

Fig.  7.  Alpha  as  a  function  of  emitter  current  in  a 
silicon  n-p-n  rate-grown  transistor. 


been  compared  with  the  characteristics  of  an  experi¬ 
mental,  low-grade,  grown-junction,  germanium  n-p-n 
type.  This  comparison  can  be  justified  on  the  basis  that 
the  silicon  transistor  is  a  research  model  and  very 
little  development  has  yet  been  done  to  improve  its 
characteristics. 

The  major  component  of  the  input  impedance  hu  is 
believed  to  be  the  ohmic  resistance  of  the  n- type 
material  on  the  emitter  side  of  the  junction.  The 
feedback6  term  hn  is  primarily  emitter  voltage  feed¬ 
back  f iec  at  small  currents.  When  Je>l  ma,  the 
ohmic  base  resistance  and  the  modulation  of  the  base 
resistance  produce  feedback  terms  r&'fe  and  /jl 22  which 
are  comparable  to  /zec.  The  collector  conductance  ^22 
agrees  with  the  values  predicted  by  space-charge 
layer  widening  effects  and  increases  linearly  with 
emitter  current. 

The  variation  in  a  with  emitter  current  is  best 


6  The  bias  conditions,  7e=  —  1  ma  and  Fc=4.5  volts,  are  in 
parenthesis  after  the  symbol  for  each  parameter.  Definition  of 
the  uh”  parameter  is  found  in  E.  A.  Guillemin,  Communication 
Networks  (John  Wiley  and  Sons,  Inc.,  New  York,  1931,  1935), 
Vol.  II,  Chap.  IV. 

6  J.  M.  Early,  Bell  System  Tech.  J.  32,  1271-1312  (1954). 
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illustrated  by  Fig.  7,  which  shows  data  for  another 
typical  silicon  transistor.  Preliminary  calculations  show 
that  the  decrease  in  a  at  large  currents7  can  be  accounted 
for  by  a  transverse  drift  field  in  the  base  region  or  a 
decrease  in  emitter  efficiency  caused  by  modulation  of 
the  conductivity  of  the  base  region. 

The  decrease  in  a  at  large  currents  is  also  visible  in 
Fig.  8.  These  collector  characteristics  are  intended  to 
illustrate  the  possibility  of  high-power  operation  at 
room  temperature.  No  special  provisions  have  been 
taken  to  remove  heat  from  the  transistors.  The  bars, 
which  are  0.04X0.04X0.5  in.  are  suspended  by  the 
three  leads  and  sit  in  the  center  of  an  air-filled  metal 
can  (for  mechanical  protection). 

The  thin  base  region  is  desirable  because  it  leads  to 
a  large  alpha  and  high-frequency  cutoff  of  alpha. 
However,  it  also  increases  the  collector  conductance  h2 2 


Fig.  8.  High-power  collector  characteristics  of  a  silicon  n-p-n 
rate-grown  transistor.  This  figure  is  a  tracing  of  an  oscilloscope 
pattern. 

and  the  voltage  feedback  hn  at  the  emitter.  The  ohmic 
base  resistance  is  also  large  because  of  the  thin  base 
region  and  the  high  resistivity  caused  by  the  structure 
of  rate-grown  material. 

It  has  already  been  shown  in  Fig.  2  that  the  emitter 
junction  is  believed  to  be  abrupt  and  the  collector  p-n 
junction  to  be  graded.  Further  evidence  to  support  this 
structure  appears  in  a  curve  of  the  depletion  layer 
capacitance  of  these  transistors  as  a  function  of  voltage. 
Figure  9  shows  that  the  collector  capacitance  varies 
inversely  as  the  cube  root  of  the  voltage.  This  is  the 
behavior  expected8  from  a  p-n  junction  in  which  the 
impurity  concentration  increases  linearly  with  distance 
on  both  sides.  In  the  emitter  the  behavior  is  more 
complicated  because  there  is  a  sharp  rise  in  conductivity 

7  W.  M.  Webster,  Proc.  Inst.  Radio  Engrs.  42,  914^920  (1954). 

8  W.  Shockley,  Bell  System  Tech.  J.  28,  435-489  (1949). 


Fig.  9.  Depletion  layer  capacitance  of  the  emitter  and  collector 
junctions  of  a  silicon  n-p-n  rate-grown  transistor. 


at  the  emitter  step-junction  which  produces  a  small 
variation  in  capacitance  with  voltage.  At  larger  voltages 
the  space-charge  region  penetrates  deeper  into  the  base 
and  into  the  region  where  there  is  a  gradual  decrease  in 
conductivity  on  account  of  the  graded  collector  junction. 
In  this  region  the  capacitance  drops  in  magnitude  very 
fast  as  the  reverse  emitter  voltage  is  increased. 

The  noise  figure  of  25  db  above  thermal,  which  was 
indicated  in  Table  I,  was  measured  at  1000  cps  with 
Ie—  —  1  ma  and  Fc— 4.5  volts.  The  transistor  was 
connected  grounded-base  with  a  generator  resistance 
of  1000  ohms  and  a  load  resistance  of  5000  ohms. 

4.  CONCLUSIONS 

The  transistors  which  are  described  here  have  been 
made  from  rate-grown  n-p-n  silicon  crystals  with  no 
attempt  to  design  for  resistivities  or  to  control  the 
resistivity  gradient  in  the  thin  base  region.  Essentially 
two  basic  technological  improvements  are  reported 
here:  (1)  The  ability  to  grow  (nonrotated)  silicon 
crystals  with  rate-grown  n-p-n  structures  which  do 
not  show  resistivity  changes  with  heating ;  and  (2)  the 
possibility  of  utilizing  to  advantage  in  the  fabrication 
of  silicon  transistors  the  heretofore  undesirable  effects 
of  conductivity  changes  during  heat  treatment. 

This  paper  shows  that  it  is  feasible  to  make  silicon 
transistors  from  rate-grown  structures.  The  total 
amount  of  minority  carrier  recombination  at  the  surface 
has  been  reduced  by  making  the  base  region  very  thin. 
This  assures  a  fairly  high  alpha  but  also  produces  a 
large  feedback  voltage  at  the  emitter.  This  large 
feedback,  in  itself,  is  the  most  undesirable  feature  of 
these  transistors  because  the  decrease  in  alpha  with 
increase  in  emitter  current  can  be  tolerated  in  most 
cases  except  high-power  applications.  Increasing  the 
base  region  width  will  reduce  the  feedback  and  the 
collector  conductance.  The  ideal  solution  is  to  achieve 
complete  control  of  the  rate-growing  process  so  that 
the  structure  and  resistivity  of  the  base  region  can  be 
predetermined  as  easily  as  it  is  now  possible  to  control 
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the  base  layer  width.  This  will  permit  the  design  and 
preparation  of  transistors  where  the  penetration  of  the 
collector  space-charge  region  into  the  base  region  is 
minimized. 

These  transistors  have  the  inherent  advantages 
which  come  from  utilizing  silicon.  In  other  words  the 
saturation  current  of  the  collector  is  small  and  the 
transistors  will  operate  at  high  temperatures.  When 
either  of  these  turns  out  to  be  a  primary  consideration, 
the  transistors  described  here  will  perform  a  useful 
function. 
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Measurements  of  the  flux-reversal  time  r  as  a  function  of  the  applied  magnetic  field  H  have  been  made 
for  |-mil,  Tmil>  ^-mil,  and  1-mil  4-79  molybdenum-Permalloy  tape  cores.  There  measurements  have  been 
taken  at  seven  temperatures,  ranging  from  —  196°C  to  270°C.  From  these  measurements,  the  switching 
coefficient  Sw=  (H—Hq)t  is  found,  where  H0  is  the  threshold  field  value  for  irreversible  domain-wall  motion. 
Determination  of  the  switching  coefficient  as  the  tape  thickness  is  varied  permits  a  separation  of  the  spin- 
relaxation  and  eddy-current  contributions  to  switching  delay.  These  contributions  are  studied  individually 
as  functions  of  temperature.  Upon  increasing  the  temperature  over  the  range  considered,  the  eddy-current 
contribution  and  the  threshold  field  value  H0  are  approximately  halved,  and  the  spin-relaxation  contribution 
is  reduced  by  20  percent.  All  these  factors  lead  to  a  faster  flux  reversal  at  higher  temperature  for  a  given 
applied  field.  This  behavior  is  in  agreement  with  theoretical  predictions. 


I.  INTRODUCTION 


II.  THEORETICAL  CONSIDERATIONS 


A  RE  CENT  study  by  members  of  this  Laboratory 
has  led  to  the  conclusion  that  ultra- thin  4-79 
molybdenum-Permalloy  tape  cores  are  superior  to 
ferrites  in  switching  circuits  and  stepping  registers.1 
Among  the  factors  favoring  the  metallic  tapes  are 
superior  thermal  properties,  higher  flux  density,  and 
faster  flux-reversal  characteristics. 

In  this  paper  the  flux-reversal  characteristics  of 
ultra-thin  4-79  molybdenum-Permalloy  tape  cores  are 
investigated  as  functions  of  tape  thickness  and  tem¬ 
perature.  A  previous  theoretical  study  relates  these 
characteristics  to  eddy-current  and  spin-relaxation 
damping  in  polycrystalline  ferromagnetic  materials2; 
the  study  also  predicts  the  changes  to  be  expected  when 
temperature  and  tape  thickness  are  varied.  These 
predictions  are  compared  with  the  experimental  results 
described  below. 


*  The  research  in  this  document  was  supported  jointly  by  the 
Army,  Navy,  and  Air  Force  under  contract  with  the  Massachusetts 
Institute  of  Technology. 

1  Brown,  Buck,  and  Menyuk,  Trans.  Am.  Inst.  Elec.  Engrs. 
(Comm,  and  Elect.)  16,  631  (1955). 

2N.  Menyuk  and  J.  B.  Goodenough,  J.  Appl.  Phys.  26,  8 
(1955). 


The  switching  time  r  of  ferromagnetic  materials 
with  square  hysteresis  loops  is  inversely  proportional 
to  the  applied  magnetic  field.  This  can  be  expressed 
by  the  equation 

(H—Ho)r—Sw,  (1) 


where  H  is  the  applied  magnetic  field,  Ho  is  the  threshold 
value  for  domain-wall  motion,  and  Sw  is  a  constant 
defined  as  the  switching  coefficient  of  the  material. 

The  observed  value  of  the  switching  coefficient  is  the 
sum  of  two  independent  effects.  Thus 


Sw= Swe-{-Si 


(2) 


where  Swe  is  the  eddy-current  contribution  to  the 
switching  coefficient  and  Swr  is  the  spin-relaxation 
contribution.  For  ultra- thin  metallic  tapes,  these 
contributions  are  related  to  the  fundamental  parameters 
of  the  material  by  the  equations2 
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Fig.  1.  Input  current  pulse. 


where  I8  is  the  saturation  magnetization,  d  is  the 
maximum  distance  a  domain  wall  moves  during  a 
flux  reversal,  A  is  the  relaxation  frequency,  y  is  the 
magneto-mechanical  ratio,  (cos0)  is  the  mean  value  of 
the  cosine  of  the  angle  between  the  applied  field  and  the 
direction  of  easy  magnetization,  K  is  the  anisotropy 
constant,  A  is  the  exchange  constant,  rm  is  one-half 
the  tape  thickness,  p  is  the  resistivity  in  statohm-cm, 
c  is  3X1010  cm/sec,  and  a  is  a  numerical  factor  1  <a<2 
which  is  introduced  to  account  for  surface  nucleation 
effects.1 

As  given  in  Eq.  (3),  Swr  is  independent  of  tape 
thickness  while  Swe  is  proportional  to  the  square  of 
the  thickness.  Therefore,  any  variation  in  Sw  between 
metal-tape  cores  of  different  thickness  is  due  only  to 
the  change  in  the  eddy-current  contribution.  This 
fact  affords  an  experimental  means  of  separating 
Swe  and  Swr  in  order  to  study  their  properties 
independently. 

III.  EXPERIMENTAL  RESULTS 

This  experiment  was  performed  with  4-79  molybde- 
num-Permalloy  tape  cores  with  thicknesses  of  f-mil, 
J-mil,  $-mil,  and  1-mil,  supplied  by  Magnetics  Inc. 
In  order  that  the  cores  might  be  as  uniform  as  possible, 
all  except  the  1-mil  tapes  were  prepared  from  the  same 
melt;  the  1-mil  tapes  are  of  different  manufacture. 
Two  cores  of  each  thickness  were  used  in  this  experi- 


Fig.  2.  Switching  coefficient  of  tape  wound  4^79  Mo-Permalloy 
cores  at  room  temperature. 


Fig.  3.  Variation  of  switching  coefficient  with  tape 
thickness  as  function  of  temperature. 


ment;  unless  otherwise  stated,  all  values  given  below 
represent  the  average  value  for  both  cores. 

A.  Experimental  Procedure 

The  input  current  used  to  reverse  the  magnetization 
of  the  cores  is  of  the  form  shown  in  Fig.  1.  It  is  effectively 
a  constant-current  signal  with  a  rise  time  0.2 
microsecond.  The  pulse  length  is  long  enough  to  permit 
a  complete  magnetization  reversal  of  the  core.  The 
input-current  amplitude  was  varied,  and  the  switching 
time  of  each  core  was  determined  as  a  function  of  the 
applied  magnetic  field  (based  upon  an  average  core 
diameter  of  0.345  cm).  This  procedure  was  repeated 
for  all  cores  at  temperatures  of  —  196°C,  “60°C, 
26°C,  76°C,  155°C,  225°C,  and  270°C.  A  typical  set  of 
data  obtained  at  room  temperature  (26°C)  from  a 
single  core  of  each  thickness  is  shown  in  Fig.  2. 

The  assumption  of  a  constant  applied  magnetic 
field  is  not  valid  during  the  rise  time  of  the  pulse. 
This  effect  was  minimized  by  limiting  all  measure¬ 
ments  to  field  values  for  which  the  switching  time  is 
greater  than,  or  equal  to,  0.7  microsecond.  The  applied 
field  is  then  constant  during  most  of  the  switching 
cycle. 

According  to  Eq.  (1), 

H=Sw/tjtHq.  (4) 

This  is  the  equation  of  a  straight  line  of  slope  Sw  and 
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Fig.  4.  Voltage  output  curves  of  4r-79  Mo-Permalloy  tape 
cores,  (a)  f-mil  core  output;  Time  scale:  0.1  ^sec/Div;  Voltage 
scale:  135  mv/Div.  (b)  i-mil  core  output;  Time  scale:  0.1  jusec/ 
Div.;  Voltage  scale:  155  mv/div.  (c)  ^-mil  core  output;  Time 
scale:  0.2  /itsec/Div.;  Voltage  scale:  150  mv/Div.  (d)  1-mil  core 
output;  Time  scale:  0.3  ^sec/Div.;  Voltage  scale:  150  mv/Div. 
(e)  Superimposed  output  of  1-mil,  1-mil,  1-mil,  and  1-mil  cores; 
Time  scale:  0.3  /tsec/Div.;  Voltage  scale:  150  mv/Div. 


intercept  Ho.  The  values  of  Sw  and  H0  for  each  core  are 
therefore  directly  obtainable  from  curves  similar  to 
those  shown  in  Fig.  2. 


B.  Correlation  of  Theory  and  Experiment 

Equation  (2)  and  Eq.  (3)  lead  to  the  relationship 


where 


Sw=Sw*+D{2rm)\ 

2i r2Isa 

D=- - 

pc2(cos0)3 


(5) 

(5a) 


is  the  eddy-current  contribution  to  the  switching 
coefficient  per  unit  thickness,  in  units  of  oersted- 
seconds  per  centimeter  squared.  Since  D  is  a  constant 
at  constant  temperature,  a  plot  of  the  switching 
coefficient  versus  tape  thickness  squared  should  yield 
a  straight  line  of  slope  D  and  intercept  Swr.  A  series  of 
such  curves,  taken  at  different  temperatures,  is  shown 


Fig.  5.  Shape  of  voltage  outputs  due  to  relaxation  and  eddy- 
current  effects,  (a)  Voltage  output  of  a  high  resistance  ferrite  core 
in  which  eddy-current  effects  are  negligible,  (b)  Predicted  voltage 
output  of  a  core  driven  by  a  constant  current  generator,  consider¬ 
ing  eddy-current  effects. 


in  Fig.  3.  Since  the  curves  are  in  units  of  oersted- 
seconds  per  mil  squared,  a  conversion  factor  of  6.45 
X10“6  must  be  introduced.  In  all  cases,  the  linear 
relationship  holds  well  within  the  10  percent  thickness 
tolerance  set  by  the  manufacturer  of  the  cores. 

Since  the  intercept  of  the  curves  on  the  Sw  axis  in 
Fig.  3  represents  the  spin-relaxation  contribution  to 
the  switching  coefficient,  it  is  apparent  that  the  eddy- 
current  contribution  has  been  reduced  to  almost 
negligible  proportions  in  the  f-mil  tape  and  is  still  small 
in  the  f-mil  tape.  In  the  f-mil  tape  the  eddy-current 
contribution  is  comparable  to  the  spin-relaxation 
contribution;  in  the  1-mil  core  the  switching  delay  is 
predominantly  an  eddy-current  effect. 

Corroboration  of  these  conclusions  can  be  obtained 
from  the  shape  of  the  output-voltage  of  the  cores,  as 
seen  on  an  oscilloscope.  Figure  4  is  an  oscilloscope 
tracing  of  the  output-voltage  signals  obtained  at  room 
temperature  upon  reversing  the  magnetization  of 
f-mil,  f-mil,  f-mil,  and  1-mil  4-79  molybdenum- 
permalloy  cores  with  a  magnetic  field  of  1.75  oersteds. 
Figure  5(a)  shows  a  typical  output-voltage  signal  ob¬ 
tained  upon  reversing  the  magnetization  of  a  high-resis- 


Table  I.  Variation  of  Swe,  electrical  resistivity  and 
flux  density  with  temperature. 


Temperature 

(°C) 

D 

(oe-sec/mil2) 

p 

(statohm-cm) 

<*/»/<  COS0}3 

(emu) 

-196 

2.68X10"6 

-60 

2.38X10'6 

26 

2.12X10-6 

6.11X10“17 

915 

76 

1.94X10-6 

6.45X10-17 

880 

155 

1.72X1O-0 

7.00X  10-17 

850 

225 

1. 48X10-® 

7.45X  10-17 

780 

270 

1. 17X10"6 

7.75X10-17 

645 

tivity  ferrite  core  in  which'eddy-current  effects  are  negli¬ 
gible.  The  effect  of  eddy  currents  upon  the  shape  of  the 
output-voltage  curve  of  a  ferromagnetic  tape  has  been 
theoretically  determined  by  A.  Papoulis3  [Fig.  5(b)]. 

Comparison  of  Fig.  4  and  Fig.  5  shows  that  the 
voltage-output  curves  of  the  f-mil  and  f-mil  cores 
closely  approximate  that  of  the  ferrite,  where  damping 
is  almost  entirely  due  to  spin-relaxation  effects.  On  the 
other  hand,  the  1-mil-core  output  approaches  the  shape 
of  Fig.  5(b),  indicating  that  eddy-current  damping 
predominates.  The  f -mil-core  output  is  somewhere 
between  these  extremes.  Thus  Fig.  4  and  Fig.  5  quali¬ 
tatively  corroborate  the  quantitative  results  shown  in 
Fig.  3. 

The  saturation  magnetization  and  electrical  resis¬ 
tivity  are  the  only  temperature-dependent  variables  on 
the  right-hand  side  of  Eq.  (3b).  Therefore,  Swe  varies 
with  temperature  as  Is/p.  The  electrical  resistivity  of 
4-79  molybdenum-Permalloy  is  given  by  Littman4 
as  55  microhm-cm  at  room  temperature  (6.1  X10-17 

3  A.  Papoulis,  J.  Appl.  Phys.  25,  169  (1954). 

4M.  F.  Littman,  Trans.  Am.  Inst.  Elec.  Engrs.  71,  Part  I, 
220  (1952). 
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Fig.  6.  Variation  of  magnetization  with  temperature. 


statohm-cm),  and  the  temperature  coefficient  of 
electrical  resistivity  is  given  by  the  Magnetic  Metals 
Company  as  0.0011  per  degree  centigrade  in  the  range 
of  20°C  to  500 °C. 5  Within  this  temperature  range,  all 
the  terms  on  the  right-hand  side  of  Eq.  (5a)  are  known 
except  Ia,  a,  and  (cos0).  The  experimentally  determined 
value  of  D  can  therefore  be  used  to  derive  alj  (cos 0)3 
as  a  function  of  temperature.  The  results  are  given  in 
Table  I. 

There  are  no  directly  determined  experimental 
values  of  1 8  versus  temperature  available  for  comparison 
with  these  figures.  However,  since  a  and  the  angle  0 
are  relatively  temperature  independent  within  the 
range  considered,  the  experimental  variation  of  1 8  with 
temperature  can  be  compared  with  the  temperature 
variation  predicted  by  the  Brillouin  function 

I8  27+1  (2/+1)g  1  a 

— = - coth - - - - coth — 

Jo  27  27  27  27 

where 


JgP(H+NI8) 


6  This  figure  is  given  for  Hymu  “80/’  the  trade  name  of  the 
Carpenter  Steel  Company  for  a  material  with  the  same  composi¬ 
tion  as  4^79  molybdenum-Permalloy. 


7  is  the  angular-momentum  quantum  number,  NI8  is 
the  molecular  field,  (3  is  a  Bohr  magneton,  g  is  the  Land6 
factor,  k  is  the  Boltzmann  constant,  I8  is  the  tempera¬ 
ture-dependent  saturation  magnetization,  and  Jo  is 
the  saturation  magnetization  at  0°K. 

The  normalized  magnetization  curve  is  shown  in 
Fig.  6  for  7=|  and  7=  1.  The  normalized  experimental 
points  are  also  shown  for  comparison.  These  points  are 
based  on  the  assumed  value  aJo/(cos0)3=94O  emu  and 
on  the  Curie  temperature  Tc=420°C.4  The  close 
agreement  of  the  theoretical  and  calculated  experi¬ 
mental  values  strongly  corroborates  the  prediction  that 
Swe  varies  as  J8/p. 

The  value  of  flux  density  Bs  at  room  temperature  is 
given  as  8700  gauss.  Assuming  B8«47rJ8,  this  repre¬ 
sents  a  saturation  magnetization  of  690  emu.  The  value 
given  in  Table  I  for  q78/(cos0}3  is  915  emu.  Thus 
a/(cos0)3=  1.3.  Since  the  molybdenum-Permalloy  tapes 
are  grain  oriented,  (cos0)~l  and  ce«1.3. 

The  spin-relaxation  contributions  to  the  switching 
coefficient  Swr  are  obtained  from  the  intercept  of  the 
curves  in  Fig.  3.  The  results,  shown  in  Fig.  7,  indicate 
a  slow  decrease  of  Swr  with  increasing  temperature  over 
the  range  considered,  changing  from  0.4X10-6  oe-sec 
at  —  196°C  to  0.32X  10-6  oe-sec  at  270°C.  No  anomalous 
effects  occur  within  this  temperature  range. 
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Fig.  7.  Variation  of 
Swr  with  temperature. 


According  to  Eq.  (3a) 

A  (K)i 

Sw'cc - , 

8 

where  all  the  other  terms  on  the  right  hand  are  tem¬ 
perature  independent.  Actually,  there  should  be  a 
variation  in  d ,  but  this  variation  is  assumed  to  be 
small.  The  relative  change  of  I s  with  temperature  is 
obtainable  from  Fig.  6.  The  temperature  dependence 
of  the  relaxation  frequency  is  not  known  for  4-79 
molybdenum-Permalloy.  However,  Bloembergen6  has 
investigated  the  relaxation  frequency  of  Supermalloy, 
a  material  of  similar  composition,  as  a  function  of 
temperature.  Bloembergen’s  results  indicate  that  A 
increases  by  approximately  40  percent  from  room 
temperature  to  270°C.  Thus  the  variations  of  A  and 
Is  are  in  the  direction  tending  to  increase  Swr  with 
temperature. 

In  order  to  overcome  this  tendency  and  to  yield  the 
decrease  in  Swr  actually  observed,  there  must  be  a 
fivefold  decrease  in  the  anisotropy  constant  K  over 
this  temperature  range.  Data  given  by  McKeehan7 
shows  that  the  anisotropy  constant  of  an  iron-nickel 
alloy  containing  30  percent  iron  and  70  percent  nickel 
decreases  by  a  factor  of  3.5  on  going  from  20 °C  to 
200 °C.  Thus  the  figures  obtained  appear  reasonable. 
Furthermore,  the  sharp  decrease  that  must  occur  in 
Swr  above  270°C  to  obtain  S«,r=0  at  T—Tc  is  also 
reasonable  since  (according  to  Van  Vleck8)  the  anisot¬ 
ropy  constant  may  be  expected  to  vary  rapidly  in  the 
vicinity  of  the  Curie  temperature. 

The  evidence  cited  above  indicates  experimental 
agreement  with  the  predicted  behavior.  However, 

6W.  Bloembergen,  Phys.  Rev.  78,  572  (1950). 

7  L.  W.  McKeehan,  Phys.  Rev.  51,  136  (1937). 

8  J.  H.  Van  Vleck,  Phys.  Rev.  52,  1178  (1937). 


conclusive  proof  must  await  independent  measurements 
of  the  values  of  A  and  K  for  4-79  molybdenum- 
Permalloy  as  functions  of  temperature. 

The  threshold  field  Ho  represents  the  effective  zero 
level  which  must  be  overcome  for  irreversible  domain- 
wall  motion.  It  is  closely  related  to,  but  not  identical 
with,  the  coercive  force  Hc.  The  coercive  force  of  ultra- 
thin  metal  tapes  decreases  with  increasing  thickness.4 
This  is  also  true  of  the  threshold  field  values  of  the  f-mil, 
J-mil,  and  J-mil  tapes  investigated  in  this  experiment 
(which  were  all  obtained  from  the  same  melt).  The 
1-mil  tape  has  a  threshold  field  value  approximately 
equal  to  that  of  the  J-mil  tape.  However,  since  the 
1-mil  tape  was  manufactured  by  a  different  company, 
variations  in  processing  techniques  may  explain  this 
apparent  discrepancy.  In  addition,  the  threshold  field 
decreases  with  increasing  temperature  which  is  in 
accord  with  the  general  behavior  of  the  coercive  force. 
The  variation  of  the  threshold  field  with  temperature 
is  shown  in  Fig.  8. 

IV.  CONCLUSIONS 

The  use  of  f-mil  4-79  molybdenum-Permalloy  tape 
cores  successfully  reduces  the  eddy-current  damping 
to  less  than  10  percent  of  the  spin-relaxation  damping 
at  room  temperature.  Further  reduction  of  tape  thick¬ 
ness  will  therefore  have  a  negligible  effect  upon  the 
switching  coefficient  Sw.  However,  in  tapes  of  J-mil 
thickness  or  greater,  the  eddy-current  effect  is  pre¬ 
dominant,  and  Sw  increases  rapidly  with  increasing 
thickness.  This  limits  the  use  of  4-79  molybdenum- 
Permalloy  to  tapes  of  }-mil  and  J-mil  for  high-speed 
applications. 

Upon  increasing  the  temperature  from  —  196°C  to 
270°C,  the  relaxation  damping  is  decreased  by  20 
percent  while  eddy-current  damping  and  the  threshold 
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Fig.  8.  Variation  of  threshold  field  with  temperature. 


field  are  approximately  halved.  Thus,  for  a  given 
applied  magnetic  field,  the  switching  time  varies  by  a 
factor  of  approximately  two  over  the  temperature 
range.  Although  this  variation  of  switching  time  with 
temperature  is  significant,  it  is  too  small  to  warrant 
the  use  of  higher  temperatures  to  attain  faster  core 
switching.  On  the  other  hand,  the  results  indicate 
that  the  switching  time  is  relatively  insensitive  to  small 
temperature  variations.  For  a  J-mil  tape  core,  a  change 
of  20  degrees  centigrade  in  the  vicinity  of  room  tem¬ 
perature  should  produce  a  switching-time  variation 
of  about  3  percent.  For  thicker  tapes,  temperature 
sensitivity  is  slightly  higher. 


The  effects  of  tape  thickness  and  temperature  upon 
the  eddy-current  contribution  to  the  switching  coeffi¬ 
cient  Swe  strongly  corroborate  the  theory  discussed  in 
Sec.  II.  The  variation  of  Swr  with  temperature  also 
agrees  with  the  theory  within  the  limits  of  independent 
data  presently  available. 
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The  one-dimensional  contact  region  common  to  shock-tube  flows  is  idealized  by  the  simple  model  of  initial 
step  change  in  temperature  and  density  at  constant  pressure.  For  weak  transitions,  neglect  of  pressure 
effects,  and  linearization  of  the  conservation  equations  gives  spatially  monotonic  temperature  and  density 
profiles  with  the  contact  region  thickening  as  the  square  root  of  time.  Experimental  results  are  noted  from 
shock-tube  studies  of  two  air/air  contact  regions.  Insofar  as  comparison  of  theory  and  experiment  is  possible, 
the  theory  for  weak  transitions  appears  reasonable. 


INTRODUCTION 

THE  inviscid  one-dimensional  shock- tube  theory1,2 
represents  the  contact  surface  (region)  as  a  plane 
discontinuity  in  density  and  temperature  at  constant 
pressure  and  flow  velocity.  In  reality  such  a  discon¬ 
tinuity  cannot  exist.  Since  the  contact  region  moves 
with  the  fluid  and  always  consists  of  essentially  the 
same  fluid  particles,  heat  transfer  must  destroy  any 
steep  temperature  gradient  initially  present.  The 
present  note  gives  a  simplified  analysis  of  the  physical 
transition.  Experimental  shock-tube  results  are  also 
described  and  compared  with  theory  where  possible.1 2 3 

THEORY 

A  homogeneous  or  single  gas  throughout  is  considered. 
The  phenomenon  is  idealized  by  an  initial  step  change 
in  density  p  and  absolute  temperature  9  at  constant 
pressure  p  located  at  the  origin  of  a  reference  frame 
moving  with  the  gas  at  constant  flow  speed.  As  illus¬ 
trated  in  Fig.  1,  this  gives  the  following  one-dimensional 


Fig.  1.  Assumed  initial  conditions  for  contact  region. 


1  Glass,  Martin,  and  Patterson,  “A  theoretical  and  experimental 
study  of  the  shock  tube,”  UTIA  Report  No.  2,  1953.  Institute  of 
Aerophysics,  University  of  Toronto. 

2  J.  Lukasiewicz,  “Shock  tube  theory  and  applications,” 
N.A.E.  Report  15,  1952.  National  Aeronautical  Establishment, 
Ottawa. 

3  Further  details  of  the  work  than  given  here  may  be  found  in 

“The  transition  through  a  contact  region,”  J.  G.  Hall,  UTIA 

Report  No.  26,  1954.  Institute  of  Aerophysics,  University  of 

Toronto. 


initial  value  problem  for  T(xit)=9(x,t)/9< o. 

T(xfi)  =  6i/6o=Ti  for  0<x<<x> 

T(x,0)  =  9z/do~T2  for  —  oo  <#<0 
pi=p2 

0o— i  (0i+02)* 

For  consistency  with  this  simple  model  and  from 
pressure  measurements4 *'6  showing  slight  if  any  ordered 
change  in  static  pressure  through  the  transition  region, 
the  pressure  p  is  taken  as  constant  for  t>0.  Assuming 
an  ideal  gas,  the  state  equation  may  then  be  written 
7T=1,  where  T  —  p/po.  It  might  be  noted  that  while 
the  transition  is  essentially  heat  conduction  at  constant 
pressure,  the  existence  of  a  density  time  derivative 
implies  a  mass  velocity  u(xf)  in  order  that  mass  be 
conserved. 

A  solution  may  be  sought  from  the  continuum 
equations  expressing  conservation  of  mass,  momentum, 
and  energy.  Neglecting  body  forces  and  bulk  or  second 
viscosity,  the  previous  assumptions  reduce  the  equations 
as  follows : 

dp  d 

mass  — \—(pu)  —  0  (1) 

dt  dx 


(du  udu\  d  /  du\ 

- 1 - 1=4/3 — (p — )  (2) 

dt  dx  /  dx\  dx/ 

(d9  ud9  \ 

— I - ) 

dt  dx  / 


d 

dx 


du  4 

—  p - 1  M 

dx  3 


(3) 


4  Huber,  Fitton,  and  Delpino,  “Investigation  of  moving  pressure 
disturbance  and  correlation  with  one-dimensional  flow  theory,” 
NACA  Technical  Note  No.  1903,  1949. 

6  E.  K.  Parks  made  piezo-crystal  pressure  gauge  and  schlieren 
studies  of  the  diffraction  of  a  plane  shock  wave  about  a  sharp  30° 
convex  corner  as  well  as  of  similar  diffraction  for  a  plane  shock 
moving  along  a  constant  area  duct  into  a  sharp-cornered  two- 
dimensional  Busemann  nozzle.  His  experimental  results  showed 
that  a  contact  region  or  entropy  transition  was  formed 
immediately  following  the  diffracted  incident  wave.  See  “Super¬ 
sonic  flow  in  a  shock  tube  of  divergent  cross-section,”  E.  K. 
Parks,  UTIA  Report  No.  18,  1952.  Institute  of  Aerophysics, 
University  of  Toronto. 
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where  ju= shear  viscosity,  k= heat  conduction  coefficient, 
and  cv= specific  heat  at  constant  volume.  The  neglect 
of  pressure  change  leaves  only  three  dependent  variables 
whereas  there  are  four  equations  to  be  satisfied.  How¬ 
ever,  approximate  solutions  may  be  obtained  which 
satisfy  state  and  the  linearized  forms  of  (1),  (2),  and 
(3)  for  a  Prandtl  number  a—pCp/k  of  3/4. 

For  a  weak  initial  temperature  step,  i.e.  ri—r2«l. 
Eqs.  (1)  to  (3)  may  be  linearized  on  the  assumption 
that  mass  velocity  u  and  all  derivatives  are  small. 
Assuming  a  viscosity  law  p  =  poT  and  constant  Prandtl 
number,  one  obtains  the  following  linear  approximations 
to  (1),  (2),  and  (3)  by  neglecting  quadratic  and  higher 
order  terms. 

dT  du 

— =-  (4) 

dt  dx 
du  4/xo  d2U 
dt  3po  dx 2 


Incident  shock 
Contact  region 

Shock-vortex 

Incident  shock 
Contact  region 

Shock-Vortex 


Fig.  3.  Schlieren  photo  and  interferogram  showing  development 
of  type  B  contact  region.  Initial  shock  wave  Mach  number  2.20. 

The  mass  velocity  u  is  calculated  from  (4)  and  (7)  as 


dT  mo  d2T 
dt  apo  dx 2 


««>(-£) 


The  linearization  will  not  be  valid  for  t<Klo/co  where 
70=mean  free  path  and  Co=  average  molecular  speed. 

The  solution  for  the  energy  Eq.  (6)  which  satisfies 
the  initial  conditions  is 

r-.+l(r  i-*V>«f(^)  m 

where 


U — —  I  mi II»  sec  t 


Fig.  2.  Piezo-crystal  pressure  recordings  through  type  A 
contact  region,  (a)  Diaphragm  pressure  ratio  P~  4;  A p=  174  mm 
Hg;  pi  =  185.7  mm  Hg.  (b)  P-8;  148  mm  Hg;  pi= 93.2  mm 

Hg.  (c)  P=  1024;  A£=31.0  mm  Hg;  i>i=3.0  mm  Hg.  Arrow  de¬ 
notes  beginning  of  contact  region. 


which  is  seen  to  satisfy  (5)  exactly  for  /(/)  =  0  and 
<r=f.  The  linearized  solution  for  density  is  obtained 
from  state  and  (7)  as 

r-H4<r,-r,)«f(^).  (9) 

The  linearization  gives  T  and  V  distributions  anti¬ 
symmetric  about  the  mean  initial  values,  while  the 
mass  velocity  u  is  symmetric  about  #=0.  The  assump¬ 
tions  for  linearization,  namely  that  u  and  all  derivatives 
are  small,  are  found  a  posteriori  to  be  fulfilled  in  a  time 
of  order  l0/co . 

The  thickness  s(i)  of  the  density  transition  may  be 
defined  as 


ri-r2 


where  h0(t)  =  [dr/d:*fUo.  Calculation  from  (9)  then 
gives 

s{t)^2{irAt)K  (10) 

The  transition  region  thus  thickens  as  the  square  root 
of  time  at  a  rate  which  increases  with  increase  in 
kinematic  viscosity  mo/po. 

An  approximate  solution  which  exhibits  nonlinear 
effects  might  also  be  noted.  The  von  Mises  trans¬ 
formation 

dp  p 

— — - u 

dt  po 

dp  p 

dx  po 
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Fig.  4.  Enlargement 
of  fringe  shift  through 
central  portion  of  type 
B  contact  region  ten 
inches  downstream 
from  nozzle  throat. 


and  the  previous  linear  viscosity-temperature  relation 
are  used  to  change  to  independent  variables  ^(#,0,  t  in 
Eqs.  (1)  to  (3).  Linearization  in  the  transformed  plane 
leads  to  the  following  solutions3  for  <r= J. 

r  ..+.<r,-r,)erf(^)  «.) 

«=i(Z\-r2)(-Vexp(-— ^ Y  (12) 

\7 rtf  V  4  At/ 


The  transformation  x~xty,t)  is  obtained  as 


— | [exp(“  f)~  l]+ij  erf y\ 

7T* 


(13) 


where  ij=4r/2(At)*.  Although  T  and  u  possess  sym¬ 
metry  when  plotted  against  this  symmetry  is  not 
retained  on  transforming  back  to  the  physical  plane 
via  (13). 


EXPERIMENT 


for  diaphragm  pressure  ratios  P  of  4,  8,  and  1024  at 
distances  9,  6,  and  6  feet,  respectively,  from  the  dia¬ 
phragm  station.  The  arrow  indicates  the  contact 
front  as  determined  from  schlieren  photographs,  and 
A p  is  the  pressure  rise  across  the  shock  wave. 

Type  B  contact  region  was  limited  to  very  small 
over-all  density  change  with  maximum  interference 
fringe  shifts  of  about  one  fringe  spacing.  The  schlieren 
photo  and  interferogram  of  Fig.  3  show  the  development 
of  the  contact  region  behind  the  diffracted  shock  wave. 
Figure  4  is  an  enlargement  through  the  central  portion 
which  was  reasonably  plane.  Fringe  shift  profiles 
through  the  central  portions  were  obtained  from 
intensified  plate  enlargements  with  the  aid  of  an  optical 
comparator.  Corrections  for  boundary  layer  and  refrac¬ 
tion  were  not  considered. 

Unfortunately,  because  of  the  spread  of  turbulence, 
the  type  B  transition  was  too  short-lived  to  measure 
the  rate  of  thickening.  Comparison  of  a  particular 
density  profile  with  theory  is  difficult  as  theory  requires 
a  time  t  which  has  no  direct  experimental  counterpart. 


A  2  inch  X  7  inch  shock  tube  having  interferometric, 
schlieren,  and  piezo-crystal  pressure  gauge  instru¬ 
mentation  was  used  to  study  the  following  air/air 
contact  regions : 

A — That  generated  at  the  diaphragm  station  on 
initiation  of  shock-tube  flow. 

B — That  generated  by  diffraction  of  a  plane  shock 
wave  which  propagated  along  a  constant  area 
duct  into  a  sbarp-corner-entry  two-dimensional 
Busemann  nozzle.6 

Interferometric  and  schlieren  results  for  the  type  A 
contact  region  showed  a  rough  turbulent  mixing  zone 
unsuited  for  density  transition  or  growth  measure¬ 
ments — the  mixing  zone  extended  over  several  tube 
diameters  and  the  density  increased  irregularly  through¬ 
out.  Because  of  diaphragm  effects  and  boundary  layer 
the  contact  front  was  strongly  convex  towards  the 
downstream  side. 

Pressure  recordings  for  diaphragm  pressure  ratios  of 
4  to  3000  showed  the  mean  static  pressure  to  be  sensibly 
constant  through  the  transition  region.  Figure  2  shows 
typical  oscilloscope  traces  of  the  piezo-gauge  response 


Fig.  5.  Typical  results  obtained  for  density  transition 
through  weak  type  B  contact  region. 

Nevertheless,  a  qualitative  comparison  was  made  using 
the  theoretical  t  as  that  defined  by  (10)  with  s(t)  taken 
as  the  experimental  thickness.  If  ho(t)  is  the  maximum 
negative  slope  of  the  density  profile,  then  for  weak 
transitions 

(tt^o  \ 

- *)  (14) 

IW,  / 

from  (9)  and  (10). 

Figure  5  shows  a  typical  plot  obtained  of  experimental 
density  change  and  that  computed  from  (14)  with  ho 
taken  as  the  maximum  experimental  slope.  The  quali¬ 
tative  agreement  suggests  that  (14)  may  be  a  reasonable 
approximation  for  weak  transitions. 

ACKNOWLEDGMENTS 

The  author  is  indebted  to  Professor  G.  N.  Patterson, 
Institute  of  Aerophysics,  University  of  Toronto,  for 
suggesting  this  problem.  Financial  support  was  received 
from  the  Defence  Research  Board  of  Canada,  and  the 
Wallberg  Research  Fellowship,  University  of  Toronto. 


JOURNAL  OF  APPLIED  PHYSICS 


VOLUME  26,  NUMBER  6 


JUNE,  1  9  S  5 


Short-Time  Stress  Relaxation  Behavior  of  Plastics* 

M.  T.  Watson,  W.  D.  Kennedy,  and  G.  M.  Armstrong 
Research  Laboratories ,  Tennessee  Eastman  Company ,  Division  of  Eastman  Kodak  Company ,  Kingsport ,  Tennessee 

(Received  September  23,  1954) 

An  apparatus  for  measuring  stress  relaxation  of  plastics  at  constant  strain  in  the  time  range  of  0.01  to 
2.5  sec  after  load  application  is  described.  Experimental  results  obtained  indicate  that  rigid  plastics  at 
room  temperature  may  be  classified  as  either  brittle  or  ductile.  Brittle  plastics  sustain  only  low  strains 
without  fracture  at  the  testing  speed  of  the  apparatus  and  undergo  little  relaxation  of  stress  in  this  time 
range ;  ductile  plastics  sustain  higher  strains  and  undergo  considerable  relaxation  of  stress.  The  factors  af¬ 
fecting  relaxation  behavior  are  briefly  discussed.  Increasing  the  strain,  temperature,  or  plasticizer  content 
generally  increases  the  relaxation  rate. 

Many  of  the  results  yield  a  linear  plot  of  stress  vs  logarithmic  time,  as  has  been  reported  in  the  literature 
for  various  materials  tested  at  longer  times.  By  application  of  one  form  of  the  Eyring  absolute  rate  theory, 
an  average  free  energy  of  activation  for  the  relaxation  process  can  be  calculated.  The  value  thus  calculated 
for  polymethyl  methacrylate  is  in  the  range  reported  in  the  literature  for  other  polymers. 

An  empirical  measure  of  “toughness”  can  be  based  on  these  results.  For  many  plastics  this  measurement 
is  in  accord  with  service  performance. 


INTRODUCTION 

THE  measurement  of  stress  relaxation  at  constant 
strain  is  becoming  an  increasingly  important 
method  of  studying  polymer  behavior.  Most  of  the 
published  measurements  are  ones  in  which  several 
seconds,  or  even  minutes,  elapsed  before  the  first 
measurement  of  stress  was  made.1  In  some  cases,  testing 
times  have  been  extended  to  many  hours.2  For  practical 
application,  as  well  as  for  fundamental  study,  relaxation 
behavior  of  plastics  at  short  times  is  also  of  considerable 
interest. 

In  this  paper  an  apparatus  for  following  the  short-time 
stress  relaxation  behavior  of  plastics  is  described. 
Experimental  results  obtained  with  several  commercial 
plastics,  including  both  brittle  and  ductile  types,  are 
presented.  The  effects  of  strain,  temperature,  plasticizer 
content,  and  specimen  shape  on  the  relaxation  behavior 
were  studied.  Most  of  the  results  yield  a  linear  plot  of 
stress  vs  logarithmic  time.  Such  a  relationship  is 
predicted  by  the  Eyring  absolute  rate  theory,  from 
which  an  average  free  energy  of  activation  for  relaxation 
is  calculated  from  our  results  on  polymethyl  meth¬ 
acrylate.  An  empirical  “toughness”  measure  based  on 
these  relaxation  results  is  discussed  briefly. 

APPARATUS 

Figure  1  shows  a  schematic  diagram  of  the  apparatus. 
The  essential  mechanical  parts  comprise  a  mounting 
frame  sufficiently  rigid  that  its  deformations  under  stress 

*  Presented  in  part  at  the  American  Physical  Society  meeting 
in  New  York,  February  1-3,  1951,  and  at  the  Xllth  International 
Congress  of  Pure  and  Applied  Chemistry  in  New  York,  September 
10-13,  1951. 

1H.  D.  Smith  and  R.  Eisenschitz,  J.  Textile  Inst.  22,  T170 
(1931);  B.  Maxwell  and  L.  F.  Rahm,  Ind.  Eng.  Chem.  41,  1988 
(1949);  S.  M.  Katz  and  A.  V.  Tobolsky,  Textile  Research  J.  20, 
87  (1950);  E.  Catsiff  and  A.  V.  Tobolsky,  J.  Appl.  Phys.  25,  1092 
(1954). 

2  Tobolsky,  Prettyman,  and  Dillon,  J.  Appl.  Phys.  15,  380 
(1944);  E.  E.  Wright,  ASTM  Bull.  184,  47  (1952);  Chen,  Ree, 
and  Eyring,  Textile  Research  J.  22,  416  (1952). 


are  negligible  compared  with  those  of  the  specimen; 
clamps  for  containing  the  specimen;  a  massive  spring 
whose  release  effects  sudden  elongation  of  the  specimen ; 
a  spring  bar  which  transmits  the  force  of  the  spring  to 
the  clamp  and  specimen ;  a  means  of  suddenly  releasing 
the  spring ;  a  set  of  blocks  which  stops  the  spring  motion 
and,  by  proper  selection,  permits  extension  of  the 
specimen  to  a  predetermined  amount;  a  hydraulic 
jack  for  cocking  the  spring;  and,  not  shown  in  the 
figure,  a  thermostatic  enclosure  around  the  specimen, 
permitting  measurements  at  various  temperatures. 

The  massive  spring  is  confined  between  a  fixed  part 
of  the  apparatus  and  the  enlarged  lower  end  of  the 
spring  bar.  Motion  of  the  jack  is  transmitted  through 
the  spring  bar  extension  to  the  spring  bar  to  compress 
the  spring,  which  is  then  cocked  in  the  compressed 
position  by  rotating  the  collar  so  that  its  three  hardened 
pins  engage  in  a  circumferential  slot  around  the  spring 
bar.  Release  of  the  spring  to  elongate  the  specimen  can 
then  be  effected  by  rapid  rotation  of  the  collar  by 
means  of  compressed  air  to  align  the  pins  with  three 
longitudinal  slots  in  the  spring  bar  intersecting  the 
circumferential  slot.  Fixed  keys  in  the  longitudinal 
slots  prevent  twisting  of  the  spring  bar.  Specimen 
extension  up  to  as  much  as  f  in.  or  more  is  thus  achieved 
in  times  of  the  order  of  2  or  3  msec,  exclusive  of  the  time 
taken  for  travel  of  the  pins  into  alignment  with  the 
longitudinal  slots. 

The  load-measuring  device  is  a  tubular  aluminum 
tensile  weighbar  mounting  four  electric  resistance-wire 
strain  gauges  wired  in  a  bridge  network;  specimen 
extension  produces  a  dc  unbalance  of  the  bridge 
proportional  to  the  load.  This  load  signal  is  then 
suitably  amplified,  fed  simultaneously  to  one  channel 
of  a  Brush  Model  BL-202  double-channel  magnetic 
oscillograph,  and  to  a  DuMont  208B  cathode-ray 
oscilloscope  through  its  direct-coupled  amplification 
stage  only. 

At  present,  our  most  sensitive  weighbar  is  a  tube  of 
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Alcoa  14S-T6  aluminum,  0.484  in.  i.d.  and  0.534  in. 
o.d.  Baldwin  SR-4  type  C-14  strain  gauges  are  used; 
each  has  a  resistance,  R ,  of  2000  ohms  and  a  gauge 
factor,  k,  of  about  3.3.  The  sensitivity  coefficient,  S, 
of  the  weighbar,  which  relates  load  to  measured  bridge 
unbalance  by  the  relation  P=S(AV/t),  is  defined  as 
S=2AE/kR[\+ix].  The  calculated  sensitivity,  5,  is 

=====F 


(a) 


Fig.  2.  (a)  Cathode-ray  oscillogram  of  stress  relaxation  of 
plasticized  cellulose  acetate  butyrate,  (b)  Magnetic  oscillogram  of 
stress  relaxation  of  plasticized  cellulose  acetate  butyrate.  Time 
units  are  milliseconds. 


98.5  lb-ma  per  mv  for  this  particular  weighbar,  using 
E=1.08X107  psi  and  fi  (Poisson’s  ratio)  =  0.33.  An 
experimental  value  of  86.9  was  obtained  from  calibra¬ 
tion  measurements. 

Figure  2  shows  a  typical  cathode-ray  oscillogram  for 
a  plasticized  cellulose  acetate  butyrate  and  a  typical 
Brush  oscillograph  record  for  a  similar  material.  The 
load-time  curve  of  the  latter  has  been  inked-in  for 
clarity.  The  frequency  of  the  sinusoidal  trace  in  Fig.  2  (a) 
is  200  cps ;  thus,  excellent  resolution  is  obtained  within 
the  first  100  msec  after  elongation.  The  Brush  oscillo¬ 
graph  records  enable  the  load  decrease  to  be  followed 
for  several  seconds  [see  Fig.  2(b)].  Loads  in  the  range 
of  10  to  1000  lb  are  measurable  with  an  accuracy  of 
about  2  percent. 

Strain  was  measured  with  an  extensometer  fabricated 
by  bending  a  f-in.  wide  strip  of  0.020-in.  thick  SAE 
1070  or  1085  spring  steel  into  the  shape  of  a  bicycle  clip 
of  about  }-in.  radius.  Four  Baldwin  SR-4  type  C-14 
strain  gauges  were  cemented  to  the  extensometer, 


Fig.  3.  Stress  relaxation  rates  of  brittle  polymers 
at  0.7  percent  strain. 


which  was  then  clamped  to  the  specimen  to  follow 
its  elongation.  The  strain  signal  was  recorded  as  a  dc 
voltage  on  a  second  channel  of  the  Brush  magnetic 
oscillograph.  This  extensometer  had  a  calculated 
sensitivity  of  50  mv  per  ma  per  in.  deflection ;  calibra¬ 
tion  gave  an  experimental  value  of  62.0. 

Measurements  of  stress  relaxation  in  the  approximate 
time  range  of  0.01  to  2.5  sec  were  thus  made  on  a 
number  of  plastics  under  different  testing  conditions. 

EXPERIMENTAL  RESULTS 
Brittle  Plastics 

Materials  which  are  hard,  stiff,  and  brittle  were 
found  to  be  characterized  by  little  relaxation  within  the 
time  range  of  measurement;  the  strains  which  these 
materials  sustained  without  fracture  were  small.  Thus, 
commercial  polystyrene  at  room  temperature  did  not 
withstand  strains  as  great  as  1  percent  at  the  testing 
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speed  of  the  apparatus  without  fracture.  The  relaxation 
behavior  of  two  such  brittle  plastics  is  shown  in  Fig. 
3 :  a  commercial  polystyrene  at  50°C  and  a  commercial 
polymethyl  methacrylate  at  room  temperature.  Strain 
was  approximately  0.7  percent.  The  data  are  plotted 
here  as  percentage  of  residual  stress  vs  time  where 
residual  stress  =  (instantaneous  stress/peak  stress) 

xioo. 

Ductile  Plastics 

Softer,  more  ductile  plastics,  on  the  other  hand,  have 
faster  relaxation  rates  and  are  considerably  more 
extensible  than  the  brittle  plastics  mentioned.  In  our 
apparatus,  materials  like  nylon,  polyethylene,  and 
plasticized  cellulose  esters,  for  example,  sustained 
strains  of  at  least  5-10  percent  without  fracture  and 
underwent  marked  relaxation  of  stress  within  a  few 


Fig.  4.  Stress  relaxation  rates  of  ductile  polymers 
at  5. 5-6.0  percent  strain. 


seconds.  Figure  4  shows  relaxation  curves  for  two 
typical  ductile  plastics:  a  commercial  nylon  and  a 
plasticized  cellulose  acetate  butyrate  at  5.5-6  percent 
strain  and  at  temperatures  of  24°C  and  32 °C,  respec¬ 
tively.  Stress  decay  is  seen  to  be  rapid. 

Factors  Affecting  Relaxation 

The  relaxation  behavior  of  a  plastic  is  a  function  not 
only  of  the  composition  of  the  material  but  also  of  the 
strain.  The  effect  of  varying  the  strain  depends  upon 
the  nature  of  the  plastic.  Thus,  for  plasticized  cellulose 
acetate  butyrate,  relaxation  was  markedly  increased 
by  an  increase  in  strain  at  30-3 2 °C,  as  shown  in  Fig.  5. 
For  polyethylene,  on  the  other  hand,  the  relaxation 
rate  was  nearly  independent  of  strain  over  the  range 
of  2  percent  to  8  percent  strain. 

In  general,  the  effect  of  an  increase  in  temperature  is 
to  increase  the  relaxation  rate,  but  the  magnitude  of 


Fig.  5.  Stress  relaxation  rates  of  plasticized  cellulose 
acetate  butyrate  at  30-32°C. 

the  temperature  dependence  differs  for  various  plastics. 
This  effect  is  particularly  pronounced  with  plasticized 
cellulose  acetate  butyrate,  for  which  relaxation  curves 
are  shown  in  Fig.  6,  at  about  3.2  percent  strain  and 
temperatures  of  0°  and  32°C.  At  lower  strains,  the 
influence  of  temperature  is  considerably  less. 

Both  the  kind  and  the  amount  of  plasticizer  influence 
the  relaxation  behavior  of  plastics.  The  relaxation  rate 
increases  with  increasing  plasticizer  content.  The 
magnitude  of  the  effect  depends  on  the  temperature 
and  on  the  strain. 

Another  factor  which  affects  the  relaxation  behavior 
is  the  shape  of  the  specimen.  Most  of  our  measurements 
were  made  with  injection-molded  specimens  having  a 
dumbbell-shaped  profile,  with  a  1-in.  length  of  J-in. 
square  cross  section  flaring  at  the  ends  into  a  f-in.  square 
section  which  was  held  in  the  clamps.  However,  there 
was  a  noticeable  difference  in  relaxation  behavior 
among  four  specimen  types,  all  prepared  from  the  same 
batch  of  commercial  polymethyl  methacrylate.  Besides 


Fig.  6.  Stress  relaxation  rates  of  plasticized  cellulose 
acetate  butyrate  at  3.2  percent  strain. 
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Fig.  7.  Stress  relaxation  of  polyisobutylene  at  —  40°C. 


the  standard  specimen,  the  three  other  types  were  (1) 
injection-molded,  but  with  a  f-  by  J-in.  cross  section ; 
(2)  injection-molded  with  a  1-in.  gauge  length  of 
circular  cross  section  of  f-in.  diameter ;  and  (3)  standard- 
size  square  cross  section,  milled  from  a  |-in.  compres¬ 
sion-molded  sheet. 

Polyisobutylene 

We  have  participated  in  a  cooperative  program  on 
dynamic  testing  methods  sponsored  by  the  National 
Bureau  of  Standards,  under  the  direction  of  Dr.  Robert 
S.  Marvin.  The  standard  sample  sent  to  the  participat¬ 
ing  laboratories  was  a  polyisobutylene  having  a 
viscosity-average  molecular  weight  of  1.35  million.3 
For  such  a  soft,  rubbery  material,  it  was  necessary  to 
use  a  testing  temperature  of  —  40  °C  in  order  to  attain 
a  measurable  stress  level.  A  plot  of  stress  vs  time  for 
this  material  at  this  temperature  and  at  strains  of 
about  7  percent  and  13  percent  is  shown  in  Fig.  7. 
The  material  is  seen  to  have  a  very  rapid  short-time 
decay  of  stress.  Because  of  the  high  gain  of  the  amplifiers 
necessary  for  such  a  low  stress  level,  results  at  shortest 
times  were  obliterated  by  high-frequency  mechanical 
noise. 

DISCUSSION 

It  is  difficult  to  make  direct  comparisons  of  our 
results  with  those  of  other  workers  because  few  relaxa¬ 
tion  measurements  on  rigid  plastics  have  appeared  in 
the  literature.  A  recent  article  by  Tobolsky  and 
co-workers,4  however,  gives  results  of  measurements  on 
polyethylene  and  permits  a  comparison  of  our  results 
with  theirs  and  with  dynamic  measurements  of  Dunell 
and  Dillon5  on  this  material.  According  to  Tobolsky,4 
if  stress  relaxation  results  yield  a  modulus  vs  log  time 
plot  which  is  linear  over  a  “wide  range  of”  logarithmic 

3  R.  S.  Marvin,  “Interim  report  on  the  cooperative  program  on 
dynamic  testing,”  Natl.  Bur.  Standards  (1951). 

4  Tobolsky,  Dunell,  and  Andrews,  Textile  Research  J.  21,  404 

(1951). 

6  B.  A.  Dunell  and  J.  H.  Dillon,  Textile  Research  J.  21,  393 

(1951). 


time,  then  a  value  of  on?  can  be  calculated  from  the 
slope  of  this  plot  and  compared  with  values  of  the 
same  quantity  measured  in  dynamic  experiments.  We 
have  evaluated  this  quantity  on?  from  our  relaxation 
measurements  on  polyethylene,  plotted  as  stress  vs 
logarithmic  time  in  Fig.  8.  Table  I  shows  a  comparison 
of  our  results  with  those  of  Tobolsky  and  with  experi¬ 
mental  values  determined  by  Dunell  and  Dillon  in 
forced  longitudinal  vibration  experiments.  Our  values 
agree  reasonably  well  with  those  from  stress  relaxation 
measurements  of  Tobolsky,  but  both  sets  of  values  are 
lower  than  those  obtained  in  dynamic  measurements. 

Our  results  on  polymethyl  methacrylate,  shown  in 
Fig.  3,  can  be  compared  with  results  of  relaxation 
experiments  on  this  material  recently  published  by 
McLoughlin  and  Tobolsky.6  Figure  9  is  a  plot  of 
modulus  vs  logarithmic  time  of  our  results,  calculated 
using  an  average  strain  value  of  0.7  percent  and  those 
of  McLoughlin  and  Tobolsky.  Although  both  sets  of 
data  give  linear  plots,  the  two  curves  do  not  coincide ; 


Fig.  8.  Stress  relaxation,  semilogarithmic  plots,  of  polyethylene. 

in  fact,  the  slopes  are  slightly  different.  Our  measure¬ 
ments  were  made  with  no  special  preconditioning 
treatment.  McLoughlin  and  Tobolsky6  pointed  out, 
however,  that  reproducible  pretreatement  is  necessary 
since  water  seems  to  plasticize  polymethyl  meth¬ 
acrylate,  at  least  under  certain  conditions.  Furthermore, 
the  rate  of  cooling  affects  the  relaxation  behavior.6*7 
Our  results  were  obtained  on  injection-molded  samples 
which  were  not  reproducibly  cooled.  It  seems  likely 
that  these  two  effects  are  responsible  for  the  discrepancy 
shown  in  Fig.  9. 

Our  data  do  not  yield  a  simple  exponential  stress-time 
function.  In  many  cases,  the  stress  is  a  linear  function 
(within  5  percent  of  less)  of  the  logarithm  of  the  time 
over  the  2\  or  so  cycles  of  logarithmic  time  that  the 
measurements  cover,  as  illustrated  in  Figs.  8  and  9. 
This  is  true  for  a  variety  of  plastics  tested,  including 
both  brittle  and  ductile  materials. 

6  J.  R.  McLoughlin  and  A.  V.  Tobolsky,  J.  Colloid  Sci.  7,  555 
(1952). 

7J.  R.  McLoughlin  and  A.  V.  Tobolsky,  J.  Polymer  Sci.  7, 
658  (1951). 
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The  linear  dependence  of  stress  on  the  logarithm  of 
the  time  has  been  observed,  at  considerably  greater 
values  of  the  time,  for  many  materials.  In  an  early 
paper,  Phillips8  reported  such  a  relationship,  over  times 
of  the  order  of  a  day,  for  India  rubber  in  tension. 
Macdonald  and  Ushakoff9  obtained  linear  stress-log 
time  curves  for  a  variety  of  substances,  in  tension  and 
in  compression.  Finch10  reported  similar  data  from 
compression  tests  on  cotton,  wool,  and  viscose  fibers. 

Such  a  relationship  between  stress  and  time  also  can 
be  deduced  from  the  absolute  reaction  rate  theory  of 
flow  as  applied  by  Eyring  and  co-workers  to  a  simple 
3-element  mechanical  model  of  a  relaxing  polymer.11 
For  small  strains  and  for  times  less  than  1000  min,  the 
following  approximate  relation  can  be  deduced12 : 

<r=ao-Alog(l+Bt)  (1) 

where  u  is  the  stress  at  any  time  i,  <ro  is  the  initial 
zero-time  stress,  and  A  and  B  involve  various  param¬ 
eters  of  the  relaxing  system.  Although  the  3-element 
model  includes  no  provision  for  permanent  set  and  the 
and  the  treatment  does  not  include  a  distribution  of 


Table  I.  coTjdyn.  values  for  polyethylene,  dynes/cm2. 


Calculated  from 
stress  relaxation  data 
of  Tobolsky,  el  al.a 

Calculated  from 
our  stress 
relaxation  data 

Experimental 
value,  dynamic 
measurements 
of  Dunell 
and  Dillonb 

6ra)  =  5%,  0.18X109 
e=0.5%,  0.20X109 

(a)  e=  strain 

€=7.8%,  0.14X109 
c=3.2%,  0.28X109 
€=1.8%,  0.26X109 

0.82  X109 

See  reference  4. 
b  See  reference  5. 


elements,  Eq.  (1)  can  be  applied  to  experimental 
results  to  obtain  an  average  free  energy  of  activation 
for  the  relaxation  process.  By  making  certain  assump¬ 
tions,  we  obtained  from  the  slope  of  the  stress-log  time 
plot  of  our  data  on  polymethyl  methacrylate  (Fig.  9) 
a  value  of  about  27  kg-cal.  This  value  is  in  reasonable 

8  P.  Phillips,  Proc.  Phys.  Soc.  (London),  19,  491  (1905). 

9W.  B.  Macdonald  and  A.  Ushakoff,  J.  Colloid  Sci.  3,  135 
(1948). 

10  R.  B.  Finch,  Textile  Research  J.  18,  237  (1948). 

11  Halsey,  White,  Jr.,  and  Eyring,  Textile  Research  J.  15,  295 
(1945). 

12  S.  Yurenka  (private  communication). 


Fig.  9.  Stress  relaxation,  semilogarithmic  plots, 
of  polymethyl  methacrylate. 


agreement  with  the  value  of  23  kg-cal  calculated  by 
Lyons13  as  an  average  activation  energy  for  viscoelastic 
deformation,  employing  a  “box”  distribution  of  relaxa¬ 
tion  times.4  Our  value  is  also  in  the  range  of  activation 
energy  values  for  various  other  polymers  reported  in 
the  literature.11*14 

An  empirical  measure  of  “toughness”  can  be  based 
on  these  relaxation  data.  Under  a  given  set  of  test 
conditions,  the  tougher  the  material  the  faster  is  its 
relaxation  rate.  For  many  plastics,  a  correlation  exists 
between  impact  strength  and  some  measure  of  the 
speed  of  stress  decay,  for  example,  the  percentage  of 
relaxation  that  has  taken  place  after  some  arbitrary 
time.  In  a  few  instances,  impact  data  fail  to  rate 
plastics  in  the  proper  order  of  toughness  based  on 
known  service  performance,  but  the  anomaly  is  resolved 
by  comparison  of  relative  relaxation  rates.  It  should  be 
emphasized,  however,  that  it  is  an  oversimplification  to 
consider  relative  relaxation  rates  alone  as  a  measure  of 
toughness.  Any  numerical  factor  by  which  plastics 
could  be  rated  as  to  toughness  would  have  to  include 
other  quantities,  for  example,  the  maximum  deforma¬ 
tion  sustainable  without  fracture  and  the  stress  de¬ 
veloped  in  producing  a  given  strain. 
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Microwave  Diffraction  by  Apertures  of  Various  Shapes* 
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Experimental  results  of  the  near  zone  diffraction  field  of  circular  and  elliptical  apertures  and  of  the  infinite 
slit  are  presented.  The  investigations  were  made  on  apertures  which  were  illuminated  by  a  plane  polarized 
electromagnetic  wave  and  whose  characteristic  dimensions  were  varied  over  a  considerable  range  with  respect 
to  the  wavelength  of  the  incident  radiation. 

Most  of  the  measurements  are  compared  with  predictions  from  recently  published  approximate  theories 
and  in  a  few  cases  with  exact  solutions.  In  general  the  agreement  between  theory  and  experiment  is  found  to 
be  satisfactory.  Some  of  the  discrepancies  are  discussed. 


I.  INTRODUCTION 

IT  is  known  that  the  classical  scalar  Kirchhoff-Fresnel1 
diffraction  theory  and  the  more  recent  Stratton  and 
Chu2  vector  representation  fail  to  predict  the  field 
within  and  in  the  immediate  vicinity  of  apertures  cut  in 
large  plane  perfectly  conducting  screens.  This  has  led 
several  writers3-11  within  the  last  decade  to  propose 
approximate  solutions  to  the  problem  with  the  view 
to  predicting  adequately  the  near  as  well  as  the  far 
field  distributions.  During  the  Symposium  on  Micro- 
wave  Optics  held  at  McGill  University  in  June  1953, 
some  of  these  approximate  theories  were  discussed;  it 
was  pointed  out  among  other  things  that  they  had  not 
been  tested  adequately,  because  until  that  time  near 
field  measurements  on  circular  apertures  only  (and  on 
the  complementary  disk)  had  been  made.12-15  It  was 

*  This  work  was  supported  at  McGill  University  by  the  United 
States  Air  Force  through  its  Cambridge  Research  Center  under 
Contract  AF  19(122)-81. 

f  Present  address :  Department  of  Physics,  Massachusetts 
Institute  of  Technology,  Cambridge,  Mass. 

t  Present  address :  Pacific  Naval  Laboratory,  Esquimalt, 
B.  C.,  Canada. 

§  Present  address :  Bell  Telephone  Laboratories,  Holmdel, 
New  Jersey. 

1  See  for  instance:  B.  B.  Baker  and  E.  T.  Copson,  The  Mathe¬ 
matical  Theory  of.  Huygens'  Principle  (Oxford  at  the  Clarendon 
Press,  1950),  second  edition,  Chap.  II. 

2  J.  A.  Stratton  and  L.  J.  Chu,  Phys.  Rev.  56,  99  (1939). 

3  H.  Severin,  Z.  Naturforsch.  1,  487  (1946) ;  also  presented  at 
the  Symposium  on  Microwave  Optics,  McGill  University,  June, 
1953. 

4  W.  Braunbek,  Z.  Physik  127,  381  (1950) ;  127, 405  (1950). 

6  W.  Franz,  Z.  Physik  128,  432  (1950);  Proc.  Phys.  Soc.  (Lon¬ 
don)  A63,  925  (1950). 

6  W.  Frahn,  thesis,  University  of  Aachen  (1951). 

7  S.  Silver  and  M.  J.  Ehrlich,  Antenna  Laboratory  Report  No. 
181  (1951),  Department  of  Engineering,  University  of  California. 

8  H.  E.  J.  Neugebauer,  Eaton  Electronics  Research  Laboratory 
Report  No.  b5  on  Contract  AF  19(122)-81  to  the  U.  S.  Air  Force, 
Cambridge  Research  Center  (1952) ;  also  J.  Appl.  Phys.  23,  1406 
(1952). 

9  G.  Bekefi,  J.  Appl.  Phys.  24,  1123  (1953) ;  23,  1403  (1952). 

10  G.  A.  Wooton,  J.  Appl.  Phys.  23,  1405  (1952). 

11  For  an  extensive  review  of  diffraction  theories  see  C.  J. 
Bouwkamp,  Repts.  Progr.  in_Phys.  17,  35  (1954). 

12  C.  L.  Andrews,  Phys.  Rev.  71,  777  (1947) ;  J.  Appl.  Phys.  21, 
761,  (1950). 

13  H.  Severin,  Z.  Naturforsch.  1,  487  (1946). 

14  S.  Silver  and  M.  J.  Ehrlich,  Antenna  Laboratory  Report  No. 
185  (1952),  Department  of  Engineering,  University  of  California. 

15  G.  Bekefi  and  G.  A.  Woonton,  The  Eaton  Electronics  Re¬ 
search  Laboratory  Report  No,  b7  under  contract  to  the  U.  S.  Air 
Force,  Cambridge  Research  Center. 


suggested  further  that  the  reported  good  agreement 
between  theory  and  experiment  in  the  case  of  the 
circular  aperture  perhaps  was  the  result  of  the  special 
symmetry  of  the  aperture  and  not  to  the  excellence  of 
the  theory. 

It  is  not  necessary  to  stress  here  the  need  for  an 
approximate  theory  describing  with  sufficient  accuracy 
the  diffraction  field  of  an  aperture  of  arbitrary  shape 
and  size ;  the  engineer  and  the  applied  physicist  have  a 
definite  need  for  such  a  theory.  A  general  exact  solution 
to  the  problem  does  not  exist  except  in  an  abstract 
form.16  The  few  exact  solutions  now  in  existence  for 
apertures  of  special  shapes  employ  complicated  func¬ 
tions  of  mathematical  physics  (e.g.,  oblate  spheroidal 
functions  in  the  case  of  the  circular  aperture17  and 
Mathieu  functions  for  the  infinite  slit18)  which  are 
little  known  and  which  are  tabulated  over  a  very 
limited  range  of  argument  and  order  at  best.  Calcu¬ 
lations  are  made  even  more  difficult  by  the  fact  that 
the  solutions  appear  as  slowly  convergent  series  with 
the  result  that  the  method  fails  when  the  characteristic 
aperture  dimensions  exceed  one  or  two  wavelengths  of 
the  incident  radiation. 

At  the  time  of  the  Microwave  Symposium  the  work 
of  measuring  the  aperture  and  near  diffraction  fields  of 
long  slits  and  ellipses  of  various  shapes  was  already  in 
progress.  A  comparison  of  the  results  obtained  with 
calculations  based  on  approximate  and  exact  theories 
was  the  next  natural  step.  In  addition  to  measurements 
made  on  slits  and  elliptical  apertures,  results  are 
presented  for  circular  holes  varying  in  size  from  one- 
quarter  to  forty  wavelengths  in  diameter;  these  latter 
investigations  supplement  and  extend  those  reported 
by  other  workers.12-15 

Of  the  several  approximate  theories,  only  one  will 
be  used  for  comparison  with  experiment.  It  was  derived 
independently  by  Severin,3  Silver  and  Ehrlich,7  Neuge- 

16  E.  T.  Copson,  Proc.  Roy.  Soc.  (London)  A186,  100  (1946) ; 
also  N.  Marcuvitz,  Research  Report  No.  EM-50,  Washington 
Square  College  of  Arts  and  Science,  Mathematics  Research  Group, 
New  York  University,  Chapter  X. 

17  J.  Meixner  and  W.  Andrejewski,  Ann.  Physik  (6)  7,  157 
(1950) ;  also  W.  Andrejewski,  Naturwiss.  38,  406  (1951) ;  Z. 
angew.  Phys.  (5)  5,  178  (1953). 

18 P.  M.  Morse  and  P.  J.  Rubinstein,  Phys.  Rev.  54,  895 
(1938). 
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bauer,8  and  Bekefi9;  the  basic  simplifying  assumptions 
made  by  these  authors  in  deriving  their  respective 
formulas  are  essentially  the  same.  The  final  mathe¬ 
matical  expressions,  however,  restricted  in  many  cases 
to  special  conditions  of  the  illuminating  wave  and  of  the 
aperture  shape,  differ  in  form  and  in  the  degree  of  their 
mathematical  complexity.  It  has  been  shown  elsewhere9 
that  the  theory  can  be  formulated  as  follows:  consider 
an  infinitely  large  plane,  perfectly  conducting  screen  of 
negligible  thickness  situated  in  the  xy  y  plane  of  a 
rectangular  coordinate  system  (Fig.  1),  pierced  by  a 
hole  of  arbitrary  shape  whose  area  is  designated  by 
So.  A  monochromatic  wave  polarized  in  the  x  direction, 
originating  from  a  source  situated  in  the  negative 
half  space  (z<0),  is  assumed  to  be  incident  upon  the 
screen.  The  diffracted  field  at  any  point  ( x,y,z )  in  the 
positive  half  space  (z>0)  is  then  described  by  that 
component  of  the  Hertz  vector  II  which  lies  in  the 
direction  of  the  initial  polarization  and  is  given  by 


n*(#,y  ,z) 


y  r  r dnix(x',y')^ 
2tt^  sqI  dz'  J  z=o 


X 


exp(-jkr) 

r 


dx'dy'  (1) 


with  II y=  II2=0.  The  subscript  “i”  denotes  the  incident 
field  that  would  be  present  were  the  screen  removed, 
(dUix/dz)  is  the  normal  derivative  of  IL*  and  the  inte¬ 
gration  extends  over  the  area  of  the  aperture  So  only; 
r  represents  the  distance  of  the  field  point  (x,y,z)  from 
an  element  (5^'5y')  of  the  aperture  and  k  is  the  wave 
number  2tt/\  where  X  is  the  wavelength.  Harmonic 
time  variation  exp(ja)t)  is  assumed  implicitly,  where  co 
is  the  angular  frequency. 

The  electric  and  magnetic  field  components  E  and 
H  can  then  be  obtained  from  the  well-known  relations 

E=£2n+vv  n  (2a) 

k2 

H= - vxn,  (2b) 

jeon 

expressed  in  the  mks  system  of  units. 

In  the  derivation  of  Eq.  (1)  the  assumption  was 
made  that  the  component  of  the  magnetic  field  tangen¬ 
tial  to  the  screen  can  be  set  equal  to  zero  on  its  shadow 
side.  Experiment  indicates  that  this  postulate  is 

approximately  true  (except  at  points  very  close  to  the 
diffracting  edge),  provided  that  the  aperture  is  of 
dimension  sufficiently  large  as  compared  to  the  wave¬ 
length.  The  lower  limit  of  aperture  size  for  which  this 
approximation  is  valid  can  be  determined  by  field 
measurements  alone  (for  the  circular  aperture  the 

smallest  hole  is  about  one  wavelength  in  diameter). 

It  should  be  pointed  out  further  that  although 
Eq.  (1)  satisfies  (a)  Maxwell’s  field  relations  every¬ 
where  in  free  space,  and  (b)  the  conditions  of  continuity 


of  the  field  components  across  the  diffracting  aperture 
(as  opposed  to  Kirchoff  and  Stratton  and  Chu’s 
solutions  which  fail  in  this  respect),  it  does  not  obey 
the  edge  conditions  of  Meixner19  and  Bouwkamp20  and 
in  this  aspect  it  suffers  from  the  same  defect  as  the 
classical  formulas. 

Various  degrees  of  difficulty  are  encountered  in  the 
evaluation  of  the  integral  appearing  in  Eq.  (1),  de¬ 
pending  on  the  shape  and  size  of  the  aperture  and  on  the 
position  of  the  field  point.  For  the  actual  methods 
of  calculation  employed,  the  reader  is  referred  to  the 
original  reports  and  papers.8’9’15,21'22 

II.  EXPERIMENTAL  RESULTS  AND  COMPARISON 
WITH  THEORY 

Most  of  the  measurements  were  made  at  microwave 
frequencies  corresponding  to  3.20  and  1.25  cm  wave¬ 
lengths.  At  these  frequencies  only  the  electric  com¬ 
ponent  of  the  electromagnetic  wave  was  examined;  the 
probe  was  a  balanced  half-wave  dipole  whose  charac¬ 
teristic  receiving  pattern  had  been  determined  pre¬ 
viously.  It  is  shown  elsewhere23  that  a  field  probe  of 
this  type  does  not  appreciably  disturb  the  field  to  be 
measured  and  that  the  results  are  trustworthy  to  better 
than  0.5  decibel  except  at  points  lying  very  close  to 
the  diffracting  edge.  The  apertures  which  were  cut  in 
a  large,  thin,  metal  screen  were  illuminated  by  plane 
polarized  electromagnetic  waves  issuing  from  a  rec¬ 
tangular  horn  fed  by  a  klystron  generator. 

The  experiments  on  the  very  small  circular  holes 
were  made  at  a  wavelength  of  50  cm;  in  consequence, 
it  was  possible  to  use  extremely  small  probes  and  to 

19  J.  Meixner,  Ann.  Physik  6,  1  (1949). 

20  C.  J.  Bouwkamp,  Physica  12,  467  (1946). 

21  A.  R.  Milne,  M.Sc.  thesis,  McGill  University,  Montreal, 
Canada  (1953). 

22  S.  J.  Buchsbaum,  Eaton  Electronics  Research  Laboratory 
Report  No.  b9  on  contract  to  the  U.  S.  Air  Force,  Cambridge 
Research  Center  (1953). 

23  G.  A.  Woonton,  Eaton  Electronics  Research  Laboratory 
Report  No.  a2b4  on  contract  to  the  U.  S.  Air  Force,  Cambridge 
Research  Center  (1952);  also  R.  B.  Borts  and  G.  A.  Woonton, 
Eaton  Electronics  Research  Laboratory  Report  No.  a3  on  contract 
to  the  U.  S.  Air  Force,  Cambridge  Research  Center  (1952). 
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Fig.  2.  Measured  amplitude  of  the  electric  and  magnetic  field 
distributions  within  circular  apertures  of  diameters  D  from 
0.25X  to  2 .OX. 


make  measurements  very  close  to  the  diffracting  rim. 
The  balanced  electric  dipole  used  to  measure  the 
electric  component  and  the  shielded  loop  employed  for 
magnetic  measurements  were  of  dimensions  less  than 
one-thirtieth  of  a  wavelength.  The  apertures  were 
irradiated  by  plane  polarized  waves  from  a  paraboloidal 
reflector  which  was  60  inches  in  diameter. 

In  all  cases  measurements  were  performed  in  planes 
parallel  to  that  of  the  screen  (i.e.  the  y  plane  of 
Fig.  1)  at  various  distances  z  from  the  screen  with  z 
ranging  from  z= 0  (aperture  field  measurements)  to 
z=10A.  The  field  distributions  were  examined  in  the 
two  mutually  perpendicular  planes  known  as  the  E  and 
H  planes;  in  the  former  the  scan  was  made  in  the 
direction  of  the  initial  incident  polarization,  while  in  the 
latter  the  scan  was  perpendicular  to  it. 

The  field  distributions  were  recorded  automatically. 
A  motor-driven  optical  bench  carried  the  probe  through 
the  field.  The  optical  bench  was  built  from  a  six-foot 
lathe  bed  and  the  probe  carriage  was  driven  along  the 
ways  of  the  lathe  by  a  lead  screw.  Rotation  of  the  lead 
screw  was  transmitted  through  appropriate  gearing  to 
a  Selsyn  generator;  by  this  means  the  motion  of  the 


paper  through  a  type  373  Airborne  Instruments 
Laboratory  rectangular  coordinate  recorder  was  made 
synchronous  with  the  motion  of  the  probe  traversing 
the  field. 

The  audio  modulation  signal  of  the  rectified  output 
was  amplified  by  a  narrow-band  amplifier.  The  amplified 
audio  component  served  to  control  the  pen  positioning 
circuits  of  the  A.I.L.  recorder.  The  combined  motion  of 
pen  and  paper  resulted  in  a  graph  of  the  relative  power 
at  the  probe  terminals,  plotted  on  a  decibel  scale,  as 
function  of  the  position  of  the  probe. 

Free-space  measurements  were  made  with  the  screen 
removed,  in  order  to  determine  the  planeness  of  the 
incident  wave  and  also  to  enable  the  intensity  of  the 
diffraction  field  to  be  normalized  to  that  of  the 
incident  wave.  It  was  found  that  over  an  area  at  least 
as  great  as  that  occupied  by  the  largest  aperture  that 
was  used,  the  power  was  effectively  constant  and  did 
not  fluctuate  by  more  than  ±0.3  decibel  about  the 
mean  level. 

With  the  electric  component  of  the  incident  wave 
taken  along  the  rr-axis  of  the  coordinate  system,  the 


Fig.  3.  Amplitude  of  the  electric  field  within  circular  apertures 

Z>=0.25X  to  D=2.0X.  17-plane  distribution.  [ -  measured; 

••  calculated  from  Bouwkamp’s  small  hole  theory;  OO  calcu¬ 
lated  from  Eq.  (1).] 
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nomenclature  describing  the  ordinates  of  the  various 
graphs  presented,  will  become  obvious  on  reference  to 
Fig.  1. 

(a)  The  Circular  Aperture 

In  Fig.  2  are  compiled  aperture  field  measurements 
(z= 0)  performed  at  a  wavelength  of  50  cm  on  circular 
apertures  of  diameters  D  from  0.25X  to  2A  (i.e.,  from 
£0=O.257r  to  2tt  where  a  is  the  radius);  all  patterns 
were  normalized  to  the  intensity  of  the  incident,  plane 
unperturbed  wave  (denoted  by  subscript  “i”).  The 
graphs  designated  by  A  and  B  are  the  E  and  H  plane 
patterns  of  the  electric  vector  while  those  denoted  by 
C  and  D  are  the  normal  and  tangential  components  of 
the  magnetic  vector,  respectively.  It  should  be  pointed 
out  that  from  conditions  of  continuity  of  the  field 
components  through  the  aperture,  the  theoretical 
requirement  follows  that  for  a  thin  perfectly  conducting 
screen,  the  tangential  component  of  the  magnetic  vector 
(II  v)  within  the  aperture  is  identically  equal  to  that  of 
the  unperturbed  incident  wave  that  would  exist  there 


Fig.  4.  The  electric  field  within  circular  apertures,  Z>=0.25X  to 

Z)=2.0X.  E-plane  distribution.  [ -  measured;  ••  calculated 

from  Bouwkamp’s  small  hole  theory;  OO  calculated  from 
Eq.  (1).] 


Fig.  5.  Amplitude  of  the  normal  component  of  the  magnetic 
field  within  circular  apertures,  V— 0.25X  to  D  =  2.0X.  17-plane 

distribution.  [ -  measured;  ••  calculated  from  Bouwkamp’s 

small  hole  theory;  OO  calculated  from  Eq.  (1).] 

in  the  absence  of  the  screen.14-24  That  this  is  nearly  so 
experimentally  can  be  seen  from  Fig.  2(D).  It  will  be 
noted  that  some  of  the  curves  in  this  figure  have 
negative  while  others  have  positive  curvature  at  the 
very  edge  of  the  aperture.  These  effects  are  believed  to 
be  due  to  the  fact  that  in  the  extreme  proximity' of  the 
diffracting  rim,  where  a  strong  component  of  electric 
field  exists  [Fig.  2(B)],  the  magnetic  probe,  being  some¬ 
what  sensitive  to  electric  field  could  pick  up  this 
signal  and  yield  erroneous  results,  the  nature  of  which 
would  depend  critically  upon  the  exact  position  and 
orientation  of  the  gap  in  the  shield  of  the  probe. 

In  Figs.  3-5  are  shown  some  of  the  measurements  of 
Fig.  2  compared  with  theoretical  predictions.  Figure  3 
gives  17-plane  patterns  of  the  electric  vector  for  the 
various  apertures,  Fig.  4  the  corresponding  E  plane 
patterns,  and  Fig.  5  the  distribution  of  the  normal 
component  of  the  magnetic  vector  of  the  electro- 

24  S.  Silver,  Antenna  Laboratory  Report  No.  163  (1949), 
Department  of  Engineering,  University  of  California.  This  was 
deduced  originally  by  H.  A.  Bethe,  Phys.  Rev.  66,  163  (1944) 
and  E.  T.  Copson  (reference  16). 
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Fig.  6.  The  electric  field  within  circular  apertures,  D=3\  to 

D=  8X.  E-  and  27-plane  distributions.  [ -  measured;  OO 

calculated  from  Eq.  (1).] 


magnetic  field,  all  measured  within  the  aperture  (z=0). 
For  the  two  smallest  apertures  (27=0.25X  and  D=0.5X) 
comparisons  are  made  with  the  small  hole  theory  of 
Bouwkamp26  (solid  circles).  It  is  seen  that  the  agree¬ 
ment  with  theory  is  good  even  though  the  latter  is  not 
strictly  applicable  to  the  larger  of  the  two  apertures 
(D=0.5X).  The  agreement  with  predictions  obtained 
from  Eq.  (1)  (open  circles)  is  very  satisfactory  except 
when  the  aperture  diameter  is  less  than  one  wavelength. 

Aperture  field  measurements  for  circular  apertures  of 
intermediate  size,  D—3\  to  D=S\,  (that  is,  ka=3ir  to 
ka  =  8ir),  carried  out  at  a  wavelength  of  3.2  cm  are 
shown  in  Fig.  6  where  again  the  agreement  with 
calculations  derived  from  Eq.  (1)  is  seen  to  be  good. 
For  the  sake  of  comparison  with  the  exact  theory  of 


Fig.  7.  The  electric  field  within  a  circular  aperture,  ka=10(D 

=  3.18X).  E-  and  27-plane  distributions.  C -  calculated  from 

the  exact  theory  of  Meixner  and  Andrejewski; - calculated 

from  Eq.  (1)G 


26  C.  J.  Bouwkamp,  Philips  Research  Repts.  5,  401  (1950). 


Meixner  and  Andrejewski,17  the  latter  author’s  calcu¬ 
lations  for  an  aperture  ka—  10  were  used  as  an  addi¬ 
tional  check  on  Eq.  (1),  although  no  experimental 
results  were  made  on  an  aperture  of  exactly  this  size; 
however,  measurements  on  the  aperture  ka—3ir  shown 
in  Fig.  6  could  be  used.  The  comparison  between  the 
two  theories  is  depicted  in  Fig.  7.  A  plot  of  the  ampli¬ 
tude  of  the  electric  field  at  the  center  of  a  circular 
aperture  as  function  of  the  aperture  size  ( ka )  appears 
in  Fig.  8.  Results  from  the  exact  theory  mentioned 
above  are  shown  by  a  heavy  line,  those  from  Eq.  (1) 
by  a  broken  line  and  experimental  data  by  solid  dots. 
As  in  the  previous  case,  Eq.  (1)  fails  when  ka<3;  that 
is,  when  the  aperture  diameter  is  less  than  about  one 
wavelength. 

Experiments  on  the  very  largest  aperture  7>=40X 
were  done  at  a  wavelength  of  1.25  cm.  No  attempt  was 
made  in  this  case,  or  in  any  of  the  work  which  follows, 
to  normalize  the  intensity  to  that  of  the  incident  wave.26 


Fig.  8.  The  electric  field  at  the  center  of  a  circular  aperture  as  a 

function  of  the  aperture  size  (ka).  measured; - calculated 

from  the  exact  theory  of  Meixner  and  Andrejewski ; - calcu¬ 

lated  from  Eq.  (1).] 

In  order  to  investigate  the  generality  of  Eq.  (1)  under 
conditions  other  than  plane  wave  illumination,  a 
small  source  was  placed  at  finite  distances  from  the 
plane  of  the  screen  thus  illuminating  it  by  a  non- 
homogeneous  spherical  wave.  Results  of  77-plane 
measurements  only  are  shown  (Fig.  9)  for  various 
distances  (z0)  of  the  source  from  the  aperture,  with  the 
source  located  on  the  axis  of  symmetry  z.  Patterns  for 
the  three  distances  zo,  namely,  Zo=100X,  89X,  and  80X 
are  given  under  captions  A ,  B ,  and  C  of  Fig.  9.  Here 
the  experimental  arrangement  was  such  that  the  taper 
in  the  amplitude  of  the  illuminating  wave  at  the  edge  of 
the  aperture  as  compared  with  that  at  the  center  was 
—3  decibels.  The  pattern  marked  D ,  measured  with 

26  The  normalizing  constant  of  the  decibel  scale  employed 
henceforth  is  arbitrary  and  the  level  of  calculated  values  is 
adjusted  to  result  in  the  best  possible  fit  with  experimental  data. 
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the  source  at  z0  =  80\  differed  from  pattern  C  in  that 
the  source  was  arranged  to  give  a  taper  of  only  —0.5 
decibels  from  center  to  edge.  The  difference  in  the  two 
patterns  (C  and  Z>),  which  resulted  from  a  difference 
in  the  amplitude  distribution  alone  (the  phase  distri¬ 
bution  remaining  unaltered),  should  be  noted.  The 
reduction  in  the  aforementioned  taper  (accompanied 
by  a  negligible  change  in  the  phase  distribution)  was 
achieved  by  replacing  a  2\  by  3  wavelengths  rectangular 
horn,  which  was  used  as  the  source,  with  an  open 
wave  guide. 

Calculations  (open  circles)  again  were  made  from 
Eq.  (I)27  taking  into  account  the  phase  and  amplitude 
distribution  of  the  incident  wave.  The  agreement  with 
measured  values  is  seen  to  be  good.  Similar  patterns, 
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Fig.  10.  The  electric  field  in  the  near-zone  of  a  circular  aperture, 
D=  7.5X,  at  various  distances  z  from  the  plane  of  the  screen. 

E-  and  //-plane  distributions.  [ - measured;  OO  calculated 

from  Eq.  (1).] 

lations  are  only  good  for  displacements  x,  y  from  the 
axis  of  symmetry  z  not  greater  than  about  D/ 4. 


Fig.  9.  Amplitude  of  the  electric  field  within  a  circular  aperture, 
D— 40X,  illuminated  by  an  inhomogeneous  spherical  wave. 

//-plane  distribution.  [ - *  measured;  OO  calculated  from 

Eq.  (1).] 

showing  the  effect  of  the  varying  phase  distribution 
upon  the  envelope  of  the  actual  diffraction  pattern 
were  observed  earlier  by  Silver  and  Ehrlich14  but  were 
not  explained  quantitatively. 

In  addition  to  the  aforementioned  aperture  field  meas¬ 
urements  near-zone  patterns  were  also  obtained  for 
distances  z  chosen  at  random  between  zero  and  ten 
wavelengths.  In  Figs.  10  and  11  are  shown  such  measure¬ 
ments  for  two  apertures  of  intermediate  size  D  =  7.5X 
and  D—  8A.  Due  to  the  difficulty  of  evaluating  the 
integral  in  Eq.  (1)  for  z>0,  a  paraxial  approximation 
was  made  and  was  used  for  comparison.8-15  The  calcu- 

27  In  D.  C.  Hogg’s  original  work  [J.  Appl.  Phys.  24, 110  (1953)3 
calculations  were  made  from  Andrew’s  semiempirical  formula 
[J.  Appl.  Phys.  21,  761  (1950)3  modified  to  allow  for  phase  and 
amplitude  variations  in  the  irradiating  wave.  However,  it  can  be 
shown  that  the  formula  used  is  derivable  from  our  Eq.  (1). 


Fig.  11.  The  electric  field  in  the  near-zone  of  a  circular  aperture, 
Z>=8.0X,  at  various  distances  z  from  the  plane  of  the  screen. 
[ - measured;  OO  calculated  from  Eq.  (1)]. 
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Fig.  12.  Amplitude  of  the  electric  field  within  and  in  the  near¬ 
zone  of  a  long  slit,  2a =3 A,  at  various  distances  z  from  the  plane 

of  the  screen.  [ -  measured;  OO  calculated  from  Eq.  (1); 

••  calculated  from  an  empirical  modification  of  Eq.  (1).] 

(b)  The  Infinite  Slit 

Measurements  on  long  slits  illuminated  by  plane 
waves  were  carried  out  at  a  wavelength  of  3.2  cm. 
Preliminary  tests  showed  that  the  slit  which  was  about 
40  wavelengths  long,  behaved  as  if  it  were  infinite  in 
that  no  change  in  any  of  the  diffraction  patterns  was 
noted  when  the  slit  was  foreshortened  by  as  much  as 
10  wavelengths.  The  incident  wave  was  plane  over  the 
slit’s  characteristic  dimension  (i.e.,  its  width  equal  to 
2a)  but  was  found  to  taper  by  about  2.5  decibels  over 
its  length;  this  taper  did  not  affect  the  diffraction 
patterns  to  any  measurable  extent,  as  was  found  by 
subsidiary  experiments. 

The  field  was  scanned  in  both  the  E  and  H  planes. 
Here,  a  more  careful  definition  of  these  planes  is 
desirable;  with  the  incident  electric  vector  in  the 
direction  of  the  long  side  of  the  slit  and  oriented  along 
the  rr-axis  of  the  previously  defined  coordinate  system, 
an  H-plane  measurement  is  a  scan  along  the  y-axis; 
an  E-plane  measurement  is  one  in  which  the  incident 
electric  component,  again  pointing  along  the  #-axis, 
is  now  oriented  perpendicular  to  the  length  of  the  slit, 
the  scan  being  made  along  the  #-axis. 

Figures  12-14  show  measurements  and  calculations 
for  three  slits  of  widths  2a=3A,  6\,  and  7A  for  a  range  of 
distances  z  varying  from  z= 0  to  s=5A  in  integral 
wavelength  steps.  Computations  from  Eq.  (1)  are 


shown  by  open  circles.  In  general  the  agreement  is 
satisfactory  except  that  in  certain  cases  marked 
discrepancies  will  be  observed:  in  the  H  planes  of 
Figs.  13  and  14  at  a  distance  z— A,  the  theoretically 
computed  maxima  and  minima  are  seen  to  be  out  of 
step  with  the  measured  patterns ;  that  is,  the  computed 
maxima  fall  on  observed  minima,  and  vice  versa.  A 
better  agreement  with  experiment  was  found  by  an 
empirical  reduction  of  the  slit  width  by  0.25 A  (solid 
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H-PLANE  E-  PLANE 

Fig.  13.  The  electric  field  within  and  in  the  near-zone  of  a  long 

slit,  2a=6A,  - *  measured;  OO  calculated  from  Eq.  (1); 

••  calculated  from  an  empirical  modification  of  Eq.  (1).] 
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Fig.  14.  The  electric  field  within  and  in  the  near-zone  of  a  long 

slit,  2a  =7 A.  £ - measured;  OO  calculated  from  Eq.  (1);  •• 

calculated  from  an  empirical  modification  of  Eq.  (1).] 
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Fig.  15.  Amplitude  of  the  electric 
field  within  elliptical  apertures  of 
various  sizes  and  shapes.  Direction 

of  scan  ( - >)  along  the  major 

diameter.  £ -  measured;  OO 

calculated  from  Eq.  (1).] 


H- PLANE  E- PLANE 


dots) ;  the  integration  in  Eq.  (1)  was  not  carried  out 
over  the  actual  slit  width  but  over  one  which  was 
one-quarter  of  a  wavelength  narrower.  In  patterns 
other  than  those  mentioned  above,  a  similar  modifi¬ 
cation  of  Eq.  (1)  resulted  in  a  somewhat  better  agree¬ 
ment  with  measurement  than  could  be  obtained  from 
the  theory  itself.  The  most  obvious  discrepancies  were 
generally  met  at  those  distances  z  behind  the  aperture 
which  marked  regions  of  transition  from  one  type  of 
field  distribution  to  another.  No  theoretical  justifi¬ 
cation  can  yet  be  given  for  this  modification  of  Eq.  (1). 

(c)  The  Elliptical  Aperture 

The  diffraction  field  of  elliptical  apertures  of  various 
eccentricities  was  examined  in  a  manner  analogous  to 
that  for  the  infinite  slit.  Here  however,  more  stress 
was  laid  upon  the  aperture  field,  chiefly  because  of 
the  difficulties  encountered  in  evaluating  the  integral 
of  Eq.  (1)  for  field  points  outside  the  aperture  plane. 
Four  ellipses  whose  major  (2a)  and  minor  (2b)  diam¬ 
eters  had  the  following  dimensions,  were  examined  as 
to  their  patterns  when  illuminated  by  a  plane  wave: 

(1)  2  a=8\;  2b=  6A 

(2)  2a— 9\]  2b=6\ 

(3)  2a—  10X;  2  b=5K 

(4)  2a=ll\;  22>  =  4X. 


Fig.  16.  The  electric  field  within  elliptical  apertures.  Direction 

of  scan  ( - >)  along  the  minor  diameter.  [ - measured ;  O  O 

calculated  from  Eq.  (1).] 
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Fig.  17.  The  measured  amplitude  of  the  electric  field  in  the 
near-zone  of  an  elliptical  aperture,  2 a—8\,  2 b—6\,  at  various 

distances  z  from  the  plane  of  the  screen.  Direction  of  scan  ( - ->) 

along  the  major  diameter. 


Two  measurements  in  both  the  E  and  H  planes  were 
needed  since  the  incident  field  could  be  oriented  with 
its  electric  vector  along  either  of  the  two  principal 
axes  of  the  ellipse.  For  the  sake  of  clarity,  diagrams 
illustrating  the  direction  of  polarization  and  direction 
of  scan  relative  to  the  ellipse,  are  included  in  Figs.  15 
and  16;  these  figures  show  some  representative  aperture- 
field  measurements  and  their  comparison  with  predic¬ 
tions  from  theory.  Finally  in  Figs.  17  and  18  are  depicted 
near  field  measurements  (z>0)  for  a  2<z=8\,  2 b=6\ 
ellipse  for  which,  however,  no  calculations  are  available. 

(d)  General  Description  of  the  Diffraction 
Patterns 

So  far  the  diffraction  from  each  one  of  the  apertures 
was  discussed  separately  and  no  attempt  was  made  to 
relate  the  observations  on  one  aperture  shape  with 
those  of  the  others.  There  are,  however,  several  charac¬ 
teristics  which  can  be  integrated  into  a  general  picture. 

A  very  striking  property  occurring  in  the  E-plane 
aperture  field  patterns  is  the  one-to-one  correspondence 
between  the  characteristic  aperture  size  and  the  number 
of  maxima  and  minima  in  the  intensity  distribution. 
Suppose  the  characteristic  dimension  of  the  aperture 
[i.e.,  diameter  (2a)  in  the  case  of  a  circle,  slit  width  (2a) 
in  the  infinite  slit  and  the  major  (2a)  or  minor  (2b) 


diameters  for  the  ellipse]  are  an  integral  number  N  of 
wavelengths  in  size.  It  is  then  found  that  there  are  N 
maxima  and  (A— 1)  minima  in  the  E-plane  patterns. 
Also  when  N  is  even,  a  minimum  appears  at  the  center 
of  the  pattern  (#,y=0)  and  a  maximum  when  N  is  odd. 
This  rule  breaks  down  for  very  long  elliptical  apertures 
when  measurements  are  made  in  the  direction  of  the 
major  diameter  and  in  all  those  cases  when  the  ir¬ 
radiating  field  is  not  plane  in  amplitude  and  phase  over 
the  face  of  the  diffracting  hole.  If  the  aperture  is  a 
nonintegral  number  of  wavelengths  in  size,  the  ampli¬ 
tude  variations  are  generally  found  to  be  small  and  the 
rule  no  longer  applies.  The  E-plane  patterns  usually 
exhibit  much  smaller  and  less  regular  variations  in 
their  amplitude  than  the  corresponding  E-plane 
measurements  and  no  simple  connection  between  the 
number  of  maxima  and  minima  and  the  aperture  size 
is  evident. 

An  interesting  point  of  contrast  in  the  aperture  field 
patterns  for  the  different  shapes  of  holes  was  also 
noted :  while  the  E-plane  measurements  for  the  circular 
aperture  exhibit  their  largest  maxima  (or  minima)  at 
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Fig.  18.  The  measured  amplitude  of  the  electric  field  in  the 
near-zone  of  an  elliptical  aperture,  2<z=8X,  2 b—6\.  Direction  of 
scan  (— >)  along  the  minor  diameter. 
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the  center  of  the  hole,  these  appear  in  the  case  of 
ellipses  in  their  focal  regions  and  are  absent  for  the 
infinite  slit  where  the  variations  are  sensibly  uniform 
over  the  whole  slit  width. 

In  measurements  made  outside  the  aperture  plane, 
one  finds  that  with  increasing  distance  z  from  the  plane 
of  the  screen,  the  E-  and  #-plane  patterns  become 
progressively  more  similar  to  each  other  and  at  suffi¬ 
ciently  large  distances  (greater  than  about  10X)  they 
become  almost  identical.  It  is  in  these  regions  that  the 
classical  Kirchoff-Fresnel  theory  (which  is  unable  to 
take  into  account  the  polarization  of  the  waves) 
predicts  measurements  with  good  accuracy  and  that  is 
why  the  theory  is  found  to  be  so  successful  in  optical 
diffraction  phenomena  in  which,  of  necessity,  measure¬ 
ments  must  be  made  at  considerable  distances  from 
the  plane  of  the  screen. 

CONCLUSIONS 

The  theoretical  and  experimental  work  on  the 
diffraction  field  of  the  circular  aperture  stimulated 
further  research  on  the  problem  for  apertures  of  other 
shapes.  The  results  presented  for  the  elliptical  hole 
and  the  infinite  slit  are  supplemented  by  an  exhaustive 
investigation  on  circular  apertures  whose  dimensions 
were  varied  over  a  range  from  one-quarter  to  forty 
wavelengths  in  diameter.  In  general,  only  the  electric 
field  was  measured;  in  a  few  cases  however,  the  mag¬ 
netic  component  was  also  obtained. 

Most  of  the  measured  field  distributions  were 
compared  with  predictions  based  upon  a  simple  ap¬ 


proximate  theory.  For  the  circular  aperture  of  diameter 
equal  to  or  greater  than  about  one  wavelength  (ka^ir) 
the  agreement  between  theory  and  experiment  was 
found  satisfactory,  irrespective  of  the  nature  of  the 
illumination  (plane  or  spherical  wave).  This  agreement 
does  not  become  substantially  worse  when  the  aperture 
shape  is  changed  from  circular  to  elliptical  or  to  a  long 
slit.  Some  discrepancies  were  noted  in  the  near  field 
of  the  slit  in  particular  in  the  regions  of  transitions 
from  one  type  of  field  distribution  to  another.  An 
empirical  modification  of  the  theory  (that  is  an  effective 
contraction  of  the  physical  slit  width)  results  in  better 
agreement  with  experiment. 

It  is  felt  by  the  authors  that  sufficient  parameters 
(a)  the  aperture  shape,  (b)  the  aperture  size,  (c)  the 
nature  of  the  illumination,  were  varied  in  the  basic 
Eq.  (1)  to  warrant  the  conclusion  that,  despite  some 
noted  discrepancies,  the  approximate  theory  predicts 
adequately  the  observed  phenomena  provided  that  the 
characteristic  aperture  dimension  is  not  less  than  about 
one  wavelength. 
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Noise  Measurements  in  Semiconductors  at  Very  Low  Frequencies* 
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The  low-frequency  noise  spectra  of  germanium  and  silicon  rectifiers  have  been  determined.  Two  methods 
were  employed :  a  numerical  analysis  according  to  the  Wiener-Khintchine  relationship,  and  a  frequency 
translation  photo  playback  method.  No  evidence  of  a  deviation  from  a  l//a(a>l)  noise  power  law  was 
found  down  to  frequencies  as  low  as  6X 10-5  cps. 


THe  dependence  of  excess  or  flicker  noise  in  semi¬ 
conductors  on  frequency  can  be  described  over  a 
large  range  of  frequency  by  the  relation 

(i) 

where  Pexc  is  the  noise  power  per  cycle,  /  is  the  fre¬ 
quency,  and  a  is  unity  or  a  little  greater.  It  is  evident 
that  this  law  cannot  hold  for  frequencies  approaching 
zero,1  for  then  the  integrated  noise  power  would 
increase  without  limit.  At  some  low  frequency  Eq.  (1) 
is  expected  to  break  down,  and  the  value  of  the  fre¬ 
quency  at  which  the  relation  begins  to  fail  would  be  a 
guide  to  understanding  the  mechanism  of  excess  noise. 
D.  K.  Baker,2  investigating  germanium  rectifiers, 
found  no  break  or  “turnover”  point  down  to  frequencies 
as  low  as  0.002  cps.  In  the  work  reported  here  measure¬ 
ments  were  made  at  even  lower  frequencies  on  both 
germanium  and  silicon  rectifiers. 

It  was  found,  as  pointed  out  by  Baker,2  that  extremely 
careful  temperature  control  is  necessary  in  order  to 
avoid  drifts  due  to  changes  in  reverse  current.  The 
temperature  control  was  achieved  by  immersing  the 
rectifier  under  investigation  in  an  oil  bath.  The  oil  was 
continuously  agitated  and  the  oil  bath  itself  was 
mounted  in  an  aquarium-type  water  bath  of  large  heat 
capacity.  The  water  circulated  continuously  and 
changes  in  temperature  were  sensed  by  a  DeKhotinsky 
two  column  mercury  thermo-regulator  which  controlled 
the  heating  elements.  Temperature  variations  greater 
than  0.005  °C  resulted  in  correlations  between  the 
noise  and  temperature  fluctuations,  observed  visually 
in  some  cases  and  by  numerical  analysis  in  others.  We 
used  a  Beckman  differential  thermometer  with  tele¬ 
scope  to  measure  temperature  changes  down  to  0.001  °C. 
When  the  temperature  changed  more  than  this  amount 
in  the  course  of  a  run,  there  was  always  a  noticeable 
drift  in  the  galvanometer  deflections.  Therefore,  we 
used  freedom  from  drift  in  the  experimental  records 
themselves  as  a  criterion  for  the  absence  of  temperature 
changes  greater  than  0.001  °C.  More  than  half  of  the 
two  score  runs  made  satisfied  this  criterion. 

The  rectifier  under  investigation  was  mounted  as  one 
arm  of  a  Wheatstone  bridge  and  the  fluctuations  about 

*  Supported  in  part  by  the  Signal  Corps. 

1  A.  van  der  Ziel,  Noise  (Prentice-Hall,  Inc.,  New  York,  1954), 
p.  318. 

2  D.  K.  Baker,  J.  Appl.  Phys.  25, 922  (1954). Ph.  D. dissertation, 
University  of  Pennsylvania,  1953. 


the  balance  condition  recorded.  Two  different  recording 
methods  were  employed  in  the  course  of  the  experi¬ 
ments  :  recording  of  the  numerical  values  of  the  visually 
observed  galvanometer  deflections  at  equally  spaced 
time  intervals  Ar,  and  photographic  recording  of  the 
deflections  on  film. 

The  numerical  data  obtained  by  visual  observation 
constituted  the  basis  for  a  quantitative  determination 
of  the  noise  power  spectrum  according  to  the  Wiener- 
Khintchine3  relationship,  which  states  that  the  auto¬ 
correlation  function  and  power  spectrum  of  a  fluctuating 
variable  are  each  other’s  Fourier  cosine  transforms. 
Standard  IBM  machine  programs  are  available  for 
determining  the  values  of  the  autocorrelation  function 
corresponding  to  correlation  times  ranging  by  steps  of 
At  from  zero  up  to  50  or  100  times  Ar;  there  are  also 
standard  IBM  methods  for  the  Fourier  inversion  of  the 
autocorrelation  function  given  in  such  a  form.  The 
Computer  Group  at  Hughes  Aircraft  Company  under 
the  direction  of  Essor  Maso  carried  out  the  necessary 
IBM  operations.  Figure  1  shows  the  power  spectrum 
determined  from  a  single  noise  run  on  a  germanium 
point  contact  rectifier;  a  50-point  program  was  used 
in  the  analysis. 

Even  with  machine  methods,  computation  of  a  50 
or  100  point  program  is  a  formidable  task,  to  say 
nothing  of  the  effort  required  to  record  the  original 
numerical  data.  It  became  evident  that  more  con¬ 
venient  recording  and  analyzing  methods  had  to  be 


ig.  1.  Germanium  point-contact  diode,  typical  low-frequency 
noise  power  spectrum  (machine  computation) . 


See  reference  1,  p.  316. 
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found.  The  method  finally  adopted  utilized  a  frequency 
translation  of  the  low-frequency  recording  into  the 
audio  range  so  that  standard  audio  analysis  methods 
could  be  employed.  Rollin  and  Templeton*  have  used 
this  principle  with  magnetic  tape  recording.  In  our 
work  a  photographic  film  recording  has  been  used 
instead.6  The  galvanometer  position  is  recorded  on  a 
slowly  moving  film  by  one  edge  of  a  light  beam  reflected 
from  the  galvanometer  mirror;  the  result  is  a  variable 
area  film  recording  of  the  galvanometer  deflection. 
After  photographic  processing,  the  film  is  looped  and 
played  back  at  a  greatly  increased  rate  past  a  light 
beam  shining  on  a  photocathode,  and  the  output  of 
the  phototube  is  applied  to  a  conventional  harmonic 
wave  analyzer.  Since  the  recording  and  playback 
speeds  are  known,  the  analysis  of  the  low-frequency 
noise  record  can  in  this  way  be  done  in  the  audio  range. 

An  analysis  of  an  individual  noise  run  of  a  silicon 
fused  junction  diode  by  means  of  the  wave  analyzer 
frequency  translation  method  is  shown  in  Fig.  2.  The 
wave  analyzer  used  gives  voltage  rather  than  power 
readings ;  therefore  the  slope  of  a  log-log  plot  of  voltage 
reading  vs  frequency  must  be  multiplied  by  —2  to 
give  a  in  Eq.  (1). 

Because  of  the  statistical  nature  of  noise,  the  results 
from  any  single  run  are  expected  to  be  quite  erratic  and 
could  at  best  show  only  a  general  trend.  If,  however, 
the  results  of  a  large  number  of  single  runs  under 
essentially  identical  conditions  are  superimposed  on  a 
log-log  plot  of  noise  voltage  vs  frequency,  as  shown  in 
Fig.  3  for  our  data  on  a  silicon  junction  rectifier,  it  is 
seen  that  the  areas  of  greatest  density  of  points  lie 
along  a  straight  line.  It  is  quite  clear  that  this  line  has 
a  slope  of  magnitude  greater  than  J  [corresponding  to 
a>  1  in  Eq.  (1)]. 

The  lowest  frequency  which  can  be  analyzed  depends 
on  the  total  observation  time  of  the  noise  fluctuations, 
the  lowest  frequency  at  which  the  wave  analyzer  is 
designed  to  operate,  and  the  available  ratio  of  recording 
to  playback  speed.  As  an  example,  suppose  the  wave 
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Fig.  2.  Silicon  PN  junction  diode,  typical  low-frequency  noise 
analysis  (photo  playback  method). 

4  B.  V.  Rollin  and  I.  M.  Templeton,  Proc.  Phys.  Soc.  (London) 
B66,  259  (1953). 

6  A  description  of  the  apparatus  is  to  be  submitted  for  publi¬ 
cation  in  another  journal. 


Fig.  3.  Silicon  PN  junction  diode,  composite  of  11  low-frequency 
noise  analyses  (photo  playback  method).  The  line  of  “best”  fit 
was  drawn  in  by  eye ;  we  do  not  wish  to  attach  significance  to  the 
numerical  value  of  a ,  except  that  it  is  greater  than  unity. 

analyzer’s  lower  limit  is  30  cps  and  the  total  observation 
time  6  hours.  Then,  for  an  analysis  down  to  0.00006  cps, 
we  need  a  speed-up  ratio  of  30  cps/0.00006  cps 
=  500  000. 

The  germanium  point  contact  diodes  in  our  experi¬ 
ments  were  reverse  biased  to  4  volts;  the  reverse 
currents  ranged  from  5  to  20  microamperes.  A  back 
bias  of  20  volts  applied  to  the  silicon  p-n  junctions  gave 
reverse  currents  of  5  to  10  microamperes.  The  silicon 
diodes  were  selected  for  relatively  high  reverse  currents 
and  had  a  rather  soft  breakdown,  most  likely  due  to  poor 
surface  conditions.  These  diodes  were  actually  chosen 
to  exhibit  high  noise.  The  magnitude  of  the  noise  power 
at  the  low  frequencies  was  calculated  for  some  of  the 
numerically  analyzed  runs.  Both  germanium  and 
silicon  rectifiers  had  noise  levels  at  0.001  cps  about  120 
db  above  thermal  noise.  Independent  noise  power 
measurements  at  1000  cps  gave  noise  levels  above 
thermal  noise  of  40-50  db  for  both  types  of  rectifiers 
used  in  this  study. 

One  of  the  numerical  runs  was  transcribed  on  film, 
so  that  the  photo  playback  analysis  could  be  compared 
with  the  machine  analysis.  The  log-log  plots  of  noise  vs 
frequency  for  both  methods  could  be  superimposed  on 
each  other,  indicating  'essential  agreement  between  the 
two  kinds  of  analysis.  This  comparison  could  have  been 
used  for  calibrating  the  photo  playback  system  to  give 
the  absolute  magnitude  of  noise  power,  but  we  did  not 
do  this,  since  our  major  objective  was  to  determine  the 
frequency  dependence. 

Our  results  indicate  no  evidence  of  a  deviation  from 
the  1//°(g>1)  excess  noise  power  law  for  germanium 
point-contact  diodes  or  silicon  fused  junction  diodes 
down  to  0.0005  cps  and  0.00006  cps  in  frequency, 
respectively.  The  deviation  of  the  excess  noise  power 
spectrum  from  its  l/fa  dependence  must  come  at  still 
lower  frequencies.  Experimental  investigation  of  still 
lower  frequencies  than  the  ones  reported  here  meets 
with  great  difficulties  in  keeping  the  parameters 
(particularly  temperature)  constant  over  the  many 
hours  required  for  the  experimental  runs. 
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Calculation  of  the  Space  Charge,  Electric  Field,  and  Free  Carrier  Concentration 

at  the  Surface  of  a  Semiconductor* 

Robert  H.  Kingston!  and  Siegfried  F.  NEUSTADTERf 
Lincoln  Laboratory ,  Massachusetts  Institute  of  Technology,  Cambridge,  Massachusetts 
(Received  November  2,  1954) 

In  the  study  of  the  surface  properties  of  semiconductors,  it  is  valuable  to  know  the  relation  between 
carrier  density  at  the  surface  and  the  shift  in  electrostatic  potential  from  the  bulk  to  the  surface.  By  a 
solution  of  Poisson’s  equation  utilizing  Boltzmann  statistics,  the  space  charge,  electric  field,  and  change  in 
free  carrier  concentration  have  been  calculated  for  a  semiconductor  surface.  The  results  are  expressed  as  a 
function  of  the  deviations  of  the  Fermi  energy  from  its  intrinsic  value  in  the  bulk  and  at  the  surface.  The 
calculated  curves  may  be  used,  for  any  nondegenerate  semiconductor  at  any  temperature,  provided  that 
the  donor  and  acceptor  levels  are  completely  ionized.  Numerical  values  are  given  for  germanium  and  silicon 
at  room  temperature. 


IN  connection  with  surface  studies  on  semiconductors 
at  this  laboratory,  the  need  arose  for  the  numerical 
relationships  between  space  charge,  carrier  concen¬ 
tration,  and  electric  field  at  a  semiconductor  surface 
as  a  function  of  the  change  in  electrostatic  potential 
from  the  bulk  to  the  surface.  These  relationships 
cannot  be  determined  explicitly,  and  a  numerical 
integration  was  performed  and  the  results  obtained  in 
graphical  form.  The  calculations  are  a  straightforward 
application  of  Shockley’s  treatment1  and  the  numerical 
results  are  felt  to  be  of  value  to  those  concerned  with 
surface  properties  of  semiconductors. 

Figure  1  shows  the  energy  band  structure  at  the 
surface  with  <f>  considered  positive  if  Ei  lies  below  Ef , 
i.e.,  if  the  material  is  w-type.  Expressions  and  graphs 
for  three  quantities  will  be  determined : 

(1)  The  space  charge  beneath  the  surface, 

(2)  The  electric  field  at  the  surface,  and 

(3)  The  change  in  both  electron  and  hole  densities 
per  unit  area  if  0  at  the  surface  changes  from 
4>b  to  05. 

In  Poisson’s  equation 

d2(j>/dx2=  — p/neo ; 
the  space  charge,  p,  is  given  by 

p=q(ND— NA+p—n), 


Fig.  1.  Energy  level  diagram. 
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1  W.  Shockley,  Bell  System  Tech.  J.  28,  435  (1949). 


where  Nd  and  N  A  are  the  fixed  ion  densities,2  and  p 
and  n  are  the  free  carrier  densities.  Now,  in  the  bulk 
of  the  material,  far  from  the  surface,  charge  neutrality 
must  exist.  Therefore,  for  0=05, 

N  d — NA  =  n — P' 

Writing  the  free  carrier  densities  as 

n = me^B}KT,  p  —  me~q*B{KT 

gives 

Nd — Na  =  2 m  sinh  (#0 b/kT ) , 
and,  in  general,  for  any  value  of  0, 

n—p=  2m  sinh  (q<f>/i<T) . 

The  resultant  equation  to  be  solved  is  therefore 
d20  2 qm/  #  q<f>B  _  q<f>\ 

— — - I  sinh - sinh —  I. 

dx2  K€ o  V  kT  kT/ 

If  we  convert  to  reduced  notation,  as  follows, 


the  equation  now  reads 
d2u  1 

— _ - (sinh  u —  sinh^  B) , 

dx2  Ld2 

where  LD  is  the  Debye  length  as  defined  by  Shockley.1 
Integrating,  from  the  bulk  toward  the  surface, 

*du/dx  /$U\  /du\  1  r>u 

1  J  —  ljj  —  1— - I  (sinhw— sinh#5)dw 

\dxf  \dx/  Ld2JuB 


2_This  assumes  that  the  donors  and  acceptors  are  completely 
ionized,  which  is  valid  for  silicon  at  room  temperature  and  above 
and  for  germanium  down  to  100°K.  For  a  general  discussion,  see 
W.  Shockley,  Electrons  and  Holes  in  Semiconductors  (D.  Van  Nos¬ 
trand,  New  York,  1950),  Chaps.  9  and  10. 
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gives  the  final  result, 
du  yft 

— =_{_ — [smhuB(uB— u)—  (coshwB“Coshw)]l.  (1) 

dx  Ld 


To  determine  the  value  of  the  field  at  the  surface,  we 
let  u=us ; 


£.=-(-)  =(~p) 

\dx/  w  s  \qLi )/ 


F(us,ub), 


where  we  put 

F  (us,u  B )  =  V2  [sinhw  b{ub—u8)  —  (coshw^ — coshws)  ]  h 


Similarly,  by  Gauss'  law  the  space  charge  required  to 
produce  this  field  is 

Q8  =  K6oEs=KeQ( - 

V  qLi >/ 


Fig.  2.  F{usMb )  vs  us  for  various  values  of  ub . 


These  expressions  for  the  charge  and  the  field  may  be 
rewritten,  after  substitution  for  LD ,  as 


Q8=2qniLDF(us,uB) 

and 

2  qUiLD 

Es = - F  ( us,uB ) . 

K€  0 


To  determine  the  change  in  holes  and  electrons  per 
unit  area  if  the  u  at  the  surface  is  shifted  from  ub 
to  a  final  value  ,  it  is  necessary  to  evaluate  the 
following  two  expressions : 

A P—ni  j  (e~u—  e~uF)dxy 


AN 


(eu—euB)dx. 


Fig.  3.  G(us,ub )  vs  us  for  various  values  of  ub . 


Considering  the  expression  for  the  hole  density  and 
substituting  from  Eq.  (1)  gives 

fus  (e~u—  e~uF) 

AP—niLjy  I  - du, 

Jus  F(u,ub) 


which  is  rewritten 

A  P = fiiLDG  ( us,uB ) 

and  thus  describes  the  function,  G .  Symmetry  con¬ 
siderations  lead  to  the  complementary  form 

AN  ~7iiLi)G{ — Us ,  —  Ub), 

giving  the  change  in  electron  density  at  the  surface. 

The  functions,  F  and  G,  have  been  plotted  in  Figs. 
2-4,  for  integral  values  of  uB  with  Us  as  the  independent 
parameter.  Also  shown  on  the  charts  is  the  sign  of 
the  function,  which,  if  positive  for  F,  gives  positive 
space  charge  and  electric  field  pointing  from  the  bulk 
to  the  surface;  if  positive  for  G,  gives  an  increase  in 


Fig.  4.  G(us,ub)  vs  us  for  various  values  of  uB. 


720 


R.  H.  KINGSTON  AND  S.  F.  NEUSTADTER 


Table  I.  Numerical  conversion  values  for  germanium 
and  silicon  at  25  °C. 


Germanium 

Silicon 

Qs  (coulombs/ 

cm2) 

5.2X10  ~1qF{us,ub) 

1.3X10  -uF(us,ub) 

Es  (volt/cm) 

370 F(us,ub) 

12  E{us,ub) 

AP(holes/cm2) 

1 . 6  X 1 09Cr  ( us,ub  ) 

4.2  X  1076t(«53wr) 

AN  (electrons/ 

cm2) 

1.6X10  *G(-us,-ub) 

4.2  X  107G(— us, — ub) 

the  carrier  density  considered.  The  pertinent  formulas 
are  summarized  below  with  numerical  values  of  the 
coefficients  for  germanium  at  25 °C.  For  values  of  uB 
less  than  zero,  the  additional  identity  for  F  may  be 


derived  by  symmetry  considerations. 

Qs=2qniLDF(us,uB), 

F  ( Us,Ub )  ~  —F(—Us,~  Ub)  , 

2qniLn 

Es  =  - - F{us,uB), 

K€o 

A  P = niLj)G  (us,uB) , 

AN = niLDG  {—us,  —  ub)  . 

In  Table  I  the  pertinent  formulas  are  given  for 
germanium  and  silicon  at  25 °C.  We  wish  to  thank 
Gertrude  J.  Durfee  for  the  numerical  calculations. 
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Currents  preceding  breakdown  have  been  measured  between  closely  spaced  tungsten  electrodes  in  high 
vacuum.  It  is  found  that  field  emission  currents  sufficient  to  evaporate  anode  metal  flow  before  breakdown. 

These  currents  follow  the  Fowler-Nordheim  equation  when  field  magnification  due  to  surface  irregularities 
on  the  cathode  is  taken  into  account.  The  field  magnification  is  a  function  of  distance  at  electrode  separations 
less  than  4X10-4  cm. 

Explanation  of  the  observed  breakdown  at  low  voltage  and  small  spacing  requires  an  unusually  high 
yield  of  electrons  at  the  cathode  per  ion  formed  in  the  gap.  Furthermore  there  is  no  measurable  direct 
enhancement  of  the  current  by  ionization  even  at  higher  voltages.  The  high  electron  yield  must  therefore 
exist  over  the  entire  observed  range  of  breakdown  voltages.  This  high  yield  is  satisfactorily  accounted  for 
by  the  increase  in  field  emission  due  to  the  positive  ion  space  charge,  which  in  turn  increases  the  positive 
ion  current  density  until  there  is  breakdown.  It  is  shown  that  breakdown  occurs  when  the  field  emission 
current  is  increased  by  only  65  percent.  This  condition  is  reached  with  the  ion  current  density  much  smaller 
than  the  electron  current  density. 


INTRODUCTION 

THE  electrical  breakdown  between  plane  parallel 
clean  metal  surfaces  in  high  vacuum  has  been 
investigated  for  gaps  shorter  then  8X 10-4  cm,  where 
the  breakdown  voltage  is  less  then  2.2  kilovolts. 
While  such  short  gaps  may  be  of  little  practical  impor¬ 
tance  in  themselves,  these  experiments  clarify  the 
physical  principles  involved  and  are  important  in 
understanding  breakdowns  that  occur  between  electrical 
contacts  at  low  voltages  in  air. 

It  is  shown  that,  for  the  majority  of  the  breakdowns, 
field  emission  currents  from  small  irregularities  on  the 
cathode  evaporate  metal  from  the  anode,  and  that 
breakdown  occurs  in  the  resulting  vapor.  Occasionally, 
for  very  small  irregularities,  the  cathode  may  be 
evaporated  by  Joule  heating  because  of  the  high 
current  density  in  the  metal,  as  has  been  observed  by 
Dyke  and  Troian1  for  the  very  special  geometry  of  the 
field  emission  microscope.  For  short  gaps,  however, 

1 W.  P.  Dyke  and  J.  K.  Troian,  Phys.  Rev.  89,  799  (1953). 


the  vapor  is  less  likely  to  arise  from  the  cathode  than 
from  the  anode,  since  it  can  be  shown  for  most  of  the 
irregularities  which  occur  that  the  power  density 
arriving  at  the  anode  surface  is  much  greater  than 
that  dissipated  in  the  region  beneath  the  cathode 
surface.  Furthermore,  the  “tilt,”  observed  by  Dyke 
and  Troian  caused  by  increasing  emission  as  the 
cathode  is  heated,  is  never  observed  in  our  experiments. 

Short  gap  breakdowns  in  metal  vapor,  unlike  the 
usual  Townsend  breakdown,  occur  even  when  the 
multiplicaion  of  the  electron  current  by  ionization 
in  the  gas  is  quite  small.  This  is  made  possible  by  the 
high  yield  of  electrons  at  the  cathode  per  positive 
ion  created  in  the  gap.  This  high  “y”  is  caused  by  the 
high  field  present  at  the  cathode  at  breakdown.  It  is 
not,  however,  a  positive  ion  “7”  process  in  the  usual 
sense,  in  that  the  collective  space  charge  of  the  ions  is 
responsible  for  the  increased  emission,  rather  than  the 
processes  associated  with  the  impact  of  a  single  ion 
on  the  cathode. 
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PULSER  CURRENT 

METER 


Fig.  1.  Block  diagram  of  equipment  for  measurement  of  currents 
between  closely  spaced  electrodes. 

EXPERIMENTAL  PROCEDURE 

In  all  of  the  experiments  reported  here  the  electrodes 
consist  of  a  pair  of  crossed  tungsten  wires  0.75  mm 
in  diameter.  One  electrode  is  fixed  to  a  glass  cantilever 
bar  which  gives  a  mechanical  reduction  of  60.  A 
micrometer  acting  through  a  sylphon  bellows  at  the 
end  of  the  cantilever  bar  allows  the  electrode  separation 
to  be  adjusted  to  within  200  A.  A  thorough  baking  of 
the  vacuum  system  at  400°C  and  a  further  outgassing 
of  the  electrodes  at  1800°C  gave  an  operating  pressure 
of  10-9  mm  Hg.  By  using  a  blocking  condenser,  either 
steady  or  pulse  voltages  or  both  could  be  applied  to 
the  electrodes.  Pulsed  prebreakdown  currents  were 
displayed  on  an  oscilloscope  through  a  wide  band 
amplifier  with  a  rise  time  of  7X10-9  second.  A  block 
diagram  of  the  system  is  shown  in  Fig.  1. 

FIELD  EMISSION  CURRENTS 

Steady  field  emission  currents  up  to  about  100 
microamperes  and  pulsed  currents  up  to  several 
milliamperes  could  be  drawn  across  the  gap.  Oscilloscope 
traces  of  the  voltage  pulse  and  the  resulting  field 
emission  current  pulse  are  shown  in  Fig.  2.  That  these 
are  indeed  field  emission  currents  follows  directly 
from  the  strong  voltage  dependence  and  the  agreement 
with  the  Fowler-Nordheim  equation2  to  be  shown  below. 


Fig.  2.  Oscilloscope  trace  of  1  n sec  voltage  pulse  (left)  and  resulting 
field  emission  current  pulse  (right). 


2  R  H.  Fowler  and  L.  W.  Nordheim,  Proc.  Roy.  Soc.  (London) 
A119,  173  (1928). 


It  was  not  possible  under  controlled  conditions  to 
carry  the  direct  currents  up  to  as  large  a  value  as  the 
pulsed  currents  because  of  the  bulk  heating  of  the 
electrodes  and  the  resulting  change  in  the  electrode 
separation. 

Figure  3  shows  field  emission  currents  at  an  electrode 
separation  of  19  000  A  plotted  against  1/F.  The  curve 
follows  smoothly  from  the  dc  to  the  pulsed  region  with 
some  evidence  of  space  charge  saturation  at  the  highest 
currents.  From  the  linearity  of  the  curve  one  must 
conclude  that  most  of  the  current  is  being  drawn  from  a 
single  surface  irregularity.  If  two  or  more  separate 
regions  were  effective  the  curve  would  be  concave 
upwards  with  the  region  with  large  emitting  area 
effective  at  low  voltages  and  the  region  with  large 
field  multiplication  effective  at  large  voltages. 


Fig.  3.  Logarithm  of  current  vs  1/F  for  contacts  spaced  at  19000  A. 

This  curve  yields  j3=  11,  A  =  3X10-11  cm2  for  3>  =  5  volts. 

From  the  slope  of  the  curve,  using  an  approximate 
value  of  5  volts  for  the  work  function  of  the  tungsten 
surface,  one  finds  that  the  field  multiplication  by 
irregularities  on  the  surface  is  about  11  for  this  electrode 
separation.  This  may  be  obtained  directly  from  the 
Fowler-Nordheim  equation.  This  yields  the  true  field 
at  the  surface,  and  from  it  the  effective  emitting  area 
can  be  calculated.  In  Table  I  are  presented,  for  each  of 
four  different  surface  irregularities,  the  field  multiplica¬ 
tion,  /?,  at  the  surface  and  the  emitting  area  as  these 
are  calculated. 

It  is  evident  that  the  field  multiplication  for  any 
particular  surface  irregularity  must  decrease  with 
decreasing  electrode  separation,  when  the  separation 
is  measured  from  the  anode  surface  to  the  tip  of  the 
irregularity.  At  some  small  electrode  separation  where 
the  radius  of  curvature  of  the  surface  irregularity  is 
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Table  I.  Examples  of  field  multiplication  and  emitting  areas  of 
surface  irregularities. 


Distance 

Field  mult, 
factor,  0 

Emitting 
area,  cm2 

Diameter  of 
circular  area 

No.  1 

9000  A 

13 

1.7X10-13 

50  A 

No.  2 

24  500  A 

14 

1.6X10~10 

1400  A 

No.  3 

44  500  A 

22 

7.7  X10-13 

100  A 

No.  4 

19  000  A 

11 

3.0X10-11 

600  A 

much  larger  than  the  electrode  separation  the  field 
multiplication  must  be  unity. 

In  order  to  follow  the  variation  of  (3  with  distance, 
the  potential  to  draw  some  fixed  small  field  emission 
current  (10-8  ampere)  was  measured  as  a  function  of 
electrode  separation.  From  this  one  can  calculate  as  a 
function  of  distance  the  apparent  field  necessary  to 
draw  this  current  from  a  particular  regularity.  Using 
an  effective  emitting  area  obtained  from  a  Fowler- 
Nordheim  plot  taken  at  one  of  these  distances,  the 
true  field  required  to  draw  this  current  is  determined. 
The  field  multiplication,  /3,  follows  directly.  Curves 
for  these  experimental  observations  are  presented  in 
Figs.  4  and  5. 

MAXIMUM  PREBREAKDOWN  CURRENTS 

It  was  found  that  at  any  particular  electrode  spacing 
the  maximum  pulse  current  before  breakdown  varied 
between  certain  limits.  These  limits  differed  by  a  factor 
of  about  five.  In  order  to  smooth  out  this  random 
variation,  the  average  of  100  maximum  prebreakdown 
currents  was  determined  for  each  particular  value  of 
the  pulse  voltage  over  a  range  of  pulse  voltages. 
Experimentally  it  was  more  convenient  to  set  the  pulse 
voltage  at  a  known  value  and  then  close  up  the  elec¬ 
trodes,  rather  than  to  set  the  electrode  separation  and 
then  raise  the  pulse  voltage.  These  averages  of  the 
maximum  prebreakdown  currents  are  presented  in 
Fig.  6  as  a  function  of  pulse  voltage.  Making  use  of  the 
known  approximate  variation  of  the  field  intensification 
at  the  surface  with  distance,  the  maximum  prebreak¬ 
down  current  as  a  function  of  distance  can  be  calculated. 


Fig.  4.  Voltage  and  apparent  field  required  to  draw  a  field 
emission  current  of  10-8  amp  plotted  against  electrode  spacing 
from  a  particular  cathode  irregularity. 


The  breakdown  voltage  and  the  breakdown  current  are 
presented  as  a  function  of  distance  in  Fig.  7. 

The  increase  in  apparent  field  at  the  shortest  distances 
in  Fig.  7  is  a  consequence  of  the  decrease  in  the  field 
multiplication  of  surface  irregularities  at  small  distances. 
The  observed  increase  in  maximum  prebreakdown 
currents  with  distance  has  little  effect  on  the  breakdown 
field  because  of  the  extreme  sensitivity  of  the  field 
emission  currents  to  small  changes  in  field.  Thus 
breakdown  fields  increase  at  very  small  distances  for 
practically  all  metal  surfaces,  since  no  known  means  of 
polishing  metal  removes  the  submicroscopic  irregulari¬ 
ties.3 

THE  PRESENCE  OF  METAL  VAPOR  IN  THE  GAP 

Experimentally  the  maximum  prebreakdown  current 
increases  linearly  with  distance,  and  the  breakdown 
voltage  increases  in  a  rather  similar  fashion.  It  follows, 
if  one  assumes  linear  spreading  of  the  electron  beam 
from  the  emitting  area  on  the  cathode,  that  some  critical 
power  flux  at  the  anode  determines  the  point  of  initia- 


Fig.  5.  Field  multiplication  vs  electrode  spacing.  The  points 
are  derived  from  the  constant  current  plot  and  are  for  a  particular 
cathode  irregularity. 

tion  of  the  breakdown.  Calculation  of  the  actual  power 
flux  requires  a  knowledge  of  the  electron  trajectories, 
which,  in  turn,  necessitates  the  choice  of  a  model  for 
the  cathode  surface  irregularity  giving  rise  to  the 
emission.  It  will  be  shown  that  after  the  heat  conducted 
away  from  the  anode  spot  has  been  taken  into  account, 
the  remaining  power  is  sufficient  to  create  a  considerable 
vapor  density.  The  breakdown  is  then,  in  fact,  a  gas 
breakdown. 

Consider,  for  example,  a  breakdown  at  two  kilovolts. 
The  gap  is  then  7.5 X  10~4  cm  and  the  average  maximum 
prebreakdown  power  is  26  watts.  Let  us  compute  the 
size  of  a  flat  circular  disk  on  the  anode  sufficiently 
large  to  conduct  this  power  away  in  a  steady  state  when 
the  surface  is  at  the  boiling  point.  The  power  carried 
away  by  thermal  conduction  is  Pc=4ATjBp  where  K 
is  the  thermal  conductivity,  TB  the  boiling  temperature, 
and  p  the  radius  of  the  anode  disk.  Using  the  appropriate 
values  for  tungsten,  one  finds  that  to  carry  away  26 

3  C.  G.  Morgan  and  D.  Harcombe,  Proc.  Phys.  Soc.  (London) 
B66,  665  (1953);  F.  L.  Jones  and  C.  G.  Morgan,  Proc.  Roy.  Soc. 
(London)  A218,  88  (1953). 
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watts  the  radius  of  the  anode  disk  would  have  to  be 
p  =  1 . 1 X 10“ 3  cm.  The  electron  beam  would  have  to 
diverge  at  an  angle  of  56°  to  the  normal  to  the  cathode 
surface.  This  angle  is  much  larger  than  can  be  attributed 
to  any  surface  irregularity  which  yields  the  observed 
curve  of  field  multiplication  vs  distance  (Fig.  5).  One 
is  thus  led  to  conclude  that  this  situation  is  impossible 
and  that  an  appreciable  fraction  of  the  anode  power  is 
used  in  evaporating  anode  material.  If  the  spreading 
of  the  electron  beam  is  20°,  which  is  still  quite  large 
for  reasonable  shapes  of  the  cathode  irregularity,  one 
has  a  radius  of  2.7X10-4  cm  at  the  anode,  and  only 
6.5  watts  can  be  conducted  away.  The  pressure  of 
evaporated  metal  at  the  anode,  ph  can  then  be  com¬ 
puted  from  the  formula4 

PE=3.Sap2pi{m/RTB)^  (1) 

where  PE  is  the  power  used  in  evaporating  metal,  a  is 
the  energy  necessary  to  evaporate  one  gram,  and  m 
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Fig.  7.  Maximum  prebreakdown  current  ( - )  and  breakdown 

voltage  ( - )  vs  electrode  spacing. 


Fig.  6.  Maximum  prebreakdown  current  vs  pulse  voltage. 

is  the  atomic  mass.  This  yields  a  pressure  pi  of  670 
atmospheres  at  the  boiling  point,  or  a  density  about 
35  times  that  at  NTP.  Of  course,  under  such  circum¬ 
stances  the  use  of  free  space  electron  trajectories  is  not 
valid,  and  the  beam  would  spread  by  more  than  20°. 

It  appears  that  the  prebreakdown  vapor  density  is  not 
easily  susceptible  to  calculation,  but  must  surely  be 
considerable. 

CATHODE  PROCESSES  DURING  BREAKDOWN 

Electrical  breakdown  under  these  conditions  is  the 
result  of  gas  multiplication  in  the  metal  vapor  and  a 
secondary  process  of  enhanced  electron  emission  at  the 
cathode  due  to  the  presence  of  positive  ions  (an  effective 
7i) .  It  is  easy  to  show  that  the  7 *  encountered  in  these 
breakdowns  is  unusually  large  (>  1) .  We  know  in  the  first 
place  that  the  number  of  ionizing  collisions  per  electron 
is  very  small  because  of  the  low  voltages  at  which 

4  W.  S.  Boyle  and  L.  H.  Germer,  J.  Appl.  Phys.  26,  571  (1955), 
Eq.  (2). 


breakdown  occurs  at  very  short  distances,  and  this  is 
shown  also  directly  by  an  experiment  where  the  pulse 
voltage  is  increased  slowly  right  up  to  breakdown 
without  measurable  evidence  from  the  resulting  pre¬ 
breakdown  currents  of  gas  multiplication  (Fig.  8). 
The  small  ionization  probability  requires  a  large  7 
In  the  presence  of  a  high  field  at  the  cathode,  an 
appreciable  electron  yield  per  ion  may  result  from  a 
single  positive  ion  approaching  the  surface.6  On  the 
other  hand,  this  process  is  limited  by  the  brief  time 
the  ion  spends  within  10  A  of  the  cathode,  and  by  the 
space  charge  of  the  emitted  electrons.  The  resulting 
7 i  is  too  small  to  account  for  the  lowest  observed 
breakdown  potentials  even  under  optimum  conditions 
of  gas  multiplication.  The  large  yield  observed  is  more 
likely  the  result  of  the  increase  of  the  field  at  the  cathode 
by  the  combined  space  charge  of  all  of  the  ions  in  the 
gap.  This  is  not  the  7 *  generally  considered  in  a  Town¬ 
send  type  of  discharge,  and  does  not  yield  a  constant 
number  of  electrons  per  ion  since  for  one  additional  ion 
the  increase  in  the  number  of  electrons  depends 
strongly  on  the  number  of  ions  already  present  as  well 
as  on  the  applied  field.  This  enhancement  of  electron 
emission  by  positive  ion  space  charge  is  considered  in 
the  following  calculations  and  is  shown  to  explain 
satisfactorily  the  experimental  observations. 


Fig.  8.  Oscilloscope  trace  of  1  jusec  prebreakdown  pulse  currents 
with  uniform  voltage  increments. 


sR.  R.  Newton,  Phys.  Rev.  73,  1122  (1948). 
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Fig.  9.  Plot  of  J s' = j\e(- -  -)  and  Je=3o  exp(jlL/V)  (- — ) 
for  various  values  of  jo,  in  arbitrary  units  selected  so  that  jo—i 
at  breakdown. 

The  increment  in  field,  E+,  caused  by  the  positive 
ions  is  proportional  to  the  ion  current  density,  j+,  and 
we  can  therefore  write 

E+=Cj+  (2) 

To  a  first  approximation,  assuming  the  ions  to  be 
made  near  the  anode  and  to  proceed  without  collision 
to  the  cathode,  the  constant  C  can  be  written, 

C=40irD(m/2e)*/3V*.  (3) 

Here  D  is  the  gap  length,  V  the  voltage  across  the 
gap,  m  the  mass  of  an  ion,  and  e  the  electronic  charge. 
Since,  for  a  fixed  gas  pressure,  the  ion  current  density  is 
proportional  to  the  electron  current  density  Je  from 
the  cathode  (j+—GjE),  we  have  EA—CGjE^ 

Using  the  simplified  form  of  the  field  emission 
equation  Je—A  exp [_—B/Ej\,  and  noting  that  the  field 
at  the  cathode  is  the  sum  of  the  applied  field,  Ea ,  and 
that  due  to  the  ions,  £+,  we  have  j'e—A  exp [_—B/ 
(Ea+EA)^.  The  field  due  to  the  space  charge  of  the 
electrons  will  be  ignored. 

Now,  because  of  the  extremely  strong  dependence  of 
the  electron  current  on  the  field,  £+  need  be  but  a 
small  fraction  of  Ea  to  increase  the  current  greatly. 
EA<£Ea,  and  thus 

Je^A  exp (-B/Ea)  exp (BCGje/Ea2).  (4) 

The  gas  multiplication  factor,  for  such  high  values  of 
E/P  as  exist  in  the  gap  before  breakdown,  is  nearly 
proportional  to  the  gas  density.  This  in  turn  is  propor¬ 
tional  to  the  power  density  at  the  anode  and  thus  to 
the  electron  current  density  at  the  cathode,  if  the 
emitting  area  is  constant.  Thus  G=Tjs1  where  T  is 
independent  of  jE,  as  are  also  B  and  C.  Furthermore 
Ea  is  only  a  very  weak  function  of  js-  Replacing 


BCY/Ea 2  by  a  new  constant  M ,  Eq.  (4)  becomes 

js=jo  exp(MjE2),  (5) 

where  jo=A  exp  (—B/Ea)  is  the  current  density 
which  would  flow  due  to  the  applied  field  in  the  absence 
of  space  charge. 

A  graphical  solution  of  Eq.  (5)  (Fig.  9)  shows  that, 
for  small  values  of  jo,  there  are  two  solutions  for  j E} 
of  which  only  the  smaller  is  stable.  For  large  values  of 
jo  there  is  no  solution  and  the  breakdown  condition  has 
been  exceeded.  The  breakdown  condition  is  d[/0 
Xexp(MjV)]/dyJG7=l,  or 

2 Mj sjo  exp  (Mj E2)  =  1.  (6) 

Equations  (5)  and  (6)  together  give  just  at  breakdown 
js—  (1/2M)*= joeK  Thus  at  breakdown, 

iV/o=**=1.65.  (7) 

Translated  into  words  this  states  that  breakdown  takes 
place  when  the  positive  ion  space  charge  in  front  of 
the  cathode  becomes  sufficiently  concentrated  to 
increase  the  electron  field  emission  by  65  percent  over 
what  the  emission  would  be  without  this  ion  space 
charge. 

An  upper  limit  to  the  maximum  positive  ion  current 
density  which  can  flow  before  breakdown  will  be 
calculated,  and  from  this  an  upper  limit  to  the  probabil¬ 
ity  of  an  electron  of  the  field  emission  current  making  an 
ionizing  collision  before  it  strikes  the  anode.  A  very 
rough  calculation  is  sufficient.  One  first  examines  a 
field  emission  plot  for  a  separation  appropriate  to 
breakdown  at  800  volts.  From  this  it  is  found  that  at 
a  current  near  the  upper  limit,  close  to  breakdown,  an 
increase  of  the  field  emission  current  by  the  initial 
factor  1.65  corresponds  to  an  increase  of  about  2X106 
volts/cm  in  the  field.  This  is  the  value  of  Eff  at  break¬ 
down.  From  Eq.  (2)  with  a  numerical  value  of  the 
constant  C  from  Eq.  (3),  one  finds  that  this  increase  in 
field  corresponds  to  a  current  density  of  positive  ions 
j+  of  the  order  of  1.3X103  amp/cm2.  In  this  estimate 
the  effect  of  field  multiplication  is  neglected  because 
we  are  interested  only  in  an  upper  limit.  Now  the 
prebreakdown  current  jE  is  of  the  order  of  3X107 
amp/cm2  and  therefore  the  ratio  of  ion  to  electron 
current  densities  G=j+/jE  is  of  the  order  of  4X10™5. 
Even  if  we  assume  loss  of  ion  current  density  by  a 
factor  of  103  due  to  spreading  of  the  electron  and  ion 
beams,  we  still  find  as  an  extreme  upper  limit  to  the 
average  number  of  ionizing  collisions  per  electron  the 
figure  0.04.  It  is  clear  that  even  at  breakdown  only  a 
very  small  fraction  of  the  electrons  make  ionizing 
collisions. 

The  conclusion  from  the  above  calculation  is  that 
the  electrical  breakdown  of  a  gap  between  metal 
electrodes  in  high  vacuum  occurs  when  the  current 
flowing  between  the  electrodes  exceeds  by  65  percent 
the  field  emission  current  due  to  the  applied  field.  This 
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increment  of  current  is  almost  entirely  additional 
field  emission  current  elicited  from  the  cathode  by  the 
enchanced  field  produced  by  the  space  charge  of 
positive  ions.  Ionization  of  metal  atoms  vaporized  from 
the  anode  produces  these  ions,  but  their  number  is  so 
small  that  they  make  only  an  insignificant  addition  to 
the  total  current. 

FORMATIVE  TIME  LAG 

Evaporation  of  metal  from  the  anode  as  calculated 
above  is  based  on  thermal  conduction  loss  appropriate 
for  a  steady  state.  Until  equilibrium  is  reached  the 
conduction  loss  will  be  larger  than  for  the  steady  state. 
It  follows  then  that  there  will  always  be  a  thermal 
formative  time  lag  which  will  depend  on  the  amount  by 
which  the  critical  breakdown  current  (or  power)  is 
exceeded  and  on  the  thermal  relaxation  characteristic 
of  the  anode  conduction  process.  This  thermal  formative 
time  lag  is  not  the  formative  time  lag  usually  discussed, 
but  is  the  time  necessary  to  heat  and  evaporate  enough 
anode  material  to  give  breakdown.  The  true  formative 
time  lag  which  follows  this  would  be  very  difficult  to 
calculate,  since  7,  the  measure  of  the  secondary  process, 
is  a  function  of  the  positive  ion  current  density  and  will 
be  increasing  rapidly  in  the  course  of  breakdown. 
Experimentally  this  true  time  lag  is  found  to  be  less 
than  10r8  second  and  this  is  not  surprising  in  light  of 
the  ion  transit  time,  10-11  second,  at  these  small 
separations. 

The  time  t  for  the  surface  of  the  anode  to  reach  a 
temperature  T  for  a  given  power  input  P  is  obtained 
from  the  relation, 

(PTB/Pc)^-exp(kt/a2)  eric(kt/d)*2  (8) 

where  Pc  is  the  steady-state  conduction  loss  at  the 
boiling  temperature  TB,  k  is  the  diffusivity,  and  j 
the  radius  of  the  area  bombarded  by  the  electron  beam. 
The  additional  time  lag  required  to  build  up  the  metal 
vapor  pressure  cannot  be  estimated  since  the  breakdown 
pressure  itself  is  not  known.  The  average  of  a  series 
of  measurements  of  the  formative  time  lag  obtained 
from  pulsed  currents  raised  in  small  increments  to 
breakdown  (Fig.  8)  yields  a  time  of  0.3  /*sec  for  a 
10  percent  current  interval.  The  measurements  were 
taken  at  800  volts  and  at  this  potential  a  is  about 


5X10-5  cm  so  that,  from  Eq.  (8),  the  temperature  of 
the  surface  is  at  breakdown  within  20  percent  of  the 
final  equilibrium  value  which  would  be  attained  if 
there  were  no  loss  due  to  evaporation.  The  experiment¬ 
ally  observed  formative  time  lag  and  that  calculated 
with  these  rather  crude  approximations  are  therefore 
in  satisfactory  agreement. 

CONCLUSIONS 

Field  emission  current  can  be  drawn  between  closely 
spaced  electrodes  in  high  vacuum  without  breakdown. 
As  the  current  is  increased  by  increasing  the  field, 
anode  metal  is  evaporated  which  gives  rise  to  positive 
ions  by  electron  collisions.  Yet  even  up  to  breakdown 
there  is  no  evidence  of  gas  multiplication,  and  it  can 
be  shown  that  prior  to  breakdown  the  ion  current 
density  is  only  an  extremely  small  fraction  of  the 
electron  current  density.  After  the  field  has  been  raised 
to  a  value  high  enough  to  cause  breakdown,  there  is  a 
formative  time  lag  of  the  order  of  a  microsecond  without 
detectable  current  increase.  This  lag  is  the  time 
necessary  to  heat  and  evaporate  anode  material.  The 
actual  final  period  of  current  increase  is  too  short  to 
be  resolved  on  the  apparatus  used  (less  than  0.01 
microsecond). 

To  account  for  breakdown  it  is  necessary  to  conclude 
that  the  number  of  electrons  released  by  each  positive 
ion  is  quite  large.  It  is  shown  that  for  the  experimentally 
observed  large  breakdown  fields  the  space  charge  of 
the  positive  ions  does  account  for  such  a  high  electron 
yield,  and  furthermore  that  the  current  does  not 
greatly  increase  before  the  breakdown  condition  is 
reached. 

These  vacuum  arcs  are  closely  related  to  the  arcs 
discovered  on  closure  of  electrical  contacts  at  low 
voltage  by  Germer  et  a/.6  The  principal  difference  is 
that  the  breakdown  at  electrical  contacts  is  facilitated 
by  surface  contamination  on  the  electrodes  and  by 
molecules  of  air  in  the  gap. 

6  L.  H.  Germer  and  F.  E.  Haworth,  J.  Appl.  Phys.  20,  1085 
(1949);  L.  H.  Germer,  J.  Appl.  Phys.  22,  955  (1951);  L.  H. 
Germer,  J.  Appl.  Phys.  22,  1133  (1951);  L.  H.  Germer  and 
J.  L.  Smith,  J.  Appl.  Phys.  23,  553  (1952);  P.  Kisliuk,  J.  Appl. 
Phys.  25, 897  (1954) ;  reference  4 ;  M.  M.  Atalla,  Bell  System  Tech. 
J.  32,  1231  (1953);  32,  1493  (1953);  33,  535  (1954). 
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X-ray  diffraction  profiles  from  filed  solid  silver  specimens  were  measured  with  a  Geiger  counter  spec¬ 
trometer  using  crystal-reflected  Cu  Ka  radiation.  It  is  shown  that  for  values  of  n>7,  the  assumption  of  a 
Gauss  strain  distribution  fits  the  observed  Fourier  coefficients  far  better  than  a  Cauchy  distribution.  The 
results  obtained  from  solid  specimens  are  consistent  with  those  previously  measured  for  silver  filings.  The 
influence  of  background  errors  is  discussed. 


1.  INTRODUCTION 

THE  interpretation  of  the  Fourier  coefficients, 
obtained  from  broadened  x-ray  diffraction  lines, 
depends  on  the  type  of  strain  distribution  which  is 
assumed  to  be  present  in  the  material.  This  was  pointed 
out  in  a  recent  communication  by  Williamson  and 
Smallman,1  who  also  showed  that  the  results  they 
obtained  with  iron  and  molybdenum  filings  could  be 
interpreted  more  consistently  by  assuming  a  Cauchy 
rather  than  a  Gauss  strain  distribution  as  first  used 
by  Warren  and  Averbach.2 

The  present  authors3  have  recently  investigated  the 
broadening  of  the  diffraction  lines  of  silver  filings  and 
have  interpreted  the  observations  by  assuming  a 
Gauss  strain  distribution.  These  experiments  have 
been  repeated,  using  as  specimens  the  filed  surfaces 
of  solid  rods  of  high  purity  silver.  Such  solid  specimens 
have  the  advantage  that  the  geometrical  surface 
conditions  are  better  defined  than  for  a  powder  sample, 
which  is  particularly  important  when  the  specimen 
surface  forms  part  of  the  focusing  arrangement  as 
is  the  case  with  spectrometer  recording.  Furthermore, 
the  same  surface  is  used  for  recording  the  broadened 
and  the  sharp  peaks. 

These  advantages  seem  to  have  eliminated  certain 
difficulties  previously  encountered  with  the  interpre¬ 
tation  of  the  Fourier  coefficients  obtained  from  silver 
filings.  On  the  other  hand  the  lack  of  randomness  and 
the  appearance  of  definite  recrystallization  textures  in 
the  solid  samples  after  annealing  do  not  seem  to  limit 
the  usefulness  of  the  method,  as  good  correlation  was 
obtained  between  the  results  from  both  filings  and  solid 
silver  specimens. 

2.  EXPERIMENTAL 

Except  for  the  following  minor  variations,  the 
experimental  procedure  was  the  same  as  that  described 
for  the  investigation  on  silver  filings3:  the  x-ray  ob¬ 
servations  were  started  immediately  after  filing  the 
samples  and  the  slit  systems  of  the  spectrometer  were 

1  G.  K.  Williamson  and  R.  E.  Smallman,  Acta  Cryst.  7,  574 
(1954). 

2B.  E.  Warren  and  B.  L.  Averbach,  J.  Appl.  Rhys.  21,  595 
(1950). 

3  F.  R.  L.  Schoening  and  J.  N.  van  Niekerk,  Acta  Metallurgies 

3,  10  (1955). 


changed  to  fit  the  dimensions  of  the  plane,  filed  surface 
(25X7  mm)  of  the  solid  specimens.  The  following 
experiments  were  carried  out. 

Sample  A 

A  rod  of  high  purity  silver  (99.999  percent)  was 
filed  under  liquid  oxygen  to  present  a  plane  surface 
with  the  above  dimensions.  Immediately  after  filing, 
the  111,  200,  222,  and  400  reflections  were  meas¬ 
ured  keeping  the  sample  at  —  30°C.  While  exposing 
the  sample  to  room  temperature  (23-2 6  °C),  the  in¬ 
crease  of  the  intensity  maximum  of  the  200  reflection 
as  a  function  of  time  was  recorded.  The  sample  was 
finally  annealed  at  300 °C  for  one  hour  and  the  re¬ 
flexions  were  again  measured. 

Sample  B 

A  rod  of  high  purity  silver  was  filed  at  room  tem¬ 
perature,  dropped  into  liquid  oxygen  and  transferred 
to  the  goniometer  where  the  111,  200,  222,  and  400 
reflections  were  measured  while  keeping  the  sample  at 
—  30°C.  As  for  sample  A  the  increase  of  the  peak 
maximum  of  the  200  reflection  and  also  the  relevant 
profiles  of  the  annealed  specimen  were  again  measured. 

3.  FOURIER  ANALYSIS  OF  THE  LINE  SHAPES 

Applying  Stokes’4  correction  for  instrumental  broad¬ 
ening  and  using  Lipson  and  Beevers  strips,  Fourier 
coefficients  were  calculated.  Those  obtained  for  sample 
A  are  shown  in  Fig.  1.  The  coefficients  were  interpreted : 

(1)  by  assuming  the  strain  distribution  to  be  of  the 
Gauss  type  (InA  l  plotted  versus  Iq2), 

(2)  by  assuming  a  Cauchy  distribution  (InA  L  plotted 
versus  If). 

The  resulting  values  for  Alp  are  shown  in  Figs. 
2(a)  and  2(b).  From  these  diagrams  it  is  evident  that 


Table  I.  Particle  size  and  strain  values  obtained  from  solid 
specimens.  Corresponding  values  from  filings  are  given  in  brackets. 


Particle  size  in  A 

rms  strain  % 

Sample 

111 

100 

111 

100 

A 

230  (280) 

180  (140) 

0.40  (0.25) 

0.40 

(0.15) 

B 

270  (200) 

150  (130) 

0.37  (0.40) 

0.28 

(0.50) 

4  A.  R.  Stokes,  Proc.  Phys.  Soc.  (London)  61,  382  (1948), 
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the  assumption  of  a  Gauss  strain  distribution  leads  to 
simple  curves,  from  which  particle  sizes  as  tabulated 
in  Table  I  were  obtained.  On  the  other  hand,  the 
assumption  of  a  Cauchy  type  of  strain  distribution 
leads  to  points  on  the  graphs  which  are  typical  of  those 
which  would  obtain  if  it  is  attempted  to  approximate 
a  Gauss  distribution  by  a  Cauchy  distribution.  There 
seems  to  be  one  notable  exception  where  similar  types 
of  curves  were  obtained  [see  Fig.  2(b)].  This,  however, 
is  probably  because  of  the  relatively  small  strain  values 
present  in  this  particular  case. 

From  the  foregoing  considerations,  it  would  appear 
that  the  Gauss  function  is  a  better  approximation  of  the 
strain  distribution  in  silver  than  the  Cauchy  function. 
Accordingly,  the  rms  strain  values  were  calculated 
by  making  use  of  the  Gauss  distribution  only.  These 


Fig.  1.  Fourier  coefficients  calculated  for  solid  silver  specimens 
filed  under  liquid  oxygen  (sample  A)  x  111,  *200,  0  222, 
+400. 

values,  calculated  from  plots  of  ((e2))*  versus  L,  are 
tabulated  in  Table  I. 

4.  RECRYSTALLIZATION  AT  ROOM  TEMPERATURE 

The  increase  of  the  200  intensity  maximum  with 
time  for  the  two  samples  when  exposed  to  room  tem¬ 
perature,  is  shown  in  Fig.  3.  The  existence  of  a  definite 
incubation  period,  which  is  evident  for  one  of  the 
samples,  suggests  that  recrystallization  takes  place  in 
this  specimen. 

Further  evidence  that  both  samples  recrystallize  at 
room  temperature  is  afforded  by  the  observed  changes 
in  surface  texture  of  the  two  samples.  The  intensity 
measurements  listed  in  Table  II  reveal  a  definite  change 
in  surface  texture  of  the  samples  after  exposing  them 
to  room  temperature.  It  is  evident  that  for  both 
samples  the  contribution  from  crystallites  having  their 
{111}  planes  parallel  to  the  filed  specimen  surface 
decreases  during  annealing  at  room  temperature  while 
the  contribution  from  crystallites  with  their  {200} 
planes  parallel  to  the  surface  increases  considerably. 


LCA)— )  L(A)  > 


<.a)  (b) 

Fig.  2.  (a)  Alp  for  sample  A  (b)  Alf  for  sample  B.  x  111, 
+100,  assuming  Gauss  strain  distribution.  #111,  O  100,  as¬ 
suming  Cauchy  strain  distribution. 

5.  DISCUSSION 

Comparing  the  results  published  ’n  a  previous 
communication  on  silver  filings  with  those  obtained 
from  solid  silver  samples  (see  Table  I),  it  is  evident 
that  agreement  between  corresponding  particle  size 
values  is  excellent.  Strain  values  measured  for  the  solid 
sample  filed  under  liquid  oxygen  are  higher  than  the 
values  obtained  from  filings  under  corresponding 
conditions.  The  reason  for  this  lies  in  the  rapid  recovery 
of  such  specimens  when  exposed  to  room  temperature 
(see  Fig.  3)  as  it  must  be  remembered  that,  in  the  case 
of  filings,  the  line  profiles  were  only  measured  after  the 
filings  had  been  exposed  to  room  temperature  for  one 
hour,  the  time  necessary  for  sample  preparation.  In  the 
case  of  solid  silver  specimens,  cold  worked  at  room 
temperature,  it  is  evident  from  Fig.  3  that  a  relatively 
long  incubation  period  is  required  before  recrystalliza¬ 
tion  starts.  It  is  therefore  to  be  expected  that  corre¬ 
sponding  strain  values  measured  for  solid  specimens 
immediately  after  filing  and  for  filings  after  being 
exposed  to  room  temperature  for  one  hour  should  be 
comparable.  One  such  pair  of  strain  values  (see  Table  I) 
confirms  this.  The  discrepancy  found  in  the  other  pair 
is  probably  due  to  the  scattering  of  the  points  on  the 
rms  strain  versus  distance  plots  obtained  for  filings, 
which  made  the  extrapolations  uncertain.  From  this 
point  of  view  the  strain  values  obtained  from  the  solid 
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Fig.  3.  Percentage  increase  of  the  counting  rate  of  the  200  peak 
maximum  at  room  temperature.  Upper  curve  for  sample  filed 
under  liquid  oxygen,  lower  curve  for  sample  filed  at  room 
temperature. 
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Table  II.  Integrated  intensities  of  the  Ill  and  200  reflections. 
The  intensities  listed  under  each  sample  are  expressed  in  terms  of 
the  111  intensity  measured  immediately  after  filing  and  taken 
arbitrarily  as  unity. 


Sample  A 

Sample  B 

111 

200 

111 

200 

Immediately  after  filing 

After  800  hours  annealing 

1.00 

0.35 

1.00 

0.13 

at  room  temperature 

0.73 

1.32 

0.74 

0.51 

specimens  are  much  more  reliable  than  corresponding 
values  obtained  from  filings  which  must  be  considered 
as  representing  maximum  values. 

The  lowest  Fourier  coefficients  (Fig.  1)  were  calcu¬ 
lated  for  L  between  25  and  30  A,  that  is  for  n  about  7. 
It  is  therefore  only  possible  to  conclude  that  the  strain 
distribution  in  silver  can  be  approximated  better  by  a 
Gauss  than  by  a  Cauchy  function  for  distances  greater 
than  7  unit  cells  apart.  The  lower  Fourier  coefficients, 


in  particular  A  o,  are  severely  influenced  by  background 
errors.  Since  Ao  is  used  for  scaling  all  the  higher  coeffi¬ 
cients,  it  was  investigated  what  influence  background 
errors  amounting  to  0.3  percent  of  the  111  peak  maxi¬ 
mum  and  0.6  percent  of  the  222  peak  maximum  would 
have  on  the  results.  It  was  found  that  correction  for  such 
errors  would  make  the  straight  line  extrapolations  of 
the  Alp  versus  L  curves,  obtained  with  the  Gauss 
approximation,  cut  through  Alp=1,  but  that  it  would 
have  little  influence  on  the  shapes  of  the  curves  (derived 
from  Gauss  or  Cauchy  approximations)  for  ri>  7  and 
hence  on  the  results  obtained  in  the  foregoing  manner. 
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The  energy  relations  associated  with  the  plastic  deformation  by  cold  working  of  a  75  percent  gold— 25 
percent  silver  alloy  at  two  temperatures  were  investigated.  The  samples  were  produced  by  drilling  under 
controlled  conditions,  which  is  a  suitable  method  of  deformation.  The  energy  stored  in  the  chips  was  measured 
by  tin  solution  calorimetry  and  the  total  energy  expended  in  the  deformation  was  determined  from  dyna¬ 
mometer  measurements. 

The  results  for  cutting  with  a  drill  having  the  most  suitable  geometry  were  as  follows.  The  energy  stored  at 
room  temperature  was  0.50  cal/g  and  the  corresponding  value  for  78  °K  was  1.48  cal/g.  The  values  of  the 
total  energy  of  deformation  were  53.5  cal/g  at  room  temperature  and  109  cal/g  at  78°K.  The  true  stress-true 
strain  curve  at  room  temperature  was  normal  for  a  nonferrous  metal  and  the  curve  for  78  °K  showed  the 
behavior  expected  at  low  temperature  from  a  face-centered  cubic  metal. 


INTRODUCTION 

HE  changes  in  the  physical  properties  of  a  metal 
caused  by  cold  working  below  room  temperature 
are  of  considerable  interest.  Not  only  are  electrical 
and  mechanical  properties  different  at  different  tem¬ 
peratures,  but  by  cold  working  at  low  temperatures 
they  are  altered  to  a  greater  extent  than  by  cold 
working  at  room  temperature.  Cold  work  causes 
changes  in  such  properties  as  electrical  resistivity  by 
producing  defects  in  the  crystalline  structure.  Since 
these  defects,  such  as  dislocations,  interstitial  atoms  and 
vacancies,  also  provide  mechanisms  by  which  a  metal 
stores  energy,  it  may  be  expected  that  a  larger  amount 
of  energy  is  stored  during  cold  working  at  low  tem¬ 
peratures  than  at  room  temperature.  The  literature, 
however,  contains  little  information  on  the  energy 
stored  in  metals  deformed  at  low  temperatures. 

*  Present  address :  Murex  Welding  Processes  Ltd.,  Waltham 
Cross,  Herts.,  England. 


In  earlier  phases  of  the  research  reported  here,  a 
calorimetric  method  for  measuring  the  stored  energy 
in  a  gold-silver  alloy  was  developed.1,2  It  was  shown  also 
that  machining  by  orthogonal  cutting  is  a  suitable 
method  of  deformation  where  measurements  of  the 
stored  energy  of  cold  work  are  to  be  made.3  It  has  now 
been  found  possible  to  measure  the  energy  stored  in 
this  alloy  during  deformation  at  78  °K  by  drilling  under 
controlled  conditions,  which  may  be  considered  as 
related  to  orthogonal  cutting.  The  energy  stored  in  the 
chips  at  this  temperature  and  at  room  temperature 
was  measured  calorimetrically.  The  total  energy 
required  to  deform  the  metal  by  drilling  at  the  two 
temperatures  was  also  measured.  Tensile  tests  were 
made  on  annealed  samples  of  the  alloy  at  the  two 
temperatures. 

1  M.  B  Bever  and  L.  B.  Ticknor,  J.  Appl.  Phys.  22, 1297  (1951). 

2M.  B.  Bever  and  L.  B.  Ticknor,  Acta  Metallurgica  1,  116 
(1953). 

3  Bever,  Marshall,  and  Ticknor,  J.  Appl.  Phys.  24, 1176  (1953). 
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EXPERIMENTAL  PROCEDURES 
Cold  Working 

Figure  1  shows  the  equipment  used  for  cold  working. 
The  method  consisted  of  drilling  a  block  (A)  of  75 
percent  gold-25  percent  silver  alloy  which  was  rigidly 
mounted  on  a  thermally  insulating  base  (B).  This  base 
was  in  turn  connected  through  a  strain  ring  assembly4 
to  the  platform  of  a  drill  press.  In  this  way  the  torque 
exerted  by  the  drill  could  be  measured  and  recorded. 
The  mounting  (C)  of  the  block  was  designed  to  collect 
the  chips  in  a  small  box  (D)  located  under  the  alloy 
block. 

Cuts  were  made  at  room  temperature  and  at  78  °K 
with  straight-fluted  and  twist  drills;  the  cutting  face 
of  the  straight-fluted  drill  was  ground  radially  so  as 
to  approach  orthogonal  cutting  more  closely.  The  drills 
were  turned  at  28  rpm  and  a  feed  of  0.005  in.  per 
revolution  was  used.  By  cutting  so  slowly  the  local 
heating  of  the  chip  at  the  cutting  edge  was  reduced. 
The  room  temperature  cuts  were  made  with  the  block 
and  drill  tip  immersed  in  a  small  amount  of  carbon 
tetrachloride,  which  acted  as  a  cutting  fluid  and  cooling 
medium.  During  a  cut  the  temperature  of  the  carbon 
tetrachloride  changed  from  about  25  °C  to  about  31  °C. 
The  low-temperature  cuts  were  made  using  a  thermally 
insulating  wall  (E)  to  surround  the  alloy  block  and 
mounting,  as  shown  in  Fig.  1.  The  container  formed  by 
this  wall  and  the  thermally  insulating  base  was  filled 
with  liquid  nitrogen  which  maintained  the  block,  drill 
tip,  and  chips  at  78  °K. 

Four  cuts  could  be  made  from  each  block  of  alloy. 
The  drills  (which  ranged  in  size  from  f  in.  to  ff  in.) 
and  the  thickness  of  the  blocks  were  so  chosen  that  the 
weight  of  each  cut  was  about  12  grams.  A  pilot  hole  of 
f-in.  diameter  was  machined  in  the  block  before 
cutting  the  first  sample  to  avoid  the  extrusion  effect 
normally  occurring  at  the  center  of  a  drill. 

For  the  calorimetric  measurements  it  was  necessary 
to  know  the  weight  of  the  charge.  The  chips  produced 
at  room  temperature  could  be  weighed  directly,  but 
weighing  the  chips  cut  at  78 °K  while  preventing 
condensation  or  rise  of  temperature  (neither  of  which 
could  be  tolerated),  presented  difficulties.  These  were 
circumvented  by  obtaining  the  weight  of  the  chips 
added  to  the  calorimeter  as  the  difference  between 
the  weight  of  the  alloy  block  before  the  cut  was  made 
and  the  weight  of  the  block  and  any  remaining  chips 
after  the  calorimetric  charge  had  been  removed.  Some 
cuts  at  room  temperature,  which  were  used  as  a  check, 
confirmed  the  accuracy  of  this  method. 

The  charge  was  kept  at  78  °K  and  free  from  conden¬ 
sation  by  leaving  it  immersed  in  liquid  nitrogen  until 
it  could  be  prepared  for  adding  to  the  calorimeter. 
The  time  of  holding  was  about  two  hours. 

4  E.  G.  Loewen  and  M.  C.  Shaw,  Instruments  23,  6,  560  (1950). 


Fig.  1.  Equipment  for  cold  working  by  drilling 
under  liquid  nitrogen. 


Calorimetry 

The  calorimetric  equipment  was  that  previously 
described5  with  some  minor  modifications.  These 
modifications  included  improvements  in  vacuum  and 
in  temperature  measurement  and  control.  Also  changes 
in  the  equipment  made  it  possible  to  add  a  sample 
from  the  temperature  of  liquid  nitrogen  and  to  make 
additions  without  impairing  the  vacuum  in  the  main 
part  of  the  calorimeter. 

In  each  run  one  cold  worked  and  one  annealed 
sample  were  added  from  78°K  to  liquid  tin  at  240°C 
and  the  heat  effects  measured.  The  difference  in  these 
heat  effects  (adjusted  for  concentration5)  represented 
the  difference  in  the  energy  contents  of  the  samples  in 
their  initial  states,  that  is  the  stored  energy  of  cold 
work  at  78  °K.  Corresponding  measurements  were 
made  starting  at  0°C  to  determine  the  energy  stored 
during  drilling  at  room  temperature. 

The  composition  of  the  alloy  was  chosen  in  the  earlier 
investigations1-3  so  that  the  energy  required  to  heat 
a  sample  from  0°C  to  240°C  was  just  balanced  by  the 
heat  evolution  attending  the  dissolution  of  the  sample 
in  tin.  Under  these  circumstances  the  change,  due  to  the 
stored  energy  of  cold  work,  in  the  measured  heat  effect 
could  ideally  be  equal  to  and  in  practice  was  a  large 
part  of  the  total  heat  effect.  This  thermal  compensation 
for  any  given  composition  is  effective  only  over  definite 
temperature  intervals;  thus  the  samples  of  the  75 
percent  gold  alloy  added  from  78  °K  caused  a  relatively 

5L.  B.  Ticknor  and  M.  B.  Bever,  Trans.  Am.  Inst.  Mining 
Met.  Engrs.  194,  941  (1952). 
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Table  I.  Total  energy  required  in  drilling  experiments. 


Room  temperature 

78°K 

Type  of  drill 

in-lb/in.3 

cal/g 

in-lb/in.3 

cal/g 

Twist  drill 

295  000 

30.5 

540  000 

55.5 

Straight-fluted  drill 

520  000 

53.5 

1  060  000 

109 

large  heat  effect.  The  accuracy  to  be  expected  from 
them  is,  therefore,  less  than  from  the  samples  of  the 
same  composition  added  from  0°C. 

For  the  calorimetry  it  was  necessary  to  obtain  a 
clean  dry  sample  without  raising  the  temperature  above 
78  °K.  This  was  achieved  by  the  following  operations, 
during  all  of  which  the  sample  was  kept  immersed  in 
liquid  nitrogen.  After  drilling,  the  chips  in  the  small 
box  (D)  (Fig.  1)  were  rinsed  in  fresh  liquid  nitrogen  to 
remove  any  ice  which  may  have  condensed  during 
the  cutting  process.  The  sample,  now  clean,  was 
transferred  to  a  glass  tube  containing  and  surrounded 
by  liquid  nitrogen.  This  was  connected  to  the  addition 
arm  and  the  liquid  nitrogen  inside  the  tube  pumped  off, 
while  the  temperature  of  the  tube  and  sample  was  kept 
at  78  °K  by  the  liquid  nitrogen  surrounding  the  tube. 

The  calorimetric  procedure  from  this  point  on  and 
the  calculations  were,  with  minor  modifications,  those 
described  previously.5  The  modifications  in  the  equip¬ 
ment,  procedure,  and  calculations  will  be  reported  in 
detail  elsewhere. 

Tensile  Tests 

The  tensile  tests  were  made  on  samples  of  the  alloy 
rolled  into  strip  of  suitable  thickness.  After  shaping  in  a 
jig,  marking  with  gauge  marks  and  labelling,  all  samples 
were  annealed  at  600°C  for  30  minutes  to  obtain  a 
consistent  grain  size. 

The  stress  on  the  sample  was  exerted  by  a  dead  load 
and  measured  by  a  calibrated  strain  ring  and  recorder 
assembly.  The  extension  corresponding  to  a  given 
stress  was  measured  with  a  cathetometer ;  the  length 
after  fracture  was  determined  by  direct  measurement 
of  the  specimen.  The  tensile  testing  equipment,  which 
was  built  for  another  investigation,6  was  designed  in 
such  a  way  that  the  test  piece  and  adjacent  parts 
could  be  immersed  in  a  liquid  in  order  to  maintain  a 
constant  temperature.  In  the  present  application  the 

Table  II.  Calorimetric  measurements  of  stored  energy. 


Run  No. 

Temperature 

Type  of  drill 

cal/g 

40 

R.T. 

ff  twist  drill 

0.53 

41a 

R.T. 

|  S.F.  drill 

0.50 

87 

78°K 

f  S.F.  drill 

1.47 

92 

78°K 

f  S.F.  drill 

1.51 

94 

78  °K 

f  S.F.  drill 

1.47 

96 

78  °K 

If  twist  drill 

1.35 

6  E.  J.  Suoninen,  “Investigation  of  the  martensitic  transforma¬ 
tion  in  metastable  beta  brass/’  S.  M.  thesis,  Dept,  of  Metallurgy, 
M.I.T.,  1954. 


tests  were  made  either  at  room  temperature  in  air  or  at 
78 °K  under  liquid  nitrogen. 

EXPERIMENTAL  RESULTS 
Cold  Working 

The  energy  expended  in  cutting  the  alloy  is  given  in 
Table  I.  The  figures  reported  represent  the  average 
of  several  tests  and  have  a  mean  deviation  of  about  10 
percent.  They  were  calculated  from  the  measured 
values  of  the  torque. 

Calorimetry 

Table  II  shows  the  results  of  the  calorimetric  measure¬ 
ments  on  the  deformed  chips.  The  results  of  preliminary 
runs,  made  at  both  temperatures  of  cutting,  were 
considered  less  dependable  and  are  not  reported  here. 

Tensile  Tests 

The  results  of  the  tensile  tests  up  to  the  point  of 
maximum  load  are  given  in  Fig.  2  as  a  plot  of  true 


Fig.  2.  True  stress-true  strain  curves  for  75  percent  gold-25 
percent  silver  alloy  at  two  temperatures.  The  curves  are  carried 
only  to  maximum  load,  since  necking  prevented  measuring  the 
true  stress  beyond  this  point. 

stress  against  true  strain  for  one  specimen  of  the  alloy 
deformed  in  tension  at  room  temperature  and  two 
specimens  deformed  at  78°K.  Other  tests  showed  a 
small  scatter  on  either  side  of  those  reported  here. 
The  curves  are  carried  only  to  maximum  load,  since 
necking  prevented  measuring  the  true  stress  beyond 
this  point  up  to  fracture.  The  elongation  at  fracture, 
as  measured  directly,  was  30  percent  after  extension 
at  room  temperature  and  the  corresponding  value 
for  78  °K  was  42  percent. 

DISCUSSION  OF  RESULTS 
Cold  Working 

From  previous  results3  it  is  reasonable  to  assume 
that  not  more  than  10  percent  of  the  total  energy  is 
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required  to  overcome  friction  and  the  remainder  is 
available  for  deforming  the  alloy.  It  is  also  characteristic 
of  this  soft  gold-silver  alloy  that  only  high  rake  angle 
tools  produce  thin,  smooth  chips.  The  rake  angles  used 
were  only  about  15°  for  twist  drills  and  0°  for  straight- 
fluted  drills.  The  chips,  therefore,  were  too  irregular  to 
measure,  but  it  was  evident  that  they  had  been  de¬ 
formed  severely.  This  accounts  for  drilling  energies  at 
room  temperature  of  the  same  order  as  for  mild  steel, 
even  though  steel  has  twice  the  tensile  strength  of  the 
alloy  used  in  these  experiments.  From  an  engineering 
standpoint  it  should  be  realized  that  the  results  ob¬ 
tained  with  the  alloy  cannot  be  carried  over  directly 
to  other  metals. 

Stored  Energy 

The  energy  stored  by  the  alloy  due  to  drilling  at 
room  temperature  is  larger  than  the  values  measured 
for  other  deformation  processes  carried  out  on  this 
alloy.  The  value  of  0.52  cal/g  for  drilling  should  be 
compared  with  the  measured  maximum  values  of 
approximately  0.17  cal/g  for  rolling  strip2  and  0.34 
cal/g  for  orthogonal  cutting.3  The  difference  in  the 
stored  energies  due  to  orthogonal  cutting  with  a  15° 
rake  angle  and  drilling  with  a  twist  drill  having  the 
same  rake  angle  may  be  attributed,  at  least  in  part,  to 
the  difference  in  strain  rate  or  the  difference  in  the 
method  of  cooling  of  the  chips  or  both. 

The  most  important  finding  of  this  investigation  is 
that  the  energy  stored  due  to  drilling  at  78°K  is  roughly 
three  times  the  value  obtained  at  room  temperature. 
The  lower  value  of  two  and  one-half  times  for  the  twist 
drill  depends  on  one  measurement  only  (due  to  the 
experimental  difficulties  in  handling  the  chips  produced 
by  this  drill  at  78  °K)  and  less  significance  is,  therefore, 
assigned  to  it. 

The  literature  does  not  seem  to  record  any  other 
investigation  which  permits  a  comparison  of  the  energy 
of  cold  work  stored  at  room  temperature  and  at  a 
lower  temperature  under  otherwise  identical  conditions. 
In  one  investigation,7  copper  was  deformed  at  193°K 
and  at  93°K,  but  the  measurements  of  the  stored  energy 
were  started  at  room  temperature.  The  results  showed 
that  recovery  and  attendant  evolution  of  stored  energy 
had  started  and  in  some  cases  had  finished  below  room 
temperature  and  the  total  stored  energy,  therefore,  could 
not  be  measured.  Another  investigation8  measured  the 
energy  stored  during  compression  at  the  temperature  of 
liquid  nitrogen.  The  values  were  1.13  cal/g  for  cadmium 
and  0.53  cal/g  for  lead,  but  no  data  are  given  for  the 
energy  stored  in  these  metals  during  working  at  room 
temperature. 

7H.  Kanzaki,  J.  Phys.  Soc.  Japan  6,  456  (1951). 

8  Khotkevich,  Chaikovskii,  and  Zashkvara,  Doklady  Akad. 

Nauk  S.S.S.R.  96,  483  (1954). 


Stress-Strain  Curves 

The  true  stress-true  strain  curve  of  the  alloy  for 
room  temperature  follows  a  normal  pattern  for  non- 
ferrous  metals  in  that  it  never  becomes  a  straight  line. 
The  degree  of  strain  hardening  is  greater  in  tensile 
tests  at  78  °K  than  at  room  temperature.  The  same  is 
true  of  the  tensile  strength  and  the  elongation  at 
fracture.  The  toughness,  as  measured  by  the  area 
under  the  stress-strain  curve,  doubles  with  the  decrease 
in  temperature.  These  results  confirm  a  generalization 
for  face-centered  cubic  metals,  according  to  which  a 
decrease  in  temperature  is  accompanied  by  an  increase 
in  strength  without  a  decrease  in  ductility.9*10 

General  Comments 

As  can  be  seen  from  Tables  I  and  II,  the  energy  of 
deformation  increased  by  a  factor  of  approximately 
two  with  the  decrease  in  temperature,  while  the  stored 
energy  increased  by  a  significantly  larger  factor.  This 
increase  in  stored  energy,  therefore,  is  not  attributable 
solely  to  the  increase  in  the  energy  of  deformation. 
This  is  also  shown  by  the  essentially  identical  amounts 
of  energy  stored  at  room  temperature,  even  though  the 
energies  required  for  the  deformation  differed  by  a 
factor  of  two  for  the  two  types  of  drill. 

The  twofold  increase  in  the  energy  of  deformation 
resulting  from  the  change  from  room  temperature  to 
78  °K  may  be  compared  with  an  increase  by  a  factor 
of  only  1.4  in  the  true  stress  obtained  by  extrapolating 
the  tensile  curves  to  the  strains  expected  in  cutting. 
Obviously  the  two  types  of  deformation  are  not 
equivalent. 

The  fundamental  differences  between  cold  worked 
states  which  originate  by  working  at  different  tem¬ 
peratures,  such  as  room  temperature  and  78  °K,  may 
be  due  to  several  causes.  In  particular,  they  may  be 
caused  by  differences  in  the  type  of  imperfections  or  in 
their  number  and  distribution.  The  increase  in  stored 
energy  with  decreasing  temperature  found  in  this 
investigation  can  be  explained  by  either  or  both  of  these 
differences.  While  the  values  of  the  stored  energy  do 
not  by  themselves  provide  a  basis  for  distinguishing 
between  these  alternatives,  they  are  part  of  the  body  of 
observations  for  which  any  theory  of  cold  working 
must  account. 
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The  work  functions  of  the  low  emitting  crystallographic  planes  of  tungsten,  (Oil)  and  (112),  are  not  well 
known.  In  previous  experiments  scattered  secondaries  and  some  other  disturbing  effects  covered  the  small 
emission  particularly  of  the  (Oil)  plane.  A  method  combining  the  field  emission  microscope  with  a  probe 
collector  has  been  applied.  The  current  density  in  the  (Oil)  plane  turned  out  to  be  4  to  5  orders  of  magnitude 
smaller  than  in  strongly  emitting  planes.  Applying  the  Fowler-Nordheim  theory,  <f>on  was  found  between 
5.70  and  5.99  ev  and  <£112  between  4.65  and  4.88  ev  depending  on  the  temperature  at  which  the  tungsten 
crystal  has  been  annealed  previously.  This  is  not  a  temperature  effect  of  the  work  function,  but  the  result 
of  freezing  in  thermal  imperfections  of  the  planes.  The  work  function  of  the  ideal  (Oil)  plane  appears  to  be 
as  high  as  5.99  ev.  The  existence  of  such  a  high  value  is  further  suggested  by  the  ionization  of  aluminum 
on  a  hot  poly  crystalline  tungsten  wire,  indicating  that  a  part  of  the  surface  has  a  work  function  as  high  as 
the  5.96  ev  ionization  energy  of  aluminum. 


INTRODUCTION 

ONE  cannot  say  that  our  knowledge  of  electronic 
work  functions  of  metals  is  well  established  if  one 
considers  the  fact  of  the  crystallographic  orientation 
of  the  surface.  Actually,  the  only  reliable  experiments 
on  the  work  function  of  different  crystal  planes  have 
been  made  with  tungsten.  However,  though  this  metal 
may  be  outgassed  thoroughly,  the  data  obtained 
recently  vary  considerably,  e.g.,  between  4.65  and  5.5 
volts  for  (Oil)  as  the  basic  plane  of  the  lattice.  It  may 
be  recalled  that  the  average  effective  work  function 
of  a  polycrystalline  tungsten  surface  is  well  agreed  upon 
to  be  4.54  volts  with  an  error  of  probably  only  0.02 
volt.  Also,  there  is  good  agreement  among  various 
authors  for  the  strongly  emitting  planes.  The  experi¬ 
mental  difficulty  is  to  measure  the  much  smaller 
emission  of  the  planes  with  a  higher  work  function, 
particularly  (Oil)  and  (112),  and  perhaps  (100). 

The  application  of  field  emission  to  our  problem 
offers  some  advantages.  There  is  good  reason1,2  to 
assume  the  validity  of  the  Fowler-Nordheim3  theory 
which  suggests  plotting  lo gj/F1 2  versus  1/F  and  gives 
then  the  §  power  of  the  work  function  as  the  slope. 
The  development  of  the  smoothly  pointed  field  emitter4 
and  the  field  emission  microscope6  provided  a  cathode 
with  the  following  advantages  of  special  importance 
for  our  problem : 

(1)  All  crystallographic  planes  are  accessible  on  one 
cathode. 

(2)  A  clean  surface  can  be  obtained  easily  and  can  be 
observed  at  the  instant  of  the  measurement. 

(3)  The  work  function  is  measured  at  room  tem- 

*  This  research  was  supported  by  the  U.  S.  Air  Force,  through 
the  Office  of  Scientific  Research  of  the  Air  Research  and  Develop¬ 
ment  Command. 

1  R.  Haefer,  Z.  Physik  116,  604  (1940). 

2  W.  P.  Dyke  and  J.  K.  Troian,  Phys.  Rev.  89,  799  (1953). 

3  R.  H.  Fowler  and  L.  W.  Nordheim,  Proc.  Roy.  Soc.  (London) 
A119,  173  (1928). 

4  E.  W.  Muller,  Z.  Physik  106,  132  (1937). 

6  E.  W.  Muller,  Z.  Physik  106,  541  (1937). 


perature,  so  that  a  possible  temperature  dependence 
is  not  encountered  as  in  the  case  of  evaluating  therm¬ 
ionic  emission  by  the  Richardson  plot. 

(4)  The  emission  is  obtained  from  a  nearly  perfect 
surface  area  of  about  100  A  diameter,  with  a  minimum 
of  undesired  macrostructure  such  as  shingles,  pits,  and 
patches. 

The  main  difficulty  of  field  emission  is  the  determination 
of  the  true  field  strength  at  the  cathode  and  the  true 
current  density.  With  the  present  means  it  is  not  yet 
possible  to  measure  absolute  work  functions  accurately 
enough.  However,  since  the  work  functions  of  the 
strongly  emitting  planes  (116),  (130),  and  (111)  are 
already  well  known,  we  can  make  relative  determina¬ 
tions  for  all  other  planes  using  the  advantages  of  the 
field  emission  method. 

EXPERIMENTAL  METHOD 

In  the  first  communication  about  the  field  emission 
microscope5  the  nonuniform  distribution  of  the  current 
density  J  over  the  surface  of  the  hemispherical  tungsten 
monocrystal  had  already  been  attributed  to  the  varia¬ 
tion  of  the  work  function  over  the  different  planes.  A 
quantitative  measurement  had  then  been  made  by 
measuring  the  current  going  through  a  probe  hole  in 
the  screen.6,7  This  seems  to  remain  the  only  reliable 
method  to  deal  with  the  problem  of  measuring  current 
densities  in  the  emission  pattern.  Some  recent  investi¬ 
gations8,9  have  apparently  overlooked  the  warnings 
that  have  been  expressed  by  the  author6,10  regarding 
direct  measurements  of  screen  light  output  for  this 
purpose.  The  application  of  this  latter  method  is  very 
tempting  indeed  because  of  its  simplicity.  However,  in 
spite  of  the  complication  which  arises  from  the  necessity 

6  E.  W.  Muller,  Z.  Physik  120,  261  (1943). 

7  M.  Drechsler  and  E.  W.  Muller,  Z.  Physik  134,  208  (1953). 

8  M.  K.  Wilkinson,  J.  Appl.  Phys.  24,  1203  (1953). 

9  Dyke,  Troian,  Dolan,  and  Grundhauser,  J.  Appl.  Phys.  25, 
106  (1954). 

10  E.  W.  Muller,  Ergeb.  exakt.  Naturw.  27,  327  (1953). 
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of  a  calibration  of  the  screen  response  for  various 
electron  energies,  one  cannot  be  at  all  sure  that  the 
light  output  from  an  area  of  the  screen  is  a  simple 
function  of  the  electron  density  in  the  beam  originally 
emitted  by  the  cathode  towards  this  area.  In  fact,  the 
dark  areas  on  the  pattern  are  brightened  by  scattered 
light  from  the  bright  areas  of  the  picture,  both  by 
reflection  from  the  inner  walls  of  the  tube  and  inside  the 
phosphor,  and  further  by  total  reflection  inside  the 
glass  wall.  Another  very  disturbing  brightening  of 
the  dark  areas  is  due  to  secondary  electrons  released 
somewhere  at  the  screen  or  at  the  anode.  Also  the 
excitation  of  the  dark  screen  areas  by  soft  x-rays 
within  the  tube  cannot  be  neglected.  It  is  therefore  not 
astonishing  that  Wilkinson8  found  only  a  contrast  of 
/(oi3)//(oin  =  30,  corresponding  to  a  work  function  of 
4.58  volts  for  (Oil).  We  shall  see  later  that  the  contrast 
actually  amounts  to  104  to  105.  Dyke  et  al .9  applied 
some  measures  to  eliminate  the  optical  scattering 
effects  by  backing  the  screen  with  aluminum  and  by 
coating  the  outside  wall  of  the  tube  to  avoid  total 
reflection.  This  raised  the  contrast  J(oi3)/^coii)  im¬ 
mediately  to  1600,  corresponding  to  <^>(oid  =  5.2  volts. 
The  protection  against  optical  scattering  does  not 
reduce  the  disturbing  effect  of  secondaries  and  x-rays. 

Considering  these  circumstances  the  old  method, 
with  a  probe  hole  in  the  screen  and  direct  measurement 
of  the  electron  current,  has  been  resumed.  Two  such 
tubes  are  shown  in  Fig.  1(a)  and  1(b).  In  order  to 
bring  the  different  parts  of  the  picture  onto  the  probe 
hole,  either  the  anode  assembly  with  the  hole  is  made 


mobile  as  in  Fig.  1(a)  or  the  tip  can  be  rotated  as  in 
Fig.  1(b).  The  cathode  can  be  replaced  more  easily  in 
design  in  Fig.  1(a),  but  the  anode  assembly  can  be 
shifted  only  to  a  limited  extent.  Also  the  electron  beam 
through  the  hole  always  hits  different  parts  of  the 
collector.  The  design  in  Fig.  1  (b)  makes  it  more  difficult 
to  replace  a  cathode  tip  and  only  permits  covering  a 
stripe  of  the  pattern.  The  advantages  are  that  the  tip 
can  be  turned  to  larger  angles,  and  the  beam  always  hits 
the  same  spot  on  the  collector. 

The  collector,  which  has  to  pick  up  currents  down 
to  10“15  amp,  is  highly  insulated  and  is  close  to  ground 
potential  (+40  volts),  the  seal  being  surrounded  by  a 
guard  ring  at  the  same  potential.  The  collector  is 
completely  shielded  by  the  suppressor  being  held  at  a 
potential  of  +20  volts  with  respect  to  the  cathode. 
This  eliminates  secondaries  possibly  released  somewhere 
at  the  anode.  The  suppressor  also  allows  smooth 
operation  with  the  FP54-electrometer  amplifier,  acting 
as  a  screen  grid  against  charges  induced  by  changes 
of  the  anode  high  voltage  potential  during  the  measure¬ 
ments.  In  the  design  according  to  Fig.  1(a),  the  glass 
wall  in  the  area  opposite  to  the  gap  between  the  anode 
and  the  suppressor  was  covered  with  a  conductive 
coating  of  evaporated  molybdenum,  being  held  at 
suppressor  potential.  This  was  not  necessary  in  the 
more  closed  design  of  Fig.  1(b). 

The  hole  in  the  screen  has  a  diameter  from  2.5  to 
1.5  mm  in  the  different  tubes.  The  phosphor  coating 
covers  the  bottom  of  the  anode  cup,  leaving  free  a 
margin  of  about  1  mm  around  the  probe  hole.  This 


Fig.  1,  Experimental  field  emission  tubes:  (a)  with  adjustable  anode,  (b)  with  adjustable  cathode. 
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[  f  [,Fig.  2.  Tungsten  pattern,  (Oil)  in  center,  with  probe 
hole  adjusted  to  (012)  plane. 

prevents  a  lens  effect  on  the  passing  electron  beam 
because  of  the  voltage  difference  across  the  screen 
thickness.  The  crystallographic  plane  to  be  measured 
is  adjusted  onto  the  probe  hole  by  shifting  either  the 
anode  assembly  or  the  cathode,  while  the  fine  adjust¬ 
ment  to  the  exact  center  of  the  plane  can  be  made  by 
deflecting  the  pattern  magnetically.  Figure  2  gives  an 
indication  of  the  size  of  the  probe  hole  relative  to  the 
apparent  size  of  the  crystallographic  planes.  The 
penumbra  around  the  dark  hole  comes  from  the  light 
reflected  by  the  uncoated  nickel  sheet  carrying  the 
screen. 

All  metal  parts  of  the  tube  are  thoroughly  outgassed 
before  assembly.  The  tube  is  then  baked  out  for  several 
days.  The  metal  parts  are  heated  by  rf  to  red  heat, 
including  the  screen,  which  withstands  this  treatment 
if  the  phosphor  is  zinc  silicate  or  calcium  tungstate. 
The  cathode  and  the  getter  filaments  are  heated  close 
to  2700°C.  The  baking  out  procedure  is  then  repeated 
for  several  hours,  and  after  another  heat  treatment  of 
the  filaments  the  tube  is  sealed  off.  The  evaporation  of 
a  part  of  the  tantalum  getter  filaments  ends  the  evacua¬ 
tion  process,  yielding  a  sufficient  vacuum  to  keep  the 
field  emission  voltage-current  characteristic  unchanged 
during  the  time  required  for  the  measurements.  For  a 
given  current  the  anode  voltage  changed  by  0.1  percent 
in  24  hours  (without  heating  the  cathode  in  between, 
and  with  a  current  of  1  juA  drawn  for  only  1  min  each 
time).  No  adsorption  film  was  visible  on  the  pattern. 
This  indicates  a  vacuum  better  than  10-12  mm  of 
gases  which  can  be  adsorbed  on  tungsten  at  room 
temperature. 

MEASUREMENTS 

The  first  task  was  to  determine  favorable  voltages  for 
the  suppressor  and  the  collector.  Current-voltage 
characteristics  for  different  suppressor  voltages  were 


taken.  It  was  found  that  with  a  collector  potential 
of  40  volts  the  suppressor  voltage  may  lie  between  10 
and  30  volts  without  varying  the  collector  current 
appreciably.  The  measurements  were  finally  taken  at  a 
suppressor  potential  of  20  volts  while  the  collector  was 
kept  at  40  volts.  The  voltage  drop  across  the  input 
resistance  of  the  electrometer  amplifier  was  always  less 
than  0.05  volts  and  thus  negligible. 

Having  adjusted  the  desired  crystallographic  plane 
on  the  anode  hole,  the  procedure  for  measuring  the 
characteristics  began  by  annealing  the  tip  to  clean  it 
once  more.  After  the  cathode  was  cooled  down,  total 
emission  currents  between  10-5  and  10~8  amp  were 
drawn  and  the  anode  voltage  as  well  as  the  collector 
current  were  read.  Since  it  has  been  found  that  the 
annealing  temperature  influenced  the  characteristics 
for  the  (Oil)  and  (112)  planes,  this  temperature  was 
varied  in  different  readings.  In  each  of  the  four  tubes 
used  for  this  work,  the  emission  of  all  important  crystal¬ 
lographic  planes  that  were  accessible  were  measured. 
The  only  missing  plane  is  (100)  which  none  of  the  tubes 
allowed  to  be  centered  on  the  hole.  All  our  tips  have 
the  (011)  direction  on  the  axis,  and  the  (100)  plane  is 
45°  off,  too  far  to  be  reached  with  the  design  Fig.  1(a). 
None  of  the  patterns  obtained  with  the  tube  in  Fig. 
1(b)  had  an  azimuth  favorable  for  reading  (100), 
although  the  tip  was  replaced  three  times.  For  the 
determination  of  a  possible  temperature  dependence  of 
the  work  function,  several  runs  were  made  with  the 
tip  at  elevated  temperatures.  However,  one  could  not 
go  higher  than  500 °C  because  of  the  beginning  de¬ 
formation  of  the  tip  under  the  influence  of  surface 
migration  and  electrostatic  field  forces. 

ANALYSIS  OF  CHARACTERISTICS 


The  wave  mechanical  theory11  gives  the  following 
equation  for  the  current  density  J  in  amp/cm2  as  a 
function  of  the  field  strength  F  in  volts/cm  and  the  work 
function  in  ev : 

1.55* 10“6F2  /  6.86-lO70*\ 

/=— - exp  I - ) -v(y)  (1) 

4>  V  F  / 

where  v(y)  is  Nordheim’s  elliptic  function  of  the  variable 
y—  (3.62  •  10-4F*) /4>  in  the  form  as  corrected  by  Burgess, 
Kroemer,  and  Houston.12  It  is  convenient  to  plot  the 
measured  field  emission  characteristics  as  log//F2 
versus  1  /F,  which  gives  almost  straight  lines  since  v(y) 
varies  only  by  a  small  amount  in  the  accessible  narrow 
range  of  field  strength.  The  slope  of  the  Fowler- 
Nordheim  characteristic  is: 


d  logio//F2 

dWF) 


(y  dv\ 

v - I 

2  dyf 


(2) 


a=-2.98-107^(y).  (3) 


11  A.  Sommerfeld  and  H.  Bethe,  Handbuch  d.  Physik  24,  2, 
438  (1933). 

12  Burgess,  Kroemer,  and  Houston,  Phys.  Rev.  90,  515  (1953). 
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The  function  s(y)  has  been  tabulated  by  Burgess, 
Kroemer,  and  Houston.  It  varies  only  between  0.95 
and  0.98  for  the  range  of  field  strength  and  work 
function  that  is  being  covered  with  our  measurements. 
This  allows  us  to  convert  the  measured  voltages  and 
total  currents  into  field  strengths  and  current  densities 
as  required  for  the  Fowler-Nordheim  plot  by  successive 
approximation.  We  then  relate  the  data  of  the  probe 
current  to  the  characteristic  for  the  total  current,  for 
which  an  average  effective  work  function  of  0  =  4.50  ev 
and  an  emitting  area  2 r2  is  assumed.  The  field  factor 
B=F/V  is  then  adjusted  by  about  3  to  5  percent  to 
give  the  total  current  plot  the  theoretical  slope 
a=  —  2.98-  107-4.50*y(y).  With  this  factor  B  the  Fowler- 
Nordheim  plot  for  the  single  crystallographic  planes  can 
be  drawn  from  the  experimental  current-voltage 
characteristics.  The  slope  of  this  almost  straight  line 
gives  then  the  desired  work  function  according  to 
Eq.  (3). 

For  the  first  approximation  described  above,  the 
radius  of  the  tip  is  calculated  with  a  semiempirical 
formula  by  Drechsler  and  Henkel,18  r= 0.0074 F*, 
which  gives  r  in  A  units  if  V  is  the  voltage  required  for 
10-6  amp  emission.  A  plot  of  the  theoretical  values  of 
log/  versus  F ,  which  have  been  handily  tabulated  by 
Dolan,14  is  then  used  to  find  the  approximate  field 
strength  producing  the  average  current  density  10 -5/ 
2r2  amp/cm2.  The  ratio  B  =  F/V  allows  then  the  first 
Fowler-Nordheim  plot  to  be  drawn  for  the  total 
current. 

The  current  density  in  the  area  cut  out  by  the  probe 
hole  is  calculated  by  dividing  the  collector  current  by 
the  size  of  the  hole  projected  back  onto  the  tip  surface. 
This  requires  knowing  the  magnification  of  the  pattern, 
which  can  be  measured  by  determining  the  distance 
from  the  (112)  to  the  (121)  plane  on  the  screen  which 
equals  r  times  the  magnification. 

Since  we  compare  only  the  relative  slopes  of  the 
Fowler-Nordheim  characteristics,  an  error  in  the  size  of 
the  tip  radius  or  in  the  effective  size  of  the  probe  area 
is  quite  negligible.  Also,  the  measurement  of  the  total 
emission  as  a  reference  is  merely  a  matter  of 
convenience,  one  could  as  well  compare  directly  the 
collector  currents  for  various  crystal  planes.  The 
prerequisite  of  a  uniform  field  strength  across  the  whole 
tip,  however,  is  not  completely  fulfilled.  There  are  two 
different  details  to  be  considered. 

(1)  The  geometric  shape  of  the  tip,  representing 
something  between  a  hyperboloid  and  a  spherical  bulb 
on  a  cone13  produces  a  drop  of  the  field  strength  with 
increasing  angle  from  the  apex.  The  degree  of  the  drop 
depends  on  the  special  shape  of  the  tip.  In  the  present 
work  only  “wide  angle”  tips  have  been  used,  that  is 
tips  having  a  neck  behind  the  spherical  end.  They  show 
at  the  periphery  of  the  pattern  the  (Oil)  and  the 
(011)  planes  simultaneously,  which  are  opposite  each 

18  M.  Drechsler  and  E.  Henkel,  Z.  angew.  Phys.  6,  341  (1954). 

14  W.  W.  Dolan,  Phys.  Rev.  91,  510  (1953). 


other,  180°  apart.  Such  tips  can  be  made  by  a  proper 
etching  process.  They  give  a  very  slow  drop  of  F  with 
increasing  apex  angle.  The  drop  can  be  determined 
quite  accurately  by  comparing  the  slopes  of  jpairs  of 
pjanes  with  the  same  Miller  indices,  such  as  (233)  and 
(332),  and  different  angular  distances  0  from  the  apex. 
A  drop  of  0.15  percent  per  degree  was  found  in  good 
agreement  with  Dyke  and  Troian.2  This  figure  was 
used  for  the  conversion  of  the  measured  voltages  into 
true  field  strengths  on  the  different  planes. 

(2)  Electron  microscope  studies  in  which  the  tip 
could  be  turned  around  its  axis  revealed  that  there  is  a 
slight  deformation  of  the  hemispherical  cap  at  the 
location  of  the  (Oil)  planes.  Field  emission  microscopy 
shows  that  these  planes  are  completely  flat  within 
an  angle  of  0=5.5°  to  7°  from  the  axis.  The  resulting 
reduction  of  the  field  strength  at  the  flat  center  of  the 
spherical  cap  was  determined  by  two  ways.  A  metal 
model  of  a  tip  was  made  consisting  of  a  rod  3  in. 
diameter  ending  in  a  hemisphere.  The  anode  was 
represented  by  a  metal  sheet  cap  of  7  in.  radius  of 
curvature  concentric  to  the  tip  hemisphere.  The 
field  strength  which  appeared  at  a  given  voltage  between 
the  tip  and  the  anode  was  determined  by  measuring 
the  mechanical  force  P=  (F2/87r)  dyne/cm2  (F  in 
electrostatic  units).  This  could  be  done  by  observing  the 
voltage  which  was  just  sufficient  to  lift  up  a  J  in. 
diameter  disk  of  aluminum  foil  placed  on  the  apex. 
This  method  should  yield  accurate  values  because  of  the 
dependence  on  the  square  of  F.  The  adhesion  forces  of 
the  aluminum  foil  to  the  metal  tip  were  made  less 
erratic  by  coating  the  tip  model  with  graphite.  Fifty 
measurements  were  taken,  therefore,  and  a  distribution 
curve  plotted  which  had  a  width  of  about  600  volts  at 
a  total  voltage  of  9100  volts.  A  second  and  a  third 
series  of  measurements  were  then  taken  with  the  tip 
hemisphere  flattened  to  an  angle  of  0=7°  and  10°, 
respectively.  The  new  distribution  curves  were  very 
similar  to  the  first  one  except  for  a  shift  of  750  or  1300 
volts,  respectively,  representing  a  drop  of  the  field 
strength  by  6  or  14  percent  caused  by  the  flat  on  the 
apex.  Plotting  this  as  a  function  of  the  half-angle  0  of 
the  flat  we  find  for  our  (Oil)  planes  with  0=7°  a  field 
drop  of  6  percent  in  the  apex,  and  for  0=5.5°,  3  per¬ 
cent.  The  latter  value  agrees  with  the  result  of  another 
method.  Under  certain  conditions,  an  absorption  film 
of  aluminum  oxide  on  tungsten  shows  in  the  field  emis¬ 
sion  microscope  a  homogeneous  layer  on  the  (Oil)  plane 
with  roughly  hexagonal  periphery  and  without  any 
details  in  it  except  a  gentle  drop  of  intensity  towards  the 
center.  The  current  density  of  the  emission  of  this  film 
corresponds  to  about  0  =  4.5  ev,  and  the  dip  in  the 
center  owing  to  the  field  drop  was  measured  photo¬ 
metrically  to  be  0.65  at  40*  106  volt/ cm  and  0.50  at 
30 -106  volt/cm.  Both  values  correspond  to  a  field  drop 
of  3  percent  in  the  center  of  the  (Oil)  plane.  This  figure 
was  then  used  in  the  final  reduction  of  the  (Oil)  char¬ 
acteristic. 
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Fig  .”3  .Towler-Nordheim  plots~bf]field  emission 
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RESULTS 

Fowler-Nordheim  plots  of  some  characteristics  are 
presented  in  Fig.  3.  Field  reductions  of  3  percent  for 
the  (Oil)  plane  with  5.5°  half-angle,  and  of  0.5  percent 
for  the  (112)  plane  with  2.5°  half-angle,  and  for  the 
various  distances  from  the  apex  are  taken  into  account. 
Table  I  presents  the  data  obtained  with  a  tube  accord¬ 
ing  to  Fig.  1(b).  These  are  averages  from  3  to  5  runs 
at  different  tip  radii.  The  results  of  the  other  tubes  fall 
within  the  range  of  the  error  for  a  single  measurement 
which  is  estimated  to  be  less  than  1  percent  for  the 
strongly  emitting  planes  and  1.5  percent  for  the  (Oil) 
plane.  The  recent  results  of  thermionic  measurements 
by  Smith15  are  given  for  comparison.  The  agreement  at 
the  strongly  emitting  planes  (116)  and  (111)  is  perfect, 
so  that  our  assumption  of  an  average  work  function  of 
4.50  volt  seems  to  be  justified.  A  striking  difference, 
however,  appears  at  the  (112)  and  particularly  at  the 
(Oil)  plane.  The  high  value  for  the  latter  was  not  unex¬ 
pected,  since  5.7  to  6.0  ev  was  found  with  the  same 


Table  I. 


Plane 

^Field  emission 

^Smith 

(116) 

4.30 

4.29 

(013) 

4.31 

. . . 

(012) 

4.34 

(122) 

4.35 

(111) 

4.39 

4.39 

(233) 

4.46 

(123) 

4.52 

4.65 

(112) 

4.65  to  4.88 

(on) 

5.70  to  5.99 

5.26  estimated 

16  G.  F.  Smith,  Phys.  Rev.  94,  295  (1954). 


method,  though  less  elaborate,  several  years  ago  by  the 
author.6-7  It  is  clear  that  other  recent  attempts  to  meas- 
sure  0(oii)  must  have  been  inaccurate  because  of  the 
failure  to  avoid  secondary  emission,  light  scattering,  and 
x-rays  which  cover  the  weak  emission  of  that  plane.  Less 
comforting  was  the  erratic  scattering  of  the  data  until 
it  was  found  that  the  value  of  0  depended  on  the 
annealing  temperature  which  had  been  applied  to  the 
tip  before  the  run.  Figure  4  shows  a  graph  of  the  data 
for  0(oii)  and  0(n 2>  as  a  function  of  the  annealing 
temperature.  The  tip  was  heated  for  2  to  5  seconds  in 
the  high  temperature  range  and  up  to  10  minutes  in  the 
lower  range,  and  then  the  heater  current  suddenly 
turned  off.  Annealing  a  tungsten  tip  at  low  tempera¬ 
tures  increases  the  size  of  the  low  emitting  planes.16 
Our  measurements  with  a  field  ion  microscope,10-17 
which  shows  directly  the  edges  of  the  net  planes,  give 
an  increase  of  the  half-angle  6  of  the  flat  from  5.5°  to  7° 
at  the  (Oil)  plane,  and  of  2.5°  to  4.5°  at  the  (112) 
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Fig.  4.  Work  function  of  (Oil)  and  (112)  plane  as  a  function 
of  the  temperature  at  which  the  cathode  was  annealed  before  the 
measurement.  • 

plane,  when  the  annealing  temperature  is  lowered  from 
2200°C  to  1200°C.  This  reduces  the  field  in  the  center 
of  the  (011)  plane  additionally18  by  3  percent,  and  of 
the  (112)  plane  additionally  by  1.5  percent.  In  the 
plot,  Fig.  4,  the  work  function  of  (011),  as  frozen  in 
from  an  annealing  temperature  of  1200°C,  has  then 
to  be  reduced  by  2  percent  to  5.99  ev,  and  the  work 
function  of  (112)  by  1  percent  to  4.88  ev.  However,  there 
remains  still  a  considerable  dependence  on  annealing 
temperature  to  be  attributed  to  other  causes.  At  the 
high  temperatures  the  surface  is  apparently  in  a 
dynamic  state  of  considerable  disorder,  and  the  ran¬ 
dom  distribution  of  missing  or  protruding  atoms  in 
and  on  the  first  surface  layer  is  frozen  in  when  the 
temperature  is  suddenly  lowered.  This  “rough”  sur- 

16  J.  A.  Becker,  Bell  System  Tech.  J.  30,  907  (1951). 

17  E.  W.  Muller,  Z.  Physik  131,  136  (1951). 

18  The  author  is  indebted  to  Dr.  J.  M.  Houston  for  this  sugges¬ 
tion. 
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face  has  a  relatively  low  work  function  as  do  the 
other  loosely  packed  planes.  Annealing  at  lower  tem¬ 
peratures  heals  the  imperfections  of  the  closely  packed 
(Oil)  plane  and  gives  the  true  work  function  of  about 
6.0  ev.  We  cannot  yet  tell  how  fast  the  healing  proc¬ 
ess  approaches  the  low  temperature  equilibrium  state 
after  turning  off  the  heater  current.  About  one-tenth 
of  a  second  is  required  to  cool  the  tip  below  the  tem¬ 
perature  of  considerable  surface  migration,  about 
1000 °C.  It  seems  not  impossible  that  at  the  tempera¬ 
ture  at  which  thermionic  emission  has  been  measured, 
for  instance  by  Smith,  the  effective  work  function  of 
the  (Oil)  plane  owing  to  the  thermal  imperfections 
is  really  as  low  as  his  estimate  of  5.26  ev  indicates. 

In  the  case  of  field  emitters  the  surface  mobility  is 
probably  larger  than  on  the  surface  of  a  thermionic 
cathode.  This  is  due  to  the  drop  of  the  surface  energy 
with  increasing  distance  from  the  apex  because  of  the 
steep  change  of  the  curvature.  If  a  tip  is  heated  the 
edges  of  the  net  planes  around  (Oil)  are  continuously 
dissolved  and  the  atoms  migrate  fast  to  the  rear  of  the 
cone.19  This  effect  has  been  demonstrated  with  the  field 
emission  microscope  by  absorbing  a  certain  amount  of 
SrO  on  the  tip,  which  marks  particularly  the  edges  of  the 
(Oil)  planes.10  If  the  tip  is  heated,  these  dissolving  lat¬ 
tice  steps  move  in  concentric  rings  towards  the  center  of 
(Oil).  The  moving  lattice  steps  may  just  stop  across  the 
probe  hole  if  the  heat  is  turned  off  and  thus  cause  the 
erratic  data  in  Fig.  4.  Without  an  activation  these  lat¬ 
tice  steps  are  invisible  in  a  normal  field  emission,  micro¬ 
scope  with  its  insufficient  ability  to  overcome  the  large 
contrast.  To  prove  their  presence,  a  tube  was  built 
according  to  Fig.  5  using  the  same  principle  as  the 
tubes  of  Fig.  1,  with  the  only  difference  that  the  collector 
was  replaced  by  a  fluorescent  screen  on  a  higher  po¬ 
tential  and  that  the  probe  hole  was  4  mm  in  diameter, 
covering  a  larger  part  of  the  (Oil)  plane.  The  anode 
aperture  appeared  enlarged  on  the  second  screen,  and 
if  the  tip  was  heated  to  about  1300°C,  the  dissolving 
rings  could  be  seen  disappearing  at  a  rate  of  about  one 
in  five  seconds.  This  tube  could  be  used  for  measuring 
the  relative  current  density  in  (Oil)  and  (012)  for 
comparison.  With  a  suppressor  potential  of  — 100 
volts  with  respect  to  cathode,  the  contrast  in  the  two 
crystallographic  directions  was  1:15  000  as  measured 
by  a  photomultiplier  at  5  pA  total  emission  current. 
However,  there  was  still  too  much  reflected  light  from 
the  very  bright  first  screen  coming  through  the  anode 
aperture,  so  the  actual  contrast  was  probably  not 
smaller  than  that  measured  electrically  in  the  tubes 
shown  in  Fig.  1. 

With  the  surprisingly  high  work  function  found  for 
the  (Oil)  plane  of  tungsten,  the  question  arises  as  to 
whether  one  could  check  this  result  by  any  other 
method.  It  would  be  very  desirable  to  make  contact 
potential  measurements  on  tungsten  single  crystals. 

19  E.  W.  Muller,  Z.  Physik  126,  642  (1949). 
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However,  it  is  not  sure  to  what  extent  the  results  would 
be  spoiled  by  the  inevitable  microscopic  defects  of  the 
surface.  Another  possibility  is  the  investigation  of  the 
surface  ionization  effect.  A  preliminary  experiment  has 
been  made  by  re-evaporating  aluminum  from  a  hot 
polycrystalline  tungsten  coil.  Roughly  10  percent  of  the 
evaporated  aluminum  atoms  left  the  surface  as  positive 
ions.  Since  the  ionization  potential  of  A1  is  5.96  volts, 
we  may  assume  that  a  part  of  the  polycrystalline 
surface  had  a  work  function  as  high  as  this  value. 
When  in  the  same  tube  the  aluminum  was  replaced  by 
copper  with  an  ionization  potential  of  7.65  volts,  no 
surface  ionization  was  observed.  Of  course  there  was  no 
oxide  film  on  the  tungsten  surface. 

DISCUSSION 

Tungsten  is  certainly  not  the  only  metal  that  presents 
differences  of  the  work  functions  of  various  crystal¬ 
lographic  planes  up  to  1.7  ev.  The  field  emission 
microscope  patterns  of  many  other  metals  appear  with 
similar  contrasts,  the  closely  packed  plane  having 
always  the  highest  work  function.  It  is  astonishing 
that  these  large  differences  were  not  recognized  earlier. 
Smoluchowski20  has  given  a  detailed  theoretical  calcu¬ 
lation  of  the  work  function  of  tungsten  crystal  planes. 
By  assuming  not  more  than  |  free  electron  per  atom, 
he  found  an  agreement  with  Nichols’21  experimental 
data,  which  were  the  only  available  ones  at  the  time. 
With  an  assumed  electron  density  of  0.5  to  0.8  electrons 
per  atom  the  data  of  this  theory  could  be  roughly 
matched  with  our  experimental  results,  but  the  ratio 
of  <£(iii)  and  <£(h2)  does  not  fit  too  well,  probably 
because  the  simple  model  of  the  theory  did  not  take  into 
account  the  complicated  effect  of  the  d  electrons.  Their 
contribution  is  clearly  established  by  the  comparison 
of  the  field  emission  patterns  of  W  and  Mo  with  those 
of  Ta  and  Nb.  All  four  metals  show  the  characteristic 
pattern  of  the  body  centered  cubic  lattice.  W  and  Mo 
have  exactly  identical  patterns.  Ta  and  Nb  form  an¬ 
other  group  with  (112)  planes  emitting  almost  as  strong 
as  (111).  Obviously  the  difference  in  the  d-s  electron 
configuration  is  responsible  for  the  change. 
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This  paper  presents  an  intensive  study  of  the  viscous  and  elastic  properties  of  the  poly  methacrylates. 
Variation  of  these  properties  is  studied  as  a  function  of  temperature  in  the  range  60  <T <160°C,  as  a  function 
of  molecular  weight  in  the  range  5X 103  <5X106,  and  as  a  function  of  plasticizer  concentration  over  the 

range  0-100  percent.  Capillary  viscometers  were  used  in  the  low-viscosity  systems  and  tensile  creep  and 
recovery  measurements  under  very  small  loads  were  used  to  study  the  less  fluid  systems.  Principal  effort 
was  confined  to  polymethyl  methacrylate  but  enough  work  was  done  using  the  butyl  and  decyl  esters  to 
show  that  the  whole  series  of  these  polymers  fits  into  a  relatively  simple  picture.  Consequently,  given  a 
certain  minimum  amount  of  data,  it  is  now  possible  to  predict  the  viscoelastic  behavior  of  these  polymers 
in  the  range  of  variables  given  above. 

The  theory  of  viscoelasticity  previously  given  has  been  extended  so  as  to  take  account  of  the  effects  of 
chain  entanglements  and  distributions  in  molecular  weight.  Moderately  good  agreement  is  found  between 
theory  and  experiment. 


INTRODUCTION 

UNTIL  a  relatively  short  time  ago,  the  molecular 
mechanisms  responsible  for  the  viscoelastic 
properties  of  plastics  were  only  poorly  understood. 
Consequently,  experimenters  in  this  field  were  con¬ 
cerned  mainly  with  obtaining  a  broad  survey  of  the 
phenomena  involved.  With  the  advent  of  a  more  firm 
theoretical  picture  of  the  molecular  mechanics  under¬ 
lying  the  process  of  polymeric  viscoelasticity,1’2  we  are 
now  in  considerable  need  of  a  more  intensive  experi¬ 
mental  investigation. 

We  have  set  out  in  this  work  to  provide  a  compre¬ 
hensive  picture  of  the  viscoelastic  behavior  of  poly¬ 
methyl  methacrylate  and,  to  a  lesser  extent,  the  higher 
methacrylates.  It  is  necessary  at  this  time  to  restrict 
ourselves  to  behavior  under  small  to  moderate  loadings 
and  to  temperatures  not  too  far  below  the  glass  tem¬ 
perature,  Tg,  of  these  polymers. 

In  this  study  we  have  examined  the  viscoelastic 
behavior  of  several  poly  methacrylates  in  quite  some 
detail.  Care  has  been  taken  to  use  fractionated  ma¬ 
terials  whenever  it  seemed  advisable  so  as  to  decrease 
the  complexity  of  the  phenomena  being  observed.  In 
a  further  effort  to  make  our  experimental  results  easily 
understandable,  we  have  employed  tensile  creep 
methods  to  obtain  the  dynamic  data.  Even  though 
this  experimental  technique  sacrifices  the  availability 
of  a  wide  variation  of  time  scale  (the  convenient  range 
being  three  decades),  we  believe  the  clarity  of  the 
results  so  obtained  compensates  for  this  shortcoming. 

At  the  outset  of  these  experiments  it  became  fairly 
obvious  that  existing  theories  of  viscoelasticity  were 
inadequate  to  explain  the  short  time  response  of  high 
molecular- weight  polymers.  From  the  nature  of  our 
tensile  creep  curves  we  were  able  to  conclude  that  the 
effect  of  chain  entanglements  was  largely  responsible  for 

*  Present  address :  Department  of  Physics,  University  of 
Wyoming,  Laramie,  Wyoming. 

1  Ferry,  Landel,  and  Williams,  J.  Appl.  Phys.  26, 359  (1955). 

2  F.  Bueche,  J.  Chem.  Phys.  22,  603  (1954). 


this  disparity  between  theory  and  experiment.  We  have 
extended  our  previous  theory  so  as  to  consider  this  effect 
and  this  development,  as  well  as  others,  are  included 
in  appendices  to  this  paper. 

EXPERIMENTAL 

The  polymethacrylates  used  in  this  investigation 
were  prepared  by  bulk  polymerization  (usually  at  60°C) 
using  appropriate  amounts  of  catalyst  (azo-bis-iso- 
butyronitrile)  and  w-butyl  mercaptan  to  obtain  the 
desired  molecular  weight.  All  polymers  were  dissolved 
and  reprecipitated  at  least  once  to  remove  monomer. 
Fractionated  samples  were  obtained  by  the  usual 
method  which  involves  the  selective  precipitation  of 
the  polymer  by  adding  nonsolvent.  In  general,  the 
initial  solution  used  for  fractionation  consisted  of  a  1 
percent  or  less  solution  of  the  polymer  in  acetone. 
Either  petroleum  ether  or  methanol  was  used  as  the 
precipitant.  Since  the  first  fraction  might  possibly 
contain  a  small  amount  of  branched  material,  it  was  not 
used  for  the  measurements  reported  here. 

Molecular  weights  of  the  polymethyl  methacrylates 
(PMMA)  were  obtained  from  intrinsic  viscosity 
measurements  in  benzene  using  the  relation3 

logifcf  =  {logM+4.245}/0.76.  (1) 

Viscosities  of  the  plasticicized  polymers  were  deter¬ 
mined  by  two  methods.  The  less-viscous  samples  were 
measured  using  capillary  viscometers  employing  the  tech¬ 
nique  of  Fox  and  Flory  which  is  described  elsewhere.4 
Where  practical,  the  viscosities  were  also  determined 
directly  from  the  tensile  creep  and  recovery  curves  as 
described  later  in  the  text.  The  two  methods  gave 
viscosities  which  agreed  in  the  region  where  comparison 
could  be  made.  No  corrections  for  rate  of  shear  effects 
were  made  since  it  was  found  that  these  effects  were 
small  under  the  conditions  of  our  experiments.  Glass 

3T.  G.  Fox,  paper  given  at  the  September,  1952  American 
Chemical  Society  meeting  in  Atlantic  City,  New  Jersey. 

^  T.  G.  Fox  and  P.  J.  Flory,  J.  Am.  Chem.  Soc.  70,  2384  (1948). 
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temperatures  were  obtained  by  the  usual  dilatometric 
methods.5 

The  tensile  creep  measurements  were  made  using 
sheets  of  polymer  usually  about  10  cm  long,  1.5  cm 
wide,  and  0.05  cm  thick.  These  sheets  were  prepared  by 
laying  down  a  chloroform  solution  onto  a  mercury  pool 
and  allowing  the  solvent  to  evaporate.  When  the  sample 
had  become  reasonably  hard,  it  was  cut  away  from  the 
glass  container  holding  the  mercury,  placed  in  an  air 
oven  and  subjected  to  a  heating  cycle  such  that  it  was 
raised  slowly  (several  hours)  to  a  temperature  of 
135°C  and  held  there  for  about  three  hours. 

Highly  plasticized  samples  were  prepared  by  sealing 
the  polymer  and  plasticizer  in  a  glass  tube  which  was 
then  heated  and  rotated  until  the  polymer  had  dissolved 
completely.  Dilute  solution  viscosities  were  taken  on 
the  polymer  before  and  after  mixing  and  no  degradation 
was  observed.  The  more  solid  samples  were  prepared  by 
mixing  the  plasticizer  with  the  polymer  during  the 
process  of  preparing  the  polymer  sheet  by  casting  on  a 
mercury  surface.  Since  some  plasticizer  was  always  lost 
during  the  drying  process,  the  final  sample  was  condi¬ 
tioned  by  holding  it  between  glass  plates  at  a  tempera¬ 
ture  near  130°C.  Concentrations  were  determined  in 
these  cases  by  dissolving  and  reprecipitating  the 
polymer. 

The  tensile  creep  measurements  were  made  at 
constant  temperature  (±0.1  °C)  and  low  humidity. 
This  was  accomplished  by  suspending  the  sample 
in  a  glass  cylinder  (6  cm  in  diameter,  50  cm  tall)  which 
had  been  sealed  off  at  one  end  and  immersed  in  a 
constant-temperature  bath.  The  lower  end  oi  the 
cylinder  was  filled  with  Drierite.  Since  the  lower  end  of 
the  sample  was  fastened  to  the  bottom  of  the  cylinder 
by  means  of  a  clamp,  the  appropriate  tension  was 
applied  to  the  sample  by  running  a  cord  from  the  clamp 
on  the  upper  end  of  the  sample  out  of  the  cylinder 
and  over  a  pulley  so  that  the  proper  weights  could  be 
suspended  from  it.  As  a  result  of  the  fact  that 
elongations  of  the  sample  never  exceeded  10  percent 
and  were  usually  about  1  percent,  no  effort  was  made  to 


Table  I.  The  variation  of  logio^  for  polymethyl  methacrylate 
( M = 63  000)  as  a  function  of  temperature  and  plasticizer  concen¬ 
tration  where  77  is  the  shear  viscosity  in  poises. 


\Temp.  °C 
WtX 

percents, 
polymer  \ 

30 

40 

60 

80 

100 

120 

140 

8.8 

-0.10 

-0.26 

-0.56 

-0.85 

-1.09 

-1.31 

15.4 

0.75 

0.57 

0.24 

-0.06 

-0.33 

-0.56 

21.3 

1.42 

1.20 

0.83 

0.47 

0.17 

-0.11 

27.4 

2.62 

2.22 

1.65 

1.22 

0.90 

0.63 

31.9 

3.35 

2.87 

2.20 

1.66 

1.25 

0.90 

35.8 

4.01 

3.50 

2.77 

2.18 

1.70 

1.30 

39.6 

3.00 

2.37 

1.87 

1.45 

1.05 

42.5 

3.46 

2.66 

2.12 

1.69 

1.32 

50.3 

4.77 

3.67 

2.96 

2.43 

2.00 

59.4 

6.4 

5.37 

4.38 

3.64 

3.03 

68.3 

4.65 

3.78 

75.0 

11.5 

9.03 

90.0 

18.4 

14.63 

12.1 

100.0 

24.3 

22.2 

18.5 

11.70 

7.72 

*  T.  G.  Fox  and  P.  J.  Flory,  J.  Appl.  Phys.  21,  581  (1950). 


Fig.  1.  Variation  of  the  viscosity  of  polymethyl  methacrylate 
(M=63  000)  plasticized  with  diethyl  phthalate  at  two  tempera¬ 
tures,  60°  and  120°C. 

compensate  for  the  change  in  sample  cross  section. 
The  elongations  were  measured  using  a  sensitive 
cathetometer.  Before  starting  measurements  on  a 
sample,  it  was  always  conditioned  for  at  least  a  day  by 
holding  it  in  place  in  the  test  chamber  at  a  temperature 
near  the  highest  value  to  be  used  in  the  experiments 
on  that  sample. 

VISCOSITY 

In  this  section  we  will  examine  the  following  three 
phenomena:  (1)  variation  of  viscosity  with  plasticizer 
concentration,  (2)  dependence  of  apparent  energy  of 
activation  for  flow  on  plasticizer  content,  and  (3) 
variation  of  viscosity  with  molecular  weight. 

To  investigate  (1)  and  (2)  we  chose  an  unfractionated 
low  molecular  weight  (63  000)  polymethyl  metha¬ 
crylate  plasticized  with  diethyl  phthalate  (DEP).  The 
polymer  had  been  bulk  polymerized  at  60°C  and  was 
carryied  to  about  78  percent  conversion.  This  polymer 
was  dissolved  and  reprecipitated  before  being  used  for 
experiments.  Solutions  with  DEP  were  prepared  as 
previously  outlined. 

The  viscosities  of  each  solution  of  polymer  in  DEP 
were  measured  at  several  temperatures  between  30  and 
140°C.  When  these  data  were  plotted  as  log??  vs  1/T 
(where  rj  is  the  viscosity  and  T  is  the  absolute  tempera¬ 
ture)  it  was  found  that  the  curves  were  essentially 
linear  at  low-polymer  concentrations  but  acquired 
considerable  curvature  as  the  polymer  concentration 
was  increased.  The  viscosities  read  from  the  curves 
drawn  through  the  experimental  points  are  listed  in 
Table  I.  In  Fig.  1  we  have  plotted  the  viscosity  as  a 
function  of  polymer  concentration  at  two  temperatures. 
The  viscosities  of  solutions  having  polymer  concentra¬ 
tions  higher  than  70  percent  were  obtained  from  tensile 
creep  data  as  described  in  a  later  paragraph.  All  the 
other  viscosities  were  obtained  using  capillary 
viscometers. 

The  two  curves  of  Fig.  1  should  be  compared  with 
data  previously  published  for  polystyrene  solutions 
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Fig.  2.  Variation  of  the  apparent  activation  energy  for  viscous 
flow  as  a  function  of  diethyl  phthalate  concentration  in  poly¬ 
methyl  methacrylate. 

in  diethylbenzene.6  The  most  striking  difference  be¬ 
tween  these  two  materials  has  to  do  with  the  absolute 
magnitude  of  the  viscosity  observed.  Comparable 
polystyrene  solutions  were  found  to  have  viscosities 
more  than  100  times  smaller  than  we  observed  here 
for  the  polymethyl  methacrylate  solutions.  Although 
some  of  this  difference  can  be  attributed  to  the  difference 
in  solvent,  by  far  the  major  portion  of  the  difference 
seems  to  be  a  result  of  the  way  interchain  entangle¬ 
ments  act  in  the  two  cases.  This  will  become  more 
apparent  when  one  considers  that  which  is  to  follow. 

The  apparent  energy  of  activation  for  viscous  flow, 
E,  can  be  obtained  from  the  slope  of  the  log??  vs  1/T 
curves.  If  the  curves  were  linear,  E  would  be 
independent  of  temperature.  However,  since  this  is  not 
the  case  at  high-polymer  concentrations,  the  value  of 
E  will  depend  upon  the  temperature  at  which  it  is 
measured.  This  variation,  together  with  the  variation 
of  E  with  concentration  of  polymer,  is  illustrated  in 
Fig.  2.  It  is  observed  that,  until  about  20  percent 
polymer  is  added,  the  value  of  E  is  nearly  the  same  as 
that  of  the  solvent.  At  higher-polymer  concentrations, 
the  activation  energy  rises  rather  rapidly  and  we  will 
see  subsequently  that  it  reaches  a  value  near  200 
kcal/mole  when  enough  polymer  has  been  added  so 
that  the  mixture  is  at  its  glass  temperature  provided 
the  temperature  is  not  too  low.  The  factors  responsible 
for  this  variation  in  E  will  be  discussed  in  a  later 
paragraph. 

The  third  point  of  interest  is  the  variation  of  rj  with 
polymer  molecular  weight.  This  variation  is  illustrated 
in  Fig.  3  where  we  have  plotted  log?7  vs  lo gM  for  a 
series  of  polymer  fractions  at  a  fixed  polymer  concen¬ 
tration  of  25  percent  by  weight. 

It  is  observed  that  the  data  at  25  percent  polymer 
concentration  may  be  represented  by  two  intersecting 
straight  lines.  The  equations  of  these  lines  are 

log?? 60  =3.4  logM-14.2  M> 42  000  (t>. 

Iog7j6o=l*4  logM-  5.5  M  <42  000.  {  } 


(We  shall  indicate  logarithms  to  the  base  10  by  log 
and  to  the  base  e  by  In.)  Although  these  equations  hold 
only  at  60 °C,  the  data  at  other  temperatures  are 
parallel  to  these  and  exhibit  a  break  at  the  same 
molecular  weight. 

A  similar  behavior  has  been  found  for  polystyrene 
and  polyisobutylene.6’7  It  is  of  considerable  interest 
to  notice  that  the  slope  in  the  high  molecular-weight 
region,  3.4,  is  the  same  for  all  three  of  these  polymers. 
However,  the  slope  of  the  lower  portion  is  dependent 
upon  polymer  type,  temperature,  and  diluent 
concentration. 

The  shape  of  the  curve  in  Fig.  3  has  been  predicted 
by  theory.8  It  has  been  shown  that  the  low  molecular- 
weight  portion  of  the  curve  should  be  linear  with  a  slope 
of  unity.  As  such,  it  represents  the  normal  viscous 
behavior  of  “free  draining”  polymer  molecules  im¬ 
bedded  in  a  “solvent”  composed  of  similar  polymer 
molecules  together  with  added  plasticizer.  Deviations 
from  the  expected  slope  were  attributed  to  the  effective 
loosening  of  the  local  liquid  structure  by  the  chain 
ends.  For  example,  a  chain  segment  located  somewhere 
close  to  a  free  chain  end  could  move  more  freely  than  one 
where  no  chain  end  existed.  Indeed,  the  limited  experi¬ 
mental  evidence  available  seems  to  indicate  that, 
although  the  slope  in  this  portion  is  usually  found  to  be 
larger  than  unity,  it  tends  to  approach  unity  at  high 
plasticizer  content  or  relatively  high  temperatures 
where  the  effect  of  chain  ends  should  be  less  noticeable. 

An  interpretation  of  the  break  in  the  curve  has  also 
been  given.8  It  is  to  be  associated  with  that  molecular 
weight  at  which  each  molecule  has,  on  the  average, 
two  other  molecules  entangled  with  it.  For  example, 
the  break  in  our  curve  occurs  at  if =42  000  and  so  we 
would  infer  that  the  average  molecular  weight  between 
chain  entanglement  points  in  a  25  percent  solution  of 
PMMA  in  DEP  is  21  000.  (It  should  be  noticed  that 
our  notation  here  is  slightly  different  from  that  used 


Fig.  3.  Variation  of  bulk  viscosity  for  plasticized  PMMA 
(25  percent  PMMA  in  DEP)  as  a  function  of  molecular  weight. 
The  data  were  taken  at  60 °C. 


7  Reference  5  and  T.  G.  Fox  and  P.  J.  Flory,  J.  Phys.  & 
Colloid  Chem.  55,  221  (1951). 

8F.  Bueche,  J.  Chem.  Phys.  20,  1959  (1952). 
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in  reference  8  where  only  the  entanglements  which  act 
to  retard  the  motion  of  the  molecule  were  considered 
explicitly.  Consequently  we  stated  there  that  Mc  was 
the  molecular  weight  at  which,  on  the  average,  each 
chain  had  one  other  chain  entangled  with  it — meaning, 
retarding  its  motion.  In  this  paper  we  shall  not  make 
such  a  distinction  between  retarding  and  accelerating 
entanglements.) 

The  entangled  chains  will  slip  somewhat  at  the  points 
of  entanglement  and  the  shape  of  the  upper  portion 
of  the  logTj  vs  logM  curve  is  determined  almost  entirely 
by  this  slippage  factor.  If  there  were  no  slippage,  the 
viscosity  would  become  nearly  infinite  at  M~  42  000. 
However,  the  observed  slope  of  the  curve  indicates 
that  the  chains  slide  over  each  other  in  much  the  same 
fashion  as  ropes  would  do.  It  is  interesting  to  notice  that 
the  same  slope  obtains  for  polystyrene,  polyisobutylene 
and  PMMA  indicating  they  have  the  same  slippage 
factor  even  though  the  chain  side  groups  are  quite  dif- 
erent  in  the  three  cases.  This  suggests  that  the  motion 
of  the  side  groups  on  the  chain  is  fast  enough  so  that 
the  side  group  itself  is  not  the  point  of  entanglement. 

The  data  presented  in  Fig.  3  are  for  a  25  percent 
solution  of  polymethyl  methacrylate  in  DEP.  It  is  of 
value  to  know  how  this  curve  will  change  with  polymer 
concentration.  From  the  results  obtained  with  other 
polymers,6-9  we  can  conclude  that  the  slope  of  the  high 
molecular-weight  portion  of  the  curve  will  remain 
unchanged  until  the  polymer  concentration  decreases 
to  about  10-12  percent.  The  slope  of  the  low  molecular- 
weight  portion  of  the  curve  should  increase  as  polymer 
concentration  increases  since  the  effect  of  chain  ends 
will  become  more  pronounced.  The  critical  molecular 
weight  at  which  the  break  occurs  is  inversely  propor¬ 
tional  to  the  volume  percent  of  plasticizer  present 
except  possibly  at  very  high-plasticizer  concentrations. 
For  example,  the  break  in  the  curve  for  the  pure 
polymer  should  occur  at  M  —  (i)  X42  000  or  M  =  10  500. 
(We  neglect  the  small  difference  in  density  which 
occurs.)  This  means  that  the  average  molecular  weight 
between  chain  entanglements  is  5250  for  pure  poly¬ 
methyl  methacrylate.  The  variation  of  chain  entangle¬ 
ments  with  polymer  concentration  may  be  looked 
upon  as  a  simple  dilution  phenomenon.  This  will 
become  more  evident  when  we  consider  the  effect  of 
diluents  and  side  groups  upon  the  viscoelasticity  of 
methacrylate  polymers. 

Since  the  density  of  pure  PMMA  is  approximately 
1.18  under  the  conditions  of  our  experiment  we  can 
summarize  the  aforementioned  statements  by  the 
following  relation : 

n=KM*A  for  M>  (1.18/f)XlO  500,  (3) 

where  A”  is  a  constant  and  f  is  the  concentration  of 
PMMA  in  the  solution  in  gm/cc.  In  order  to  find  the 
value  of  at  various  temperatures  and  molecular 


weights  above  the  critical  entanglement  molecular 
weight,  and  in  the  range  covered  by  these  experiments, 
it  is  only  necessary  to  make  use  of  the  data  in  Table  I 
for  M  =  63  000  and  extend  the  data  to  other  molecular 
weights  by  multiplying  rj  by  the  factor  (M/63  000)3-4. 

VISCOELASTIC  THEORY 

When  a  tensile  load  is  applied  to  a  strip  of  polymer, 
four  molecular  mechanisms  contribute  to  the  observed 
elongation  of  the  polymer  sample.  The  first  of  these  is 
the  ordinary  essentially  instantaneous  deformation 
associated  with  the  stretching  of  van  der  Waals’  bonds 
and  bending  of  valence  bonds.  This  type  of  deformation 
is  observed  in  all  solids  and  liquids  and  is  not  dependent 
upon  the  polymeric  nature  of  our  sample.  It  is  nearly 
temperature  independent.  In  our  experiments  this 
type  of  deformation  is  extremely  small. 

A  second  type  of  deformation  results  from  the  elastic 
stretching  of  the  network  formed  in  the  polymer 
through  the  action  of  interchain  entanglements.  In 
the  case  of  pure  PMMA,  this  effect  will  become  im¬ 
portant  when  the  molecular  weight  exceeds  the  critical 
molecular  weight  for  chain  entanglements,  namely 
10  500.  It  is  shown  in  Appendix  I  that  this  response 
is  analogous  to  the  response  of  an  actual  cross-linked 
polymeric  network. 

When  the  entanglement  points  begin  to  move,  a 
third  type  of  elastic  deformation  becomes  important. 
This  is  merely  a  long-range  stretching  of  the  polymer 
chains  and  would  occur  even  in  the  absence  of  entangle¬ 
ments.  In  general,  the  maximum  elastic  extension 
associated  with  this  type  of  response  is  much  larger 
than  the  network  type  extension.  If  a  chain  has  a 
molecular  weight,  M,  and  if  the  critical  molecular 
weight  for  entanglements  is  Mc,  then  the  ratio  of  the 
network  type  extension  to  the  chainlike  extension  is 
shown  in  Appendix  I  to  be  (3MC/2M). 

Finally,  a  fourth  type  of  extension,  true  viscous  flow, 
must  be  considered.  Whereas  the  other  three  mecha¬ 
nisms  of  extension  are  reversible  (i.e.,  if  the  load  is 
removed,  the  sample  contracts  and  assumes  its  original 
dimensions),  the  extension  resulting  from  viscous  flow 
is  nonrecoverable.  This  part  of  the  deformation  is 
fairly  well  understood  and  has  been  considered  in 
detail  elsewhere.8 

These  considerations  may  be  formulated  in  more 
precise  mathematical  terms  as  shown  in  the  Appendix. 
When  this  is  done,  the  relative  elongation  per  unit 
tensile  force  on  a  unit  cross-sectional  area  is  found  to  be 

(AL/L)/(F/A) 

=  (4Mc/3*t r2MkT)  £  (2p-  l)-2[l-exp(~//r2,)] 

j>=i 

N/  2 

+  (32 /WvkT)  Z  (211-1)-* 

«— 1 

X[l— exp(— </t„)]+</i7, 


9  Johnson,  Evans,  Jordan,  and  Ferry,  J.  Colloid  Sci.  7,  498 
(1952). 
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where 

TP=4q<Mct/  (2p—  \)VvkTM2 

r„=4ij/  (2n—  \)VvkT,  (lj 

k  is  Boltzmann’s  constant  and  n  and  p  are  integers. 

The  other  symbols  used  are :  v,  the  number  of  chains 
per  unit  volume;  a ,  the  number  of  chain  segments 
between  entanglement  points;  N,  the  number  of 
segments  in  a  chain;  77,  the  measured  viscosity  of  the 
polymer ;  and  170,  the  viscosity  which  would  exist  if  there 
were  no  chain  entanglements.  To  find  770,  one  must 
extrapolate  the  lower  line  in  Fig.  3  to  molecular  weights 
above  the  break  in  the  curve.  Whether  one  should  use 
the  theoretical  slope  of  unity  for  this  purpose  or  the 
experimental  slope  which  prevails  below  the  break  is 
not  completely  clear.  In  all  probability,  neither  pro¬ 
cedure  is  completely  correct  since,  to  be  precise,  some 
correction  should  be  made  for  chain  end  effects.  How¬ 
ever,  we  will  follow  the  practice  here  of  determining 
770  by  extrapolating  to  higher  molecular  weights  along 
a  line  of  unit  slope.  We  must  remember,  though,  that 
this  procedure  may  lead  to  a  value  of  770  which  is  smaller 
than  the  proper  value. 

It  is  easily  seen  that  the  sums  of  Eq.  (4)  converge  so 
rapidly  that  one  need  not  carry  more  than  the  first 
few  terms  of  each  series.  For  this  reason,  the  upper  limits 
of  the  series,  N  and  <r,  are  not  needed  in  practice. 
Therefore,  we  observe  that  all  of  the  quantities  of 
Eq.  (4)  are  measurable  and  so  the  relation  may  be  used 
to  predict  viscoelastic  behavior  provided  one  knows 
Mc/M,  77,  770,  and  v.  We  shall  test  the  theoretical  result 
against  experiment  in  a  later  section. 

In  deriving  Eq.  (4)  we  have  assumed  a  uniform 
molecular- weight  polymer.  The  effect  of  molecular 
weight  distribution  is  discussed  in  Appendix  II.  It 
should  also  be  mentioned  that  Ferry  et  al.1  have  given 
a  treatment  of  the  effect  of  entanglements  which  is 
similar  in  many  respects  to  the  one  we  have  given  here. 
Some  of  the  qualitative  aspects  of  the  effects  of  entangle¬ 
ments  have  been  previously  pointed  out  by  A.  V. 
Tobolsky  among  others. 

To  illustrate  the  various  terms  of  Eq.  (2)  we  have 
taken  the  values  which  apply  for  a  PMMA  of 
Jkf=652  000  at  r=140°C.  From  the  data  of  Table  I 
we  find  that  77=  107-72(65.2/6.30)3-4=  1.5X1011  poise. 
Similarly,  we  find  that  the  viscosity  of  a  polymer 
having  M=MC=  10  500  is  1.32X105  and  so  t?0=  1.32 
X105 (65.2/1.05)  =  8.0X106  poise.  These  facts  allow  us 
to  calculate  the  three  terms  of  Eq.  (4)  and  these  are 
shown  in  Fig.  4. 

The  curve  labeled  I  is  the  network  response  and 
appears  to  occur  almost  instantaneously  at  this  tem¬ 
perature.  Curve  II  is  the  beginning  of  the  elastic 
response  of  the  chain  as  a  whole.  Actually  the  curve 
continues  upward  until  it  reaches  a  value  (2 M/3MC) 
=  40  times  higher  than  curve  I  at  which  point  it,  too, 
becomes  flat.  Curve  III  on  the  other  hand  represents 
the  true  viscous  flow  and  it  will  continue  upward  in  an 


exponential  fashion.  The  solid  line  is  the  sum  of  these 
three  types  of  extension  and  represents  the  observed 
extension  of  the  sample. 

If  at  some  time  after  curve  II  has  reached  its  limit, 
the  load  is  removed,  one  will  then  observe  an  elastic 
recovery  of  the  sample.  The  recovery  curve  will  be  the 
sum  of  curves  I  and  II  where  these  curves  are  now 
supposed  to  represent  contractions  of  the  sample. 

In  a  purely  qualitative  sense,  the  sample  at  the 
temperature  for  which  Fig.  4  is  drawn  will  appear  to 
be  a  rather  rubbery  material  although  it  would  be 
considered  fairly  “dead.”  By  increasing  the  temperature, 
the  whole  curve  is  shifted  towards  the  left  and  what 
previously  occurred  in  100  minutes  may  now  occur  in 
one  minute.  For  example,  if  the  temperature  is  raised 
so  that  point  B  is  at  t=l  min,  then  the  material  will 
appear  very  elastic.  If  point  B  is  shifted  to  about 
/=0.01  min,  the  sample  will  appear  to  deform  irre¬ 
versibly  and  will  then  be  in  the  molding  range.  On  the 
other  hand,  if  the  temperature  is  lowered  to  about 
120°C,  point  A  will  be  reached  in  1  minute  and  the 
polymer  will  appear  quite  hard.  At  110°C  it  will 
actually  be  brittle. 

In  order  to  show  the  effect  of  molecular  weight  we 
have  computed  similar  curves  for  M  equal  to  2.04, 
6.52,  and  41X105.  These  are  shown  as  the  solid  lines 
in  Fig.  5.  It  will  be  observed  that  for  a  molecular 
weight  of  204  000  the  elastic  effects  have  become 
nearly  overshadowed  by  true  viscous  flow  even  though 
there  are  still  about  40  entanglement  points  per  chain. 

In  order  to  obtain  the  bulk  viscosity  of  polymers 
from  a  tensile  creep  and  recovery  curve  one  need  only 
carry  out  a  measurement  at  a  temperature  high  enough 
so  that  a  fair  amount  of  measurable  flow  occurs  during 
the  time  of  the  experiment.  The  original  data  may  then 
appear  somewhat  like  that  shown  in  Fig.  6.  Actually, 
measurements  are  carried  out  for  times  about  10 
times  longer  than  shown.  This  is  necessary  since  in 
this  type  of  experiment  it  is  impractical  to  obtain  the 
maximum  elastic  elongation  of  the  chain  and  so  the 


Fig.  4.  Compliance  of  a  PMMA  having  Jtf=6.52X105  at 
140°C  as  calculated  from  Eq.  (4).  Curves  I,  II,  and  III  represent 
the  response  of  the  entanglement  network,  the  chain  as  a  whole 
and  the  true-viscous  flow  respectively. 
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elastic  recovery  curve  begins  to  deviate  from  the 
elastic  creep  curve  at  times  approaching  the  maximum 
loading  time. 

One  may  calculate  the  polymer  viscosity  by  two 
methods  from  the  data  acquired.  The  most  reliable 
method  is  to  subtract  the  recovery  curve  from  the 
creep  curve.  The  straight  line  so  obtained  represents 
the  true  viscous  flow  under  the  applied  load.  One  then 
has  that  the  tensile  viscosity  is  given  by 

n~(F/A)/[d(M/L)/dt]  (5) 

where  F/A  is  the  tensile  force  per  unit  cross-sectional 
area. 

A  second  method  is  to  allow  the  sample  to  recover 
as  completely  as  it  will.  For  an  experiment  where  the 
nonrecoverable  elongation  was  L  when  the  load  was 
applied  for  a  time  l,  one  has 

n=(F/A)/l{M,/L)/q.  (6) 

Good  agreement  was  found  between  these  two  methods. 


Fig.  5.  Theoretical  (full  lines)  and  experimental  (dashed  lines) 
compliance  for  PMMA  fractions  having  molecular  weights  of 
2.04,  6.52,  and  41X105. 

EXPERIMENTAL  TEST  OF  THEORY 

In  practice  it  is  not  feasible  to  carry  out  a  creep 
measurement  over  a  time  interval  of  1010  minutes  and 
so  one  is  unable  to  observe  the  full  creep  curves  shown 
in  Fig.  5.  However,  we  see  from  Eq.  (4)  that  the  time, 
/,  always  enters  in  the  form  tjrc  where 

rc—  (4W  T^vkT)  (Mc/  M)2. 

We  therefore  observe  that  re  is  a  characteristic  elastic 
response  time  for  the  plastic  and  it  is  approximately 
the  time  needed  for  the  polymer  to  complete  §  of  its 
network  type  response.  It  is  therefore  of  value  to  plot 
the  polymer  response  against  log(//rc)  rather  than 
against  log(£)  because  on  the  former  plot  the  curve  for 
a  particular  polymer  will  be  nearly  independent  of 
temperature.  A  small  variation  will  be  introduced  by 
the  factor  (1  /vT)  in  the  first  two  terms  of  Eq.  (4)  but 
since  this  effect  is  hardly  larger  than  experimental 
error,  we  shall  neglect  it  for  the  present  purposes. 

It  therefore  follows  from  our  theoretical  concepts 


Fig.  6.  A  typical  response  curve  for  a  PMMA  having  M — 204  000. 

of  the  process  involved  and  as  expressed  in  Eq.  (4),  that 
a  change  in  the  temperature  at  which  the  experiment  is 
carried  out  causes  a  change  in  rc  and  is  therefore 
equivalent  to  a  shift  in  experimental  time  scale. 
Although,  as  we  have  indicated  previously,  it  is  logical  to 
plot  the  experimental  data  vs  log  (£/rc),  the  common 
practice  is  to  define  an  arbitrary  parameter,  a^l/rc, 
and  plot  all  data  against  log  (at).  This  practice  was 
introduced  by  Ferry10  and  Tobolsky11  who  were  among 
the  first  to  recognize  the  interrelation  between  tem¬ 
perature  and  time  scale.  We  shall  bow  to  common 
usage  and  follow  that  notation  here  also.  However,  we 
should  keep  in  mind  that  (1/a)  has  an  important 
physical  significance  and  is  proportional  to  the  charac¬ 
teristic  response  time  as  defined  above.  Typical  experi¬ 
mental  data  are  shown  in  Fig.  7  where  we  have  plotted 
the  observed  creep  curves  for  a  fraction  of  PMMA 
having  M  =  652  000.  Actually,  curves  were  also  obtained 
at  other  temperatures  but  they  have  not  been  included 
in  this  figure.  The  curves  shown  in  Fig.  7  for  various 
temperatures  may  be  made  to  overlap  by  shifting  the 
curves  along  the  horizontal  axis.  Such  a  shift  is  equiva¬ 
lent  to  multiplying  t  by  a  constant  and  is  just  the  type 


Fig.  7.  Typical  tensile  creep  data  for  a  PMMA  having  M 
—  652  000.  The  temperatures  at  which  the  data  were  taken  are 
indicated  on  the  curves. 

10  J.  D.  Ferry,  J.  Am.  Chem.  Soc.  72,  3746  (1950). 

11  See,  for  example,  R.  Andrews  and  A.  Tobolsky,  J.  Polymer 
Sci.  7,  221  (1951). 
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Fig.  8.  Experimental  compliance  curves  for  PMMA  fractions 
of  M— 2.04,  3.65,  6.5,  and  41X105.  The  scale  is  chosen  such  that 
a=  1  min-1  at  110.6°C. 

of  procedure  which  was  shown  J;o  be  justified  by  Eq.  (4). 
After  carrying  out  this  temperature-time  superposition, 
one  arrives  at  the  experimental  curves  of  Fig.  8. 

In  Fig.  8  we  have  plotted  the  experimental  creep 
curves  for  four  different  PMMA  fractions.  The  hori¬ 
zontal  coordinate  is  so  chosen  that  if  a—\  mkr1  then 
the  curve  is  the  one  actually  observed  at  110.6°C. 
(No  experimental  points  are  shown  on  these  curves 
since  they  are  much  too  numerous  to  include  on  such 
a  small  scale.  The  original  data  are  all  about  as  accurate 
as  those  shown  in  Fig.  7.) 

In  order  to  ascertain  the  validity  of  the  theoretical 
formulation  of  the  creep  curve  as  expressed  by  Eq.  (4), 
we  have  compared  theory  and  experiment  in  Fig.  5. 
The  broken  lines  represent  the  experimental  curves 
obtained  for  PMMA  fractions  with  molecular  weights 
of  2.04X105,  6.52X105,  and  41X105  while  the  solid 
curves  were  calculated  for  these  molecular  weights 
using  Eq.  (4)  described  previously.  Since  a  very  small 
change  in  temperature  results  in  a  large  horizontal 
shift  of  these  curves,  it  is  difficult  to  obtain  an  exact 
value  of  the  viscosity  at  the  temperature  for  which 
the  curves  are  plotted.  However,  within  the  experi¬ 
mental  error,  the  lower  portions  of  the  theoretical 
and  experimental  curves  were  found  to  coincide. 

The  small  but  significant  divergence  between  theory 
and  experiment  in  the  plateau  region  is  probably  the 
result  of  three  factors.  First,  the  method  we  have  used 
to  find  7?o  is  not  very  precise  and  if  tj 0  is  too  low,  as 
might  be  expected  from  the  aforementioned  discussion 
of  the  extrapolation  procedure,  then  the  onset  of  the 
viscous  flow  portions  of  the  theoretical  curves  will  not 
occur  soon  enough.  This  appears  to  be  the  case.  How¬ 
ever,  the  experimental  curves  have  not  been  extended 


far  enough  to  be  sure  of  this,  Second,  in  the  theoretical 
calculation,  no  provision  was  made  for  the  fact  that 
there  must  actually  be  a  distribution  of  chain  entangle¬ 
ment  lengths.  This,  together  with  the  third  factor,  the 
neglect  of  various  small  terms  in  the  differential  equa¬ 
tion,  will  tend  to  make  the  theoretical  curve  appear 
too  flat  in  the  plateau  region.  On  the  whole  we  believe 
the  agreement  actually  observed  provides  a  fairly 
good  confirmation  of  our  theoretical  picture. 

TEMPERATURE  DEPENDENCE 

Very  often  we  are  interested  in  flow  phenomena  at 
temperatures  other  than  110.6°C.  Since  a  change  of 
temperature  can  be  accounted  for  by  changing  the 
value  of  the  time  scale  constant,  a ,  we  can  best  describe 
the  temperature  variation  of  the  creep  curve  by 
tabulating  values  of  a  at  different  temperatures.  This 
is  done  in  Table  II  and  Fig.  9.  These  values  were 
obtained  in  the  following  way:  if  at  a  temperature  T 
the  creep  curve  developed  10  times  faster  than  at 
110.6°C,  then  a  — 10  at  this  temperature.  As  an  example 
of  the  use  of  these  values,  suppose  it  is  desired  to  find 
how  a  sample  will  behave  at  140°C.  From  the  graph 
we  notice  that  logai4o=7.6  and  so  we  conclude  that 
we  must  subtract  7.6  from  the  log/  scale  of  Fig.  8  if 
the  curve  is  to  apply  at  140°C. 

Another  feature  of  common  interest  is  the  apparent 
activation  energy  for  viscous  flow.  From  what  has  been 
previously  said,  it  follows  that  this  is  essentially  the 
same  as  the  apparent  activation  energy  for  elastic 
response.  Denoting  this  quantity  by  E  as  was  done  in  the 
discussion  of  viscosity,  it  follows  that  since  r)  —  ijno/a 
and  since 

E=-Rtd(lnv)/d(l/T)l 

we  have 

E=Rld(lna)/d(l/T)‘], 

This  quantity  is  plotted  in  Fig.  10. 

A  similar  variation  of  E  with  temperature  has  been 
reported  previously  by  McLoughlin  and  Tobolsky  for 
PMMA.12  These  authors  used  stress  relaxation  methods 
to  obtain  their  data.  Although  they  too  observed  a  maxi¬ 
mum  in  the  curve  at  almost  the  same  temperature  where 
we  have  found  one,  their  curve  appears  to  peak  more 
sharply  than  ours.  Since  their  data  at  high  temperatures 
are  not  very  complete,  the  difference  observed  in  that 
region  is  not  too  surprising.  However,  the  difference  at 
lower  temperatures  is  probably  real  and  we  believe  it 
to  be  a  result  of  the  particular  experimental  procedure 
followed  in  conditioning  the  test  samples.  In  order  to 
see  how  this  can  be  true,  we  must  first  say  a  few  words 


Table  II.  Variation  of  the  time  scale  factor  with  temperature  for  pure  polymethyl  methacrylate. 


Temperature 

°C 

60 

70 

80 

90 

100 

110 

120 

130 

140 

150 

logics  (min-1) 

-9.10 

-8.22 

-7.00 

-5.35 

-3.20 

-0.13 

3.55 

5.85 

7.55 

8.68 

12  J.  McLoughlin  and  A.  Tobolsky,  J.  Polymer  Sci.  8,  543  (1952). 
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about  the  molecular  mechanism  responsible  for  the 
observed  behavior. 

A  tentative  mathematical  explanation  for  the  varia¬ 
tion  of  apparent  activation  energy  for  viscous  flow 
near  the  glass  temperature  has  been  given  elsewhere.13 
It  will  be  sufficient  for  the  present  purposes  to  review 
a  qualitative  picture  of  the  phenomenon  first  presented 
by  T.  G.  Fox  and  P.  J.  Flory14  upon  which  the  treatment 
of  reference  13  was  based. 

It  has  been  shown  that  the  major  temperature 
dependence  of  the  viscosity  of  amorphous  high  polymers 
is  a  result  of  the  fact  that  the  viscosity  is  inversely 
proportional  to  the  jumping  frequency  of  the  individual 
polymer  segments.  At  high  temperatures  the  local 
liquid  structure  of  the  polymer  is  very  loose  and  so  only 
a  small  energy,  Eo,  is  needed  in  order  for  a  segment  to 
move.  As  T  is  lowered,  the  liquid  structure  tightens  and 
Eo  becomes  larger.  However,  when  the  glass  tempera¬ 
ture  is  reached,  the  time  scale  of  the  molecular  re- 


Fig.  9.  Variation  of  the  parameter  a  with  temperature  for  PMMA. 

arrangement  process  becomes  comparable  to  that  of  the 
experiment  and  so  further  tightening  of  the  local 
liquid  structure  is  dependent  upon  the  rate  at  which 
the  polymer  is  cooled. 

To  put  this  on  a  more  quantitative  basis,  assume  a 
fictitious  model  in  which  a  polymer  segment  can  only 
oscillate  between  two  positions.  We  will  also  assume 
that  there  is  just  one  mechanism  by  which  the  segment 
can  move  from  one  position  to  the  other  and  that  an 
energy  Eo  is  needed  to  execute  this  motion.  The  relative 
number  of  segments  which  possess  enough  energy  to 
move  will  be 

N/No=  (1  JkT)  exp(-Eo/kT). 

This  quantity  is  obviously  proportional  to  the  jumping 
frequency  of  any  single  segment. 

13  F.  Bueche,  J.  Chem.  Phys.  21,  1850  (1953). 

14  See  reference  4.  I  am  indebted  to  T.  G.  Fox  for  discussions 
clarifying  his  published  remarks  on  this  question. 


Fig.  10.  Variation  of  the  apparent  energy  of  activation  with 
temperature  for  PMMA.  This  polymer  has  J,ff=105°C  and 
rc=135°C. 

If  for  simplicity  we  ignore  the  slow-temperature 
variation  of  the  coefficient  of  the  exponential  we  have 
for  the  apparent  energy  of  activation  for  viscous  flow 

E=-kld(\nv)/d(l/T)'] 

=  Eo+(l/T)td(Eo)/d(l/T)l 

From  this  it  is  obvious  that  near  the  glass  tempera¬ 
ture,  where  Eo  is  increasing  rapidly  because  of  the 
tightening  of  the  local  liquid  structure,  one  will  observe 
a  very  large  apparent  energy  of  activation.  At  very 
high  or  very  low  temperatures,  Eo  will  be  changing 
much  less  rapidly  with  T  and  so  E  will  be  more  nearly 
equal  to  the  actual  energy  involved  in  the  jumping 
process. 

The  exact  values  of  E  at  low  temperatures  will 
depend  upon  the  amount  of  annealing  of  the  sample. 
Since  in  this  work  we  cooled  our  polymer  through  the 
glass  temperature  and  down  to  60  °C  at  a  fairly  uniform 
rate  over  a  period  of  about  three  weeks,  it  is  apparent 
that  we  should  expect  a  less  rapid  decrease  in  E  than 
did  McLoughlin  and  Tobolsky  whose  cooling  cycle  was 
much  faster.  We  actually  observed  that  even  with  the 
same  sample  the  value  of  a  could  be  shifted  widely 
depending  upon  how  quickly  the  sample  was  cooled. 

We  might  also  remark  that  a  second  reason  for  the 
decrease  in  E  below  Tg  has  been  given  by  W.  Kauzmann 
and  others.  It  involves  the  assumption  that  the  mecha¬ 
nism  of  molecular  motion  actually  changes  with 
temperature  above  and  below  Tg.  Basically  such  a 
concept  has  much  in  common  with  the  ideas  presented 
here  for  the  behavior  observed  above  Tg  and  it  is 
essentially  just  another  way  of  describing  the  change 
in  local  liquid  structure.  On  the  other  hand,  below  Tg 
the  two  explanations  differ  basically.  It  may  well  be 
that  both  reasons  for  the  decrease  in  E  below  Tg  are 
operative.  As  yet,  no  valid  method  of  deciding  between 
these  two  alternatives  has  been  presented  as  far  as 
we  know. 

The  position  of  the  maximum  in  the  activation 
energy  curve  is  also  of  interest.  It  is  known  from  careful 
volume  expansion  measurements  carried  out  in  this 
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Fig.  11.  Experimental  compliance  for  a  PMMA  fraction 
(M=  2.6X106)  plasticized  with  27  percent  DEP  (points).  For 
this  system  Tg=  19°C,  rc=55°C,  and  a=  1  min'1  at  39°C.  The 
sohd  line  represents  the  reduced  curve  for  pure  PMMA  with 
M=4.1X106. 

laboratory  by  S.  Loshaek  that  the  glass  temperature 
of  pure  PMMA  is  105°C.16  This  is  about  5°  lower  than 
the  temperature  at  the  peak  of  the  activation  energy 
curve.  We  must  therefore  conclude  that  the  annealing 
process  is  already  somewhat  incomplete  even  at 
temperatures  5°  above  Ta  as  determined  dilatometri- 
cally.  This  is  probably  not  too  surprising  since  it  has 
long  been  known  that  a  certain  amount  of  rounding 
off  occurs  in  the  volume  expansion  data  near  the  tem¬ 
perature  taken  for  Tg . 

EFFECT  OF  PLASTICIZER  AND  SIDE  CHAINS 

Our  picture  of  the  viscoelastic  properties  of  the  poly 
methacrylates  cannot  be  complete  until  we  understand 
the  effects  of  plasticizer,  copolymerization,  and  different 
side  groups  upon  the  tensile  creep  curve.  In  an  effort 
to  clarify  these  factors  we  have  obtained  tensile  creep 
data  for  PMMA  plasticized  with  DEP  and  with  tri- 
cresyl  phosphate.  The  tensile  creep  curves  for  poly¬ 
butyl  methacrylate  (PBMA)  and  for  a  copolymer 


Fig.  12.  Experimental  compliance  for  a  high  molecular-weight 
PMMA  containing  39  percent  tricresyl  phosphate  (points). 
For  this  system,  Tg=—7° C,  Tc=3 6°C  and  a=  1  min-1  at  25°C. 
The  solid  lines  represent  the  reduced  curves  for  pure  PMMA 
with  Af=41  and  6.5X106. 


»  S.  Loshaek,  J.  Polymer  Sci.  15,  391  (1955). 


containing  40  percent  methyl  methacrylate  and  60 
percent  decyl  methacrylate  were  also  measured. 
Actually  the  decyl  methacrylate  was  a  mixture  of 
about  50  percent  octyl  and  50  percent  decyl  metha¬ 
crylate  with  small  amounts  of  the  other  high  metha¬ 
crylates  present.  The  polymer  formed  from  this 
monomer  alone  had  Tg=—23°C  as  determined  dila- 
tometrically.  The  data  for  these  polymers  are  shown  in 
Figs.  11,  12,  13,  and  14. 

These  widely  different  sets  of  measurement  condi¬ 
tions  can  be  unified  if  we  notice  they  all  have  one  thing 
in  common,  i.e.,  the  backbone  chain  of  the  polymer  is 
essentially  the  same  in  all  cases.  It  is  true  that  the 
butyl  and  decyl  methacrylates  have  different  side 
groups  attached  to  the  chain  than  does  the  methyl 
ester.  However,  since  the  groups  concerned  are  far 
from  being  rigidly  held  to  the  chain,  we  might  expect 
that  their  behavior  will  not  seriously  alter  the  general 
motion  of  the  chain  backbone  and  it  is  this  motion 
which  determines  the  major  bulk  properties  of  the 


Fig.  13.  Experimental  compliance  for  a  high  molecular-weight 
polybutyl  methacrylate  (points).  For  this  polymer  Tff=8°C, 
Tc= 46°C,  and  a=  1  min-1  at  31°C.  The  solid  lines  represent  the 
reduced  curves  for  pure  PMMA  with  M— 41  and  6.5X  106. 

polymer.  We  shall  in  fact  find  that  the  side  groups 
apparently  act  much  as  though  they  were  plasticizer 
molecules  and  not  attached  to  the  chain  at  all. 

From  Eq.  4.  it  may  be  seen  that  the  shape  of  the 
tensile  creep  curve  (on  a  log/  plot)  is  dependent  only 
upon  the  coefficients  multiplying  the  three  terms.  In 
particular,  the  coefficient  of  the  first  term,  representing 
the  response  of  the  network  formed  by  interchain 
entanglements,  is  equal  to  (4Af  J 3tt2vM)  .  If  one  plas¬ 
ticizes  the  polymer,  the  average  molecular  weight 
between  entanglements,  MJ 2,  will  increase  as  argued 
previously.  That  is,  if  one  has  a  mixture  which  con¬ 
tains  50  percent  by  volume  of  plasticizer,  one  would 
expect  Mc  to  have  twice  the  value  it  has  for  the  pure 
polymer  since  there  will  now  only  be  half  as  many 
molecules  per  unit  volume  to  become  entangled. 

We  shall  assume  tentatively  that  additional  chain 
side  groups  may  be  considered  to  influence  Mc  in 
the  same  way  as  plasticizer.  For  example,  methyl 
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methacrylate  has  a  molecular  weight  which  is  (1/2.1) 
times  smaller  than  that  of  our  “decyl”  methacrylate. 
Therefore,  if  we  take  the  density  of  polydecyl  metha¬ 
crylate  and  PMMA  to  be  the  same,  then  Mc  for  poly¬ 
decyl  methacrylate  should  be  2.1  times  the  value  found 
for  PMMA.  The  quantity  Mu  is  equal  to  6Xl023Xp 
where  p  is  the  concentration  of  polymer  in  the  mixture 
in  gm/cc. 

This  means,  if  our  assumption  concerning  the  effects 
of  side  groups  and  plasticizer  is  correct,  the  shapes 
(but  not  the  positions  on  the  time  scale)  of  the  curves 
of  Figs.  11,  12,  13,  and  14  should  be  the  same  as  for 
PMMA  except  that  the  vertical  scale  of  the  PMMA 
curve  must  be  multiplied  by  (poT0/pT)X(Mc/Mco) 
in  each  case.  The  quantities  without  subscript  refer  to 
the  polymer  under  consideration  whereas  the  subscript, 
zero,  indicates  the  value  for  pure  PMMA.  Since  the 
viscosity  of  the  mixtures  will  be  different  in  each  case, 
the  log t  scale  will  be  shifted  for  each  curve  indicating 
a  different  value  for  a  in  each  case.  Also,  the  length  of 


Fig.  14.  Experimental  compliance  for  a  40/60  copolymer  of 
methyl  and  “decyl”  methacrylate  (points).  For  this  copolymer 
Tff=10°C,  7'c=52°C,  and  a=  1  min-1  at  37.5°C.  The  solid  line 
represents  the  reduced  curve  for  pure  PMMA  with  M =3.65X  105. 

the  plateau  region  will  vary  with  variations  of  Mc/M 
and  so  the  molecular  weight  of  the  polymer  will  appear 
to  decrease  with  increasing  plasticizer  content. 

We  have  checked  these  ideas  by  comparing  the 
observed  experimental  curves  with  the  curves  for  the 
pure  PMMA  which  have  been  multiplied  by  the  factor 
(poToMe/pTMco).  The  value  of  Mc  in  each  case  was 
calculated  assuming  that  added  side  groups  and 
plasticizer  increase  the  molecular  weight  between 
entanglements  as  outlined  above.  The  modified  curves 
for  PMMA  are  indicated  by  the  solid  curves  in  Figs. 
11,  12,  13,  and  14.  In  every  case  we  find  excellent 
agreement  between  the  expected  and  experimental 
curves.  It  therefore  appears  that  our  basic  assumption, 
i.e.,  that  distant  pendant  groups  and  added  plasticizer 
serve  only  to  dilute  the  polymer  and  do  not  otherwise 
affect  the  shape  of  the  response  curve,  is  valid  in  the 
present  region  of  measurements. 

However,  added  side  groups  and  plasticizer  seriously 


Fig.  15.  Variation  of  the  parameter  a  with  temperature  for 
various  systems:  C  PMMA  plasticized  with  TCP,  •  polybutyl 
methacrylate,  O  copolymer  of  methyl  and  “decyl”  metha¬ 
crylate,  O  PMMA  plasticized  with  DEP.  The  dotted  line  is  for 
pure  PMMA. 

affect  the  temperature  behavior  of  the  polymer.  As 
an  arbitrary  method  of  describing  this  effect,  we  shall 
denote  by  Tc  that  temperature  at  which  the  polymer 
will  have  a  value  of  (AL/L)/(F/A)  =  Mc/^2uMkT  at 
a  time  of  one  minute  after  the  load  is  applied.  This 
value  of  the  compliance  was  chosen  since  it  is  0.5  of 
the  plateau  value.  These  values  are  given  in  the  legends 
for  Figs.  11,  12,  13,  and  14. 

As  we  did  in  the  previous  graphs  for  pure  PMMA 
we  can  define  a  parameter,  a ,  such  that  when  a  master 
creep  curve  is  plotted  against  log  {at),  the  experimental 
data  may  be  fitted  to  this  by  a  proper  choice  of  the 
parameter.  We  will  take  a—ac  min-1  at  T—  Tc.  It  is 
then  possible  to  make  a  plot  of  log  (a/ac)  vs  1  /T  for 
each  one  of  the  materials  of  Figs.  11-14.  Since  the 
value  of  Tc  is  about  the  same  for  all  four  of  these 
materials  (ranging  from  35  to  55  °C),  we  might  expect 
a  to  vary  in  much  the  same  way  for  all  of  the  materials. 
The  data  are  shown  in  Fig.  15  and  it  is  seen  that, 
within  experimental  error,  the  above  assumption  is 
correct. 

Activation  energies  for  the  viscous  and  elastic 
response  of  these  materials  can  be  obtained  from  the 
slope  of  this  curve  as  shown  previously.  For  comparison, 
we  have  included  the  similar  plot  for  the  pure  polymer 
as  the  broken  line  of  Fig.  15.  It  is  seen  that  the  acti¬ 
vation  energies  for  these  materials  which  soften  at  a 
temperature  some  100°  below  the  corresponding 
temperature  for  pure  PMMA  are  about  one-third  as 
large  as  for  PMMA. 

This  decrease  in  activation  energy  with  increased 
plasticization  is  to  be  expected  from  the  considerations 
previously  given.13  It  has  been  shown  that  the  activation 
energy  will  be  large  for  a  polymer  segment  which 
requires  a  movement  of  a  large  number  of  other 
segments  in  order  that  it  may  move.  As  one  adds 
plasticizer,  it  seems  fairly  obvious  that  the  presence 
of  small  disconnected  molecules  (or  fairly  loosely  held 
chain  side  groups)  will  allow  a  chain  segment  to  move 
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without  disturbing  as  large  a  region  of  the  polymer  as 
was  previously  necessary.  This  effect  is  almost  certainly 
the  cause  of  the  decreased  activation  energy  observed 
in  this  case. 
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APPENDIX  I 

In  a  previous  paper2  we  have  presented  a  method  for 
calculating  the  response  of  a  polymer  in  a  tensile 
creep  experiment.  The  method  requires  a  knowledge 
of  the  forces  acting  upon  the  segments  of  the  polymer 
chain.  We  assumed  at  that  time  that  these  forces  were 
distributed  smoothly  along  the  chain  and  it  turns  out 
that  this  assumption  does  not  invalidate  the  treatment 
at  long  times  after  application  of  the  load,  i.e.,  after 
viscous  as  well  as  elastic  flow  has  become  important. 
However,  the  initial  deformation  is  sensitive  to  the 
presence  of  positions  of  localized  stress  along  the  chain 
resulting  from  chain  entanglements.  We  will  extend 
the  previous  treatment  to  include  such  effects  in  this 
appendix. 

It  has  been  shown  that  the  average  force  on  a  chain 
segment  is  the  force  required  in  the  calculation  provided 
the  force  is  independent  of  the  velocity  of  the  segment, 

However,  since  entanglement  forces  which  retard 
the  motion  of  the  chain  depend  upon  {*•,  it  is  necessary 
to  modify  the  calculation  so  as  to  include  them. 

Let  us  assume  that  each  chain  has  iV-segments  with 
2 N/<r  chains  entangled  with  it.  (We  will  neglect  end 
effects  in  this  discussion.  This  is  allowable  since  N/a 
will  be  large  in  cases  where  the  effects  of  entangle¬ 
ments  become  noticeable.)  Half  of  the  entangled  chains 
will  be  acting  to  accelerate  the  molecule  under  con¬ 
sideration.  It  turns  out  that  these  can  be  handled  as 
was  done  previously.  The  remaining  N/a  entanglements 
will  result  in  making  segments  at  entanglement  points 
appear  to  have  an  abnormally  large  friction  factor,  /,  in 
comparison  to  the  normal  friction  factor,  /0.  For 
convenience  we  shall  take  the  retarding  entanglements 
to  be  located  at  segments  numbered  (calling  one  end 
segment  zero)  a/2,  3cr/ 2,  5o-/2,  etc. 

These  ideas  may  be  combined  into  the  calculation 
previously  presented.  When  this  is  done,  the  differential 
equation  for  the  generalized  coordinates  becomes 

N 

(fo/m)qn+  (2//WV)L  E  qPcos(jkp)  cos (jkn) 

j  o 

-\-0>n2qn~Fn}  (Al) 


where 

(FRX/2NV)  (2/tnNKfQ+  <J/*)JN+  {W2/nW)~] 

for  n  oddCiV, 
Fn — 0  for  n  even  <  N, 

and  the  other  symbols  are  the  same  as  in  reference  2. 
The  sum  over  j?  is  to  be  taken  over  j=cr/2,  3a/2,*  •  •,  N. 

It  will  be  noticed  that  we  have  used  Rx ,  the  ^-com¬ 
ponent  of  the  mean  square  end  to  end  distance  of  the 
chain.  In  reference  2  we  used  R  instead  of  Rx  and  as  a 
result  the  answer  given  there  is  too  large  by  a  factor 
of  three.  (The  network  calculation  of  reference  2  is 
not  affected  by  this.)  I  am  indebted  to  Professor  J.  D. 
Ferry  for  pointing  out  the  fact  that  my  previous  result 
was  probably  too  large. 

For  convenience  we  define 

«jm=  ( 2//7V/o)£  cos  (jkp)  cos  (jkn).  (A2) 

J 

It  would  be  a  formidable  task  to  solve  the  above 
differential  equation  exactly.  However,  to  a  good 
approximation  we  can  put 

apn= 0  n^p 

=  0  n—N/a,  3Ar/oy  •  • 

—  f /erf q  n= p^N/a,  3N/a,*  •  • .  (A3) 

With  these  values  for  apn,  the  solution  of  Eq.  (Al) 
becomes  a  simple  matter  and  we  can  then  obtain  qn. 
After  that,  the  displacement  of  the  fth  chain  segment, 
&,  may  be  found  from  the  relations  given  in  reference 
2.  It  is  found  that 

cos (ikn) 

n 

+EF„{1- exp[— </t,]}  cos  (ikp)  (A4) 

P 

where 

p=N/(rf  3N/&,-  •  *,  A 
n—  1,  3,  5,*  *  •,  N 

and  where 

t»=  (v/vo)rp=  m/ir2vkTp2). 

We  have  denoted  the  observed  viscosity  of  the 
polymer  by  r}.  If  no  entanglements  existed,  the  viscosity 
would  be  smaller  by  a  factor  of  (I+///00-)-1  and  this 
viscosity  we  denote  by  rj o. 

The  form  of  this  relation  shows  clearly  that  the 
response  is  the  sum  of  that  resulting  from  the  stretching 
of  the  entanglement  network  and  that  which  we  had 
previously  calculated.  We  could  calculate  the  proper 
correspondence  to  a  bulk  sample  by  the  use  of  energy 
considerations,  but  since  we  already  know  the  answer 
for  the  two  component  cases  we  can  write  down  the 
end  result  at  once.  After  adding  on  the  viscous-flow 
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term  and  after  redefining  n  and  p  we  obtain 
(A  L/L)/(F/A) 

a/ 2 

^(^/i^vNkT)  £  (2^-l)-2[l-exp(-I/rp)] 

P=1 

V/2 

+  (32/37rW)  £  (2»—  l)-4 

n—1 

X[l-exp(-//r„)]+l/i?,  (A5) 

where  p  and  n  are  integers  and 

.  rp=^/{2p-\)VvkTM\ 

Tn=4r]/  (2  n—  1  )VvkT. 

APPENDIX  II 

It  is  of  interest  to  consider  the  effect  of  molecular 
weight  distribution  on  the  creep  curves  of  plastics. 
We  have  already  showed  that  Eq.  (A5)  [or  Eq.  (4)] 
applies  for  a  sharp  fraction  in  which  all  the  molecules 
have  approximately  the  same  molecular  weight.  In  the 
event  that  such  is  not  the  case,  we  see  at  once  that  the 
elastic  response  resulting  from  the  stretching  of  the 
entanglement  network  (term  1  in  Eq.  (A5))  is  only  dis¬ 
placed  in  time  scale  and  not  otherwise  altered  provided 
the  molecular  weight  remains  high. 

The  variation  of  the  viscosity  term  with  molecular- 
weight  distribution  has  not  been  worked  out  in  detail 
but  it  has  been  shown  experimentally  by  Fox  and  Flory 
that  it  varies  with  Mw  as  expected  from  Fig.  3.4*5-7 

The  dependence  of  the  second  term,  the  stretching 
of  the  polymer  molecule  as  a  whole,  upon  molecular 
weight  distribution  is  rather  complex.  Ferry  et  al.  have 
derived  a  relation  which  shows  how  the  value  of  this 
term  depends  on  molecular  weight  when  *  °o .  They 
approached  the  problem  from  the  standpoint  of  relaxa¬ 
tion  time  distributions.16  We  will  show  here  how  the 
effects  of  molecular-weight  distributions  may  be  calcu¬ 
lated  using  our  approach  to  viscoelastic  phenomena. 
Although  we  shall  restrict  the  treatment  to  the  case 
of  tensile  creep,  application  of  the  method  to  other 
problems  is  not  far  different. 

Since  we  have  already  discussed  the  behavior  of  the 
entanglement  term  in  Eq.  (4)  we  will  only  consider  the 
second  term  which  was  treated  in  some  detail  in  refer¬ 
ence  2.  If  we  consider  the  £th  species  (i.e.,  those 
molecules  having  a  molecular  weight  Mp)  the  treatment 
is  exactly  the  same  as  in  reference  2  down  through 

16  Ferry,  Jordan,  Evans,  and  Johnson,  J.  Polymer  Sci.  (to  be 
published). 


the  derivation  of  the  equation  for  the  elongation  of  the 
molecule  which  is 

a#p=  (4ffp/Ayw)  (i/o >npy 

n  odd 

X  (2iVpy»V)[l-exp(-</r„p)], 

where 

ifp=RxpFf/t).  (A6) 

We  shall  assume  a  unit  cube  sample.  However,  we 
cannot  say  as  was  done  for  a  fraction  that  A L/L 
=  A x/Rx  in  the  present  instance  since  there  are  many 
values  of  (A x/Rx)  as  a  result  of  the  molecular- weight 
distribution.  Instead  we  use  the  fact  that 

Energy  stored  in  chains  =  Energy  stored  in  sample 

WC=W6) 

\FAL==0YjVp$pNpA%P)  (A7) 

V 

where  vp  is  the  number  of  chains  per  unit  volume  having 
M—Mp  and  /3  is  a  pure  number  which  can  be  found 
directly  or  by  comparison  with  the  answer  previously 
found  for  a  fraction.  It  turns  out  to  be  1/24^73. 

Although  it  is  possible  to  find  out  exactly  how  each 
point  of  the  stretching  curve  depends  on  molecular 
weight,  we  will  restrict  the  present  treatment  to  the 
case  treated  by  Ferry  et  al.,16  the  compliance  for  oo . 
In  that  instance  we  have  from  Eqs.  (A6)  and  (A7)  that 

Axp  =  &PNPH2/  36  (3)  *k  T 

and 

We**  (pFn2p/mTv2)mP3RP2.  (as) 

But  we  know  from  reference  8  that 

(//12)2^A+RP 

which  leads  to  the  result  that 

(A  L/L)/{F/A)  =  (1/9  kT)[?Np*vp/®N2vpy‘] 

which  simplifies  to  the  result  that 

(A  L/L)/(F/A)=  t MH1M2)/(9PRTMW, ), 

where’Mz+i,  Mz,  and  Mw  are  the  2+1,  z,  and  weight- 
average  molecular  weights,  respectively. 

This  is  essentially  the  same  result  as  is  found  employ¬ 
ing  the  method  used  by  Ferry  et  al16  The  important 
feature  to  notice  is  that  a  very  small  percent  of  high 
molecular-weight  material  is  extremely  influential  in 
determining  the  ultimate  elastic  compliance. 
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Experimental  Examination  of  the  Statistical  Theory  of  Rubber  Elasticity. 

Low  Extension  Studies* 
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An  experimental  study  was  made  of  the  behavior  of  two  rubbers,  Butyl  (GR-I-18)  and  Paracril-35,  in 
the  low  extension  region  (0  to  15  percent),  at  temperatures  ranging  from  —  40°C  to  +60°C.  The  results 
have  been  compared  with  the  Guth-James  theory  of  rubber  elasticity.  In  general,  good  agreement  with 
theory  was  observed.  Two  effects  predicted  by  the  theory  have  been  confirmed,  namely,  the  nonlinear  de¬ 
pendence  of  stress  upon  temperature  at  constant  extended  length,  and  the  shift  of  the  thermoelastic  in¬ 
version  extension  to  higher  values  with  increasing  temperature.  Small  deviations,  which  increased  with 
increasing  extension  and  with  decreasing  temperature,  were  observed. 


INTRODUCTION 

AS  part  of  a  series  of  experimental  investigations 
designed  to  provide  a  critical  evaluation  of  the 
Guth-James  theory  of  rubber  elasticity,1  a  careful 
study  of  the  behavior  of  two  rubbers  at  low  extensions 
was  undertaken.  The  low  extension  region  was  chosen 
for  this  initial  study  because  of  the  interesting  be¬ 
havior  of  rubbers  in  this  region.  As  is  well  known, 
rubbers  exhibit  a  thermoelastic  inversion  in  the  vicinity 
of  5  to  7  percent  extension.  This  phenomenon  was  first 
observed  by  Joule2  in  1859,  while  engaged  in  measuring 
temperature  changes  accompanying  the  adiabatic 
stretching  of  rubber.  Joule  noted  a  slight  cooling  at  low 
extensions,  followed  by  a  rise  in  temperature  at  higher 
extensions.  These  observations,  along  with  the  thermo¬ 
dynamic  analysis  of  Kelvin,3  indicated  that  for  rubber 
specimens  held  at  constant  extended  lengths,  the 
temperature  coefficient  of  stress  must  be  negative  at 
low  extensions  and  positive  at  higher  extensions.  The 
first  direct  observation  of  this  change  in  sign  of  the 
temperature  coefficient  of  stress  was  made  by  Meyer 
and  Ferri4  in  1935.  This  was  confirmed  by  the  experi¬ 
mental  work  of  Anthony,  Caston,  and  Guth,6  and  of 
Peterson,  Anthony,  and  Guth6  in  1942.  Later  experi¬ 
mental  work  by  Wood  and  Roth,7  Gee,8  Treloar,9  and 

*This  work  was  supported  in  part  by  the  Office  of  Naval 
Research.  It  represents  portions  of  two  theses  submitted  by  F.  P. 
Baldwin  and  J.  E.  Ivory  to  the  Graduate  School  of  the  University 
of  Notre  Dame,  in  partial  fulfillment  of  the  requirements  for  the 
degree  of  Doctor  of  Philosophy. 

f  Holder  of  U.  S.  Rubber  Company  Fellowship  during  the 
course  of  part  of  this  work.  Now  at  Esso  Laboratories,  Linden, 
New  Jersey. 

\  Now  with  Bell  Aircraft  Corporation,  Buffalo,  New  York. 

1  H.  M.  James  and  E.  Guth,  J.  Polymer  Sci.  4, 153  (1949). 

2  J.  P.  Joule,  Phil.  Trans.  149,  91  (1859). 

3  W.  Thomson  (Lord  Kelvin),  Quart.  J.  Math.  No.  1,  April 
(1855);  Mathematical  and  Physical  Papers  (Cambridge  University 
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others  contributed  much  to  the  understanding  of  the 
physical  behavior  of  rubbers.  Wood  and  Roth  in¬ 
vestigated  the  effect  of  working  at  constant  “extension 
ratio,”  rather  than  at  constant  length,  upon  the  stress- 
temperature  relations  of  rubbers.  Gee’s  early  work 
was  concerned  primarily  with  the  attainment  of  better 
equilibrium  conditions  through  the  use  of  a  swelling 
technique.  Treloar  investigated  deviations  from  the 
theoretically  predicted  stress-strain  curve  at  moderate 
to  high  extensions. 

All  of  the  stress-strain  studies  mentioned  above 
lacked  the  precision  necessary  to  test  adequately  the 
predictions  of  the  Guth-James  theory  in  the  region  of 
low  extensions.  Accordingly,  the  present  study  was 
undertaken  for  the  specific  purpose  of  testing  the  theory 
in  this  region.  The  rubbers  selected  for  this  study  were 
Butyl  (GR-I-18)  and  Paracril-35.  Butyl  was  chosen 
because  of  its  relative  stability  to  oxidation  in  com¬ 
parison  with  more  highly  unsaturated  polymers.  The 
GR-I-18  used  in  this  work  is  an  isobutylene-isoprene 
copolymer  having  a  mole  percent  unsaturation  of  1.38. 
For  purposes  of  comparison  and  contrast,  a  second 
rubber  having  relatively  strong  intermolecular  forces 
and  a  fairly  high  second-order  transition  temperature 
was  desired.  Paracril-35,  a  copolymer  of  butadiene 
and  acrylonitrile  containing  about  35  percent  of  the 
latter,  was  selected  for  this  purpose.  Extensions  were 
limited  to  the  ranges  0  to  10  percent  for  the  Butyl 
rubber,  and  0  to  15  percent  for  the  Paracril  rubber. 
The  temperature  ranges  covered  were  from  —  40°C 
to  +40°C  for  the  Butyl  rubber,  and  from  —  20°C  to 
+  60°C  for  the  Paracril  rubber. 


THEORY 

The  Guth-James  theory1  gives  the  following  expres¬ 
sion  for  the  stress  as  a  function  of  the  extension,  the 
temperature,  and  the  pressure : 


r  V(LTP)- 1 


m 


Here,  Z—F/A 0  is  the  nominal  stress,  L—l/lo  is  the 
relative  length,  and  V=v/vq  is  the  relative  volume. 
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The  quantities  Ao,  k,  and  v0  are,  respectively,  the  cross- 
sectional  area,  the  length,  and  the  volume  of  the 
unstrained  specimen  at  the  reference  temperature  T0. 
The  quantities  F ,  /,  and  v  are,  respectively,  the  tension 
force,  the  length,  and  the  volume  of  the  strained 
specimen  at  the  test  temperature,  T.  P  is  equal  to  the 
hydrostatic  pressure  of  any  fluid  medium  surrounding 
the  specimen,  and  AT  is  a  constant  assumed  to  be 
independent  of  both  temperature  and  extension.  The 
factor  K,  which  according  to  the  theory  is  related 
to  the  number  of  cross  links  per  cubic  centimeter  of 
the  rubber,  plays  the  role  of  an  adjustable  constant 
in  fitting  the  theoretical  stress-strain  curve  to  its 
experimental  counterpart. 

The  definitions  of  Z ,  Z,  and  V  given  above  are 
equivalent  to  normalizing  the  initial  sample  dimensions 
to  those  of  a  1  cm  cube  at  T~Tq.  Hence,  we  may  also 
consider  Z  to  be  the  total  stretching  force,  and  L  the 
actual  stretched  length  in  centimeters,  for  such  a  model. 
This  interpretation  is  convenient  in  the  application  of 
thermodynamics  to  the  problem  of  rubber  elasticity. 
When’  it  is  employed,  the  fundamental  quantity  of 
rubber  to  be  considered  in  thermodynamic  equations 
is  then  1  cm3,  and  not  1  g. 

For  purposes  of  resolving  the  Guth-James  force 
expression  or  the  experimental  stress-strain  curves 
into  their  entropy  and  internal  energy  components, 
the  following  thermodynamic  considerations  are  useful. 
Assuming  that  an  equation  of  state  exists  for  the  rubber, 
and  that  satisfactory  equilibrium  conditions  have  been 
achieved,  the  combined  first  and  second  laws  of  thermo¬ 
dynamics  state : 

dU~TdS~PdV-\-ZdL  (2) 

for  the  case  of  unilateral  extension.  Here  U  is  the 
internal  energy,  and  S  is  the  entropy.  Employing  the 
Gibbs  function  G=H-TS  where  H=U+PV  is  the 
enthalpy,  the  following  stress  relation  may  be  deduced : 

/dG\  / dS\  /dH\ 

z=(  — )  =-T[  — )  +(  — )  (3) 

\  dL/  tp  \dL/  tp  \dL/  tp- 


The  application  of  Eqs.  (4)  and  (5)  to  the  theoretical 
model  represented  by  Eq.  (1)  yields: 


=KtV 


V(LTPy 

KT2 

L2  . 

L2  1 

LP 


and 


Kr/dV\ 
zH= — (  — )  . 

Z 2  \dT/  Lp 


(6) 


(7) 


The  factor  ( dV/dT)Lp  appearing  in  Eqs.  (6)  and  (7) 
is  equal  to  <xlp,  where  culp  denotes  the  volume  coeffi¬ 
cient  of  thermal  expansion  of  the  rubber  model,  subject 
to  the  restrictions  of  constant  length  and  pressure. 
For  real  rubbers  the  coefficient  cllp  should  be  practically 
indistinguishable  from  the  ordinary  coefficient  a 
measured  without  the  restriction  of  constant  length. 
Evidence  that  a  is  nearly  independent  of  extension,  for 
extensions  ranging  up  to  200  percent,  is  supplied  by 
the  data  of  Copeland.10  Accordingly,  the  same  behavior 
is  ascribed  to  the  model,  and  «lp  is  replaced  by  a. 
Further,  Poisson’s  ratio  for  real  rubbers  is  almost 
exactly  f ,  the  dependence  of  V  upon  L  and  P  being 
practically  negligible  in  comparison  with  its  dependence 
upon  T.  Hence,  V{LTP)  is  replaced  by  [l+a^r—To)] 
in  Eq.  (6).  Equations  (6)  and  (7)  thus  become: 


l+a(r-r0)l  K'Pcc 


=*T — v  J 

r  i+«(2r-r.)i 

=KT[L - u - J 


u 


and 


Z2 

KT2a 


Zh= 


L2 


(8) 

(9) 


To  within  the  same  approximation  the  original  stress, 
Eq.  (1),  may  now  be  written: 

r  i+a(r-r0)i 

Z=Zs+Zh~KT\L - — - J.  (10) 


With  the  aid  of  an  appropriate  Maxwell  relation,  Eq. 
(3)  may  also  be  written  in  the  form, 


z=r 


It  is  convenient  to  refer  to  the  first  term  on  the  right 
of  Eqs.  (3)  and  (3')  as  the  entropy  component  Zs  of 
the  total  stress  Z  and  to  the  second  term  as  the  enthalpy 


component  ZH-  Thus, 

^  „  ji 

(4) 

and 

/ dH\ 

Z„=(  — )  =Z-ZS. 

\  dL/  tp 

(5) 

Equations  (8)- (10)  are  approximate  expressions 
which  correspond  to  the  Eqs.  (6),  (7),  and  (1),  respec¬ 
tively.  They  are  also  exactly  the  equations  which  one 
obtains  for  the  incompressible  analog  of  the  original 
model,  i.e.,  when  Poisson’s  ratio  is  taken  to  be  exactly 
one-half.  We  shall  employ  Eqs.  (8),  (9),  and  (10)  for 
comparison  with  experimental  results.  They  are  of 
additional  interest  in  that  they  predict  two  effects 
which  had  not  been  observed  in  earlier,  less  precise, 
experimental  work.5-6  First,  Eq.  (10)  predicts  a  non¬ 
linear  dependence  of  Z  upon  Z,  at  constant  specimen 
length.  Second,  Eq.  (8)  predicts  that  the  thermoelastic 
inversion  extension  (i.e.,  the  extension  for  which 
Zs=0)  should  depend  upon  temperature,  and  in  fact, 


10  L.  E.  Copeland,  J.  Appl.  Phys.  19,  445  (1948). 
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should  increase  with  increasing  temperature,  viz : 

Linv=[l+a(2T-TQ)y.  (11) 

One  final  point  should  be  noted  before  proceeding  to 
the  experimental  part  of  the  work.  For  a  real  rubber  at 
atmospheric  pressure  the  enthalpy  contribution  to  the 
stress,  as  given  by  Eq.  (5),  is  indistinguishable  from 
an  internal  energy  contribution  (see,  for  example  Gee8). 
Thus  for  all  intents  and  purposes  we  have  ZH^ZUy  or 


EXPERIMENTAL  METHOD 

The  stress  relaxation  method  was  selected  for  obtain¬ 
ing  the  required  equilibrium  stress-strain  curves.  In 
this  method  the  sample  is  first  extended  to  a  relative 
length  L  at  the  reference  temperature  Th  this  tem¬ 
perature  being  the  highest  temperature  to  be  used  in 
the  experiment.  The  sample  is  then  held  at  constant 
length  and  at  temperature  To  until  the  time  rate  of 
decay  of  stress  becomes  negligibly  small,  i.e.,  so  small 
that  it  can  have  no  appreciable  influence  on  the  follow¬ 
ing  stress-temperature  run.  In  the  work  reported  here 
the  time  allotted  for  this  initial  relaxation  process  was 
usually  about  12  to  15  hours.  After  this  stage  the 
temperature  is  lowered  in  steps,  the  length  of  the 
specimen  still  being  held  constant,  and  the  stress  Z  is 
determined  at  each  new  temperature  after  thermal 
equilibrium  has  been  attained.  This  procedure  is 
continued  until  the  lowest  temperature  desired  has 
been  reached.  Although  it  is  not  essential,  the  tempera¬ 
ture  may  then  be  raised  in  steps,  and  the  identical 
procedure  employed  for  increasing  temperatures.  Com¬ 
parison  of  these  data  with  those  obtained  for  decreasing 
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Fig.  1.  Schematic  diagram  showing  main  features  of  apparatus. 


temperatures  affords  an  excellent  check  on  the  degree 
of  reversibility  achieved,  i.e.,  on  the  extent  to  which 
undesired  time  effects  have  been  suppressed.  This 
complete  procedure  was  followed  in  obtaining  all  of 
the  results  reported  here. 

By  repeating  the  procedure  just  described  for  a 
series  of  samples,  each  sample  being  stretched  to  a 
different  extended  length,  a  family  of  equilibrium 
stress-temperature  curves  is  obtained.  Cross  plotting 
these  for  various  constant  values  of  the  temperature 
yields  the  equilibrium  stress-strain  curves. 

The  apparatus  employed  for  obtaining  the  stress- 
temperature  data  is  shown  schematically  in  Fig.  1. 
The  desired  temperature  within  the  cylindrical  air  bath 
was  secured  by  adjustment  of  the  temperature  and 
rate  of  flow  of  the  liquid  (ethyl  alcohol)  circulating 
between  the  double  brass  walls  of  the  thermal  inclosure. 
Temperatures  were  measured  with  a  copper  constantan 
thermocouple  placed  near  the  center  of  the  sample,  and 
were  recorded  continuously.  Dry  air  (H2SO4  dried) 
was  brought  to  the  required  temperature  and  introduced 
into  the  test  chamber  through  the  inlet  at  the  base. 
This  provided  good  mixing  in  the  test  chamber,  and 
also  prevented  the  formation  of  frost  around  the  fused 
silica  rod  during  low  temperature  operation.  When  the 
system  was  properly  adjusted,  temperatures  within  the 
air  bath  could  be  held  constant  to  within  0.1  °C  over 
the  complete  80  °C  temperature  range.  It  was  found 
necessary  to  include  the  aluminum  strip  in  order  to 
compensate  for  changes  in  length  of  the  supporting 
iron  framework  (not  shown) ,  which  resulted  from  small 
changes  in  room  temperature.  A  Statham  strain  gauge 
was  used  as  a  null  detector,  the  gauge  output  being  fed 
to  a  Brown  Electronik  recorder.  The  gauge  could  be 
driven  up  or  down  by  means  of  the  micrometer  screw 
whenever  the  sample  length  was  to  be  changed  for  a 
new  run.  During  a  given  run  the  gauge  was  held  at  a 
fixed  position.  When  necessary,  changes  in  force 
detected  by  it  were  compensated  by  changing  the 
weights  W  in  the  scale  pan  suspended  from  one  side  of 
the  equal  arm  beam  balance.  With  a  gauge  input  of 
2.4  volts,  obtained  from  a  storage  battery,  a  gauge 
deflection  of  1  mil  resulted  in  an  output  change  of  0.32 
millivolts.  For  the  0  to  3  millivolt  Brown  Recorder 
employed,  this  corresponded  to  a  deflection  of  32 
chart  divisions.  For  the  same  gauge  input  the  load 
sensitivity  was  about  5.8  chart  divisions/g.  Brown 
chart  deflections  as  small  as  one-half  division  were 
easily  detectable. 

In  order  to  maintain  sample  lengths  constant  and 
independent  of  temperature,  it  was  necessary  that  the 
clamp  spacing  should  remain  constant  for  constant 
strain  gauge  output.  Conversely,  changes  in  the  strain 
gauge  output  should  accurately  reflect  changes  in  the 
clamp  spacing  and  not  be  the  result  of  expansions  or 
contractions  of  some  other  part  of  the  apparatus.  To 
secure  this  condition,  the  inner  brass  cylinder  is  threaded 
at  its  top  end  and  passes  through  a  threaded  cap  which 
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can  be  firmly  fixed  to  the  top  of  the  chamber  by  bolts 
and  wing  nuts.  This  cylinder  is  slotted  to  provide  for 
good  air  circulation,  and  has  the  lower  specimen  clamp 
attached  to  its  base.  By  trial  and  error  the  immersion 
depth  of  the  cylinder  was  varied  until  its  thermal 
changes  almost  exactly  compensated  those  due  to  the 
double-walled  cylinder,  the  procelain  insulators,  the 
clamps,  etc.  This  was  done  by  comparing  the  thermal 
expansion  of  a  4.3I-inch  strip  of  copper,  mounted 
between  the  clamps,  with  the  value  to  be  expected 
from  data  reported  in  the  literature.11  As  finally 
adjusted,  agreement  to  within  3  percent  was  obtained 
over  a  90  °C  temperature  range.  This  represented  a 
discrepancy  of  only  2X10"4  inches  from  the  predicted 
thermal  expansion,  and  was  well  within  the  limits  of 
precision  set  by  the  dial  and  screw  measuring  device. 
Thus,  for  rubber  samples  of  lengths  4  inches  or  greater, 
extended  lengths  could  be  held  constant  and  inde¬ 
pendent  of  temperature  to  better  than  0.01  percent. 
A  second  and  indirect  test  of  the  final  adjustment  was 
the  use  of  the  apparatus  to  measure  the  thermal 
expansion  coefficient  of  Butyl  rubber  at  zero  stress. 
The  linear  expansion  coefficient  obtained  was  1.894 
X  10“_4/°C,  giving  a  volume  coefficient  of  5.68X  10r_4/°C. 
This  value  compares  very  favorably  with  that  reported 
by  Bekkedahl,12  namely  5.67 X  10~4/°C  for  unvulcanized 
Butyl,  measured  with  a  volume  dila  tome  ter.  Similar 
measurements  for  the  Paracril-35  rubber  gave  a  value 
of  6.65X10~4/°C  for  its  volume  coefficient  of  thermal 
expansion. 

The  rubber  specimens  used  in  this  study  were  died 
out  of  standard  6-inch  square  tensile  sheets.  The 
specimen  shape  was  that  of  a  square-headed  dumbbell, 
previous  tests  having  shown  that  this  type  of  sample 
gave  excellent  correlation  between  percentage  exten¬ 
sions  computed  from  clamp  separations  and  those 
computed  from  separation  of  dots  placed  on  the  central 
part  of  the  specimen.  The  average  dimensions  of  the 
neck  of  the  specimen  when  unstrained  were  4  in.  by 
0.25  in.  by  0.075  in. 

The  rubbers  had  the  following  compositions  and 
cures  (amounts  given  in  parts  by  weight) : 

Butyl  rubber  Paracril  rubber 


GR-I-18 . 

....  100.00 

Paracril-35 . 

....  100.00 

Zinc  oxide . 

. . . .  5.00 

Zinc  oxide . 

. . . .  5.00 

Sulfur . 

. . . .  0.80 

Stearic  acid . 

....  1.00 

Tuads . 

. . . .  1.00 

Sulfur . 

....  1.75 

Altax . 

. . . .  2.00 

Cured  75  minutes  at  300°F 

Cured  80  minutes  at  287  F 

RESULTS 

Figure  2  shows  the  dependence  of  stress  upon  tem¬ 
perature  observed  for  the  Butyl  rubber  at  three 
different  values  of  the  percentage  extension.  [The 
percentage  extension,  as  used  in  this  paper,  is  defined 
as  100 (L-l).]  Both  effects  predicted  by  the  theory 

11  F.  C.  Nix  and  D.  MacNair,  Phys.  Rev.  60,  597  (1941). 

12  N.  Bekkedahl,  J.  Research  Natl.  Bur.  Standards  43,  145 
(1949). 


Fig.  2.  Stress-temperature  behavior  of  GR-I-18  for  three  selected 
values  of  percentage  extension. 

are  confirmed  by  the  curves  shown  here ;  the  dependence 
of  stress  upon  temperature  is  decidedly  nonlinear,  and 
the  thermoelastic  inversion  temperature  is  shifted  to 
higher  values  at  higher  extensions.  Note  the  shift  of 
the  peak  to  the  right  as  the  extension  is  increased!  This 
is  the  first  time  either  of  these  two  effects  have  been 
observed  with  certainty  in  this  laboratory.  Appreciable 
deviations  from  linearity  were  not  apparent  in  earlier 
stress- temperature  data,6-6  owing  both  to  a  lack  of 
sufficient  precision  in  the  measurements,  and  probably 
also  to  our  failure  to  maintain  extended  lengths  suffi¬ 
ciently  constant  during  the  stress-temperature  runs. 
Curves  similar  to  those  shown  in  Fig.  2  were  observed 
also  for  the  Paracril  rubber.  The  complete  set  of  stress- 
temperature  curves  is  shown  in  Fig.  3  for  the  Butyl 
rubber,  and  in  Fig.  4  for  the  Paracril  rubber.  In  order 
to  cover  the  full  range  of  extensions  for  each  rubber  in 
a  single  figure,  the  stress  scales  used  in  Figs.  3  and  4 
have  been  considerably  reduced  over  that  employed 
in  Fig.  2,  with  the  result  that  deviations  from  linearity 
are  now  scarcely  perceptible. 

To  evaluate  the  constant  K  appearing  in  the  Guth- 
James  theory,  the  “true  stress”  was  plotted  as  a 
function  of  extension,  at  the  reference  temperature  To, 
for  each  rubber.  The  required  values  of  Z  and  L  were 
obtained  from  the  curves  of  Figs.  3  and  4  by  cross¬ 
plotting.  The  true  stress  is  defined  as  the  tension  force 
divided  by  the  actual  cross-sectional  area  (not  the 
unstrained  cross-sectional  area).  Making  the  assump¬ 
tion  that  Poisson’s  ratio  is  exactly  0.5  here,  the  true 
stress  is  then  simply  equal  to  the  product  of  the  nominal 
stress  Z  by  the  relative  length  L.  This  method  of 
plotting  yields  a  linear  stress-strain  curve  at  low 
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Fig.  3.  Family  of  stress-temperature  curves  for  GR-I-18. 


extensions,  as  shown  in  Fig.  5.  This  enables  a  good 
determination  of  Young's  modulus,  Eo,  to  be  made 
in  the  limit  of  L=1  and  T=T0.  The  values  of  E0 
obtained  from  the  curves  in  Fig.  5  were  9.96X103g/cm2 
at  40°C  for  the  Butyl  rubber,  and  20.4X103g/cm2  at 
60°C  for  the  Paracril  rubber.  These  values  of  Eo  were 
then  equated  to  the  theoretical  expression  3KTq, 
obtained  from  Eq.  10  by  differentiating  with  respect 
to  L  and  putting  L—  1  and  T—To.  The  values  of  K  so 
obtained  were  10.6  and  20.4g/cm2X°K  for  the  Butyl 
and  Paracril  rubbers,  respectively.  All  fitting  of  theory 
to  experiment  in  this  work  was  confined  to  the  evalua¬ 
tion  of  K ,  as  just  described* 


Fig.  4.  Family  of  stress-temperature  curves  for  Paracril-35. 


The  equilibrium  stress-strain  curves  were  obtained 
from  the  stress-temperature  curves  of  Figs.  3  and  4 
by  cross-plotting  at  various  fixed  values  of  the  tem¬ 
perature.  The  experimental  entropy  components  were 
obtained  by  evaluating  the  point  slope,  (dZ/dT)LP, 
as  a  function  of  temperature  for  each  of  the  stress- 
temperature  curves.  The  entropy  component  of  the 
stress  Zs=T(dZ/dT)LP  was  then  plotted  as  a  function 
of  temperature  in  order  to  achieve  some  smoothing.  The 
resulting  curves  were  cross-plotted  at  various  fixed 
values  of  the  temperature  to  determine  the  dependence 
of  Zs  upon  L.  Subtraction  of  each  Zs  versus  L  curve 
from  the  corresponding  stress-strain  curve  then  gave 
the  dependence  of  Zrf^Zu  upon  L. 

Figure  6  shows  the  stress-strain  curve  obtained  for 
the  Butyl  rubber  at  T—T0=  40°C,  along  with  its 
entropy  and  enthalpy  components.  The  solid  lines  are 
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Fig.  5.  “True  stress”-strain  curves.  Use  scales  along  top  and 
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hand  "margins  are  for  Paracril-35. 


the  experimental  curves,  the  corresponding  curves 
predicted  by  the  Guth-James  theory  being  shown  by 
dashed  lines.  Figure  7  presents  the  same  information 
for  the  Paracril  rubber,  at  the  reference  temperature 
Tq=  60°C.  In  general,  Figs.  6  and  7  indicate  good 
agreement  between  the  theoretically  predicted  values 
of  Z ,  Zs,  and  ZUf  and  their  experimental  counterparts. 
For  each  rubber,  however,  the  theoretical  stress-strain 
curve  tends  to  deviate  above  the  experimental  curve 
at  the  high  extension  end.  The  discrepancies  observed 
in  Fig.  6  between  the  theoretical  and  experimental 
values  of  Zs,  and  Zh~Ztj,  are  partly  the  result  of 
experimental  error.  If  the  experimental  data  are 
internally  consistent,  then,  for  the  method  of  fitting 
described  above, ^  the  theoretical  and  experimental 
values  oi  Zs  and  Zh^-Zu  must  agree  at  L—\  and 
T=  To.  This  Conclusion  follows  immediately  from  the 
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fact  that  for  both  theory  and  experiment  we  must  have 
Eq=  — 2>Zs/olTq —  —3/a(dZ/dT)LP,  at  L—  1  and  T—  7V 
Young’s  modulus  computed  from  this  relation  should 
agree  with  the  value  determined  from  the  stress-strain 
curve  at  the  origin.  In  this  instance  the  value  of  £0, 
computed  from  the  experimentally  determined  value  of 
Zs  at  L-l  and  T=T0)  is  10.4Xl03g/cm2,  whereas  the 
value  obtained  from  the  experimental  stress-strain 
curve  was  9.96X  103g/cm2.  This  error,  about  4  percent, 
probably  results  from  uncertainties  in  the  determina¬ 
tion  of  the  point  slopes  from  the  experimental  stress- 
temperature  curves. 

’Comparisons  between  theory  and  experiment,  similar 
to  those  shown  in  Figs.  6  and  7,  were  also  made  at 
several  lower  temperatures.  The  same  values  of  K 
employed  earlier  were  used  in  these  comparisons,  since 
K  is  assumed  to  be  independent  of  temperature. 


Fig.  6.  Theory  versus  experiment  for  GR-I-18  at  40°C,  showing 
the  total  stress  Z,  the  enthalpy  component  Zh^Zu,  and  the 
entropy  component  Z8  as  functions  of  the  percentage  extension. 


“Experimental”  strain  values  for  zero  stress  were 
computed  with  the  aid  of  the  linear  coefficients  of 
thermal  expansion.  In  each  case  the  theoretical  stress- 
strain  curve  agreed  rather  well  with  its  experimental 
counterpart,  but  tended  to  deviate  above  the  experi¬ 
mental  curve  at  the  high  extension  end.  The  theoretical 
entropy  and  internal  energy  components  showed 
somewhat  stronger  deviations  from  the  experimental 
curves.  This  was  particularly  true  for  the  Paracril 
rubber  at  low  extensions  and  temperatures. 

In  order  to  eliminate  the  influence  of  uncertainties 
arising  from  the  evaluation  of  point  slopes,  direct 
comparisons  were  also  made  between  the  theoretical 
and  experimental  stress-temperature  curves.  Figure  8 
shows  such  a  comparison  for  two  Butyl  curves  and  two 
Paracril  curves.  It  appears  from  Fig.  8  that  the  tem¬ 
perature  dependence  of  the  stress  predicted  by  the 
theory  is  a  little  too  strong.  If  the  curves  were  accurately 


extension. 

fitted  at  the  high  temperature  ends,  then  the  theoreti¬ 
cally  predicted  stress  values  would  be  too  small  at  the 
lower  temperatures. 

Finally,  in  Fig.  9  the  observed  dependence  of  the 
thermoelastic  inversion  extension  upon  temperature  is 
compared  with  that  predicted  by  the  Guth-James 
theory  for  the  two  rubbers.  For  the  Butyl  rubber  the 
theoretically  predicted  values  of  the  thermoelastic 
inversion  extension  appear  to  be  somewhat  low.  About 
half  of  this  discrepancy,  however,  can  be  ascribed 


Fig.  8.  Theory  verstis  observed  temperature  dependence  of  stress. 
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Fig.  9.  Dependence  of  the  thermoelastic  inversion 
extension  upon  temperature. 


to  the  previously  noted  small  inconsistency  in  the 
Butyl  rubber  data.  The  agreement  is  very  good  for  the 
Paracril  rubber  down  to  temperatures  in  the  vicinity 
of  -|-20oC.  At  lower  temperatures  the  observed  thermo¬ 
elastic  inversion  extension  deviates  sharply  upward 
from  the  predicted  values. 

ERRORS 

The  absolute  errors  in  Z,  Z,  Zs,  and  Zu,  are  difficult 
to  estimate,  and  no  attempt  has  been  made  to  show 
them  on  the  graphs.  They  involve  such  factors  as 
nonuniformity  in  specimen  thickness,  with  consequent 
variations  in  cross-sectional  areas  and  uncertainties  in 
the  stress  values  based  on  these  areas.  Difficulties  are 
experienced  in  determining  the  exact  value  of  the 
specimen  length,  corresponding  to  an  unstrained 
condition,  when  the  specimen  is  mounted  in  the  clamps. 
This  in  turn  leads  to  errors  in  the  relative  lengths  or 
percentage  extensions.  In  addition,  there  is  the  well- 
known  variation  in  physical  properties  encountered  in 
going  from  one  rubber  specimen  to  another,  even  when 
both  specimens  are  died  out  of  the  same  tensile  sheet. 
These  errors,  taken  collectively,  are  best  illustrated 
by  the  scatter  of  the  experimental  points  about  the 
true  stress-strain  curves  of  Fig.  5. 

Percentage  extensions  are  believed  to  be  reliable  to 
better  than  0.2  percent  extension,  and  stress  values  to 
better  than  0.5  percent.  The  values  of  Zs  and  ZH  are 
probably  reliable  to  no  better  than  5  percent  since  their 
determination  involves  the  evaluation  of  point  slopes 
from  the  experimental  stress-temperature  curves. 


CONCLUSION 

The  results  of  this  study  may  be  summarized  as 
follows : 

(1)  The  agreement  observed  between  theory  and 
experiment  is  remarkably  good  in  this  region  of  low 
extensions — almost  to  within  the  estimated  experi¬ 
mental  errors. 

(2)  The  predicted  nonlinear  dependence  of  stress 
upon  temperature  is  confirmed  by  the  experimental 
data. 

(3)  In  agreement  with  the  Guth-James  theory,  the 
thermoelastic  inversion  extension  is  found  to  be  a 
function  of  temperature,  and  is  observed  to  increase 
with  increasing  temperature. 

(4)  Small  deviations  from  the  predicted  dependence 
of  the  stress  upon  temperature  are  observed.  These 
appear  to  increase  in  magnitude  with  decreasing  tem¬ 
perature,  and  are  strongest  for  the  Paracril  rubber  at 
low  extensions  and  temperatures.  It  seems  probable 
that  these  deviations  are  the  result  of  intermolecular 
forces  not  specifically  included  in  the  theory.  That  the 
deviations  should  be  stronger  for  the  Paracril-35 
rubber  is  not  at  all  surprising  in  view  of  the  highly 
polar  nature  of  the  nitrile  groups.  At  the  higher  tem¬ 
peratures  employed  in  the  experiment  such  forces  may 
be  neglected  to  a  first  approximation,  because  of  the 
greater  average  distances  between  molecular  groups 
and  the  greater  thermal  kinetic  energies.  At  lower 
temperatures,  however,  these  forces  are  no  longer 
negligible,  and  the  molecules  exhibit  an  increasing 
tendency  to  “lock-up”  as  the  glassy  region  is 
approached. 

(5)  Finally,  an  inspection  of  Figs.  6  and  7  reveals  a 
tendency  for  the  theoretical  stress-strain  curve  to  lie 
above  the  experimental  curve  at  the  higher  extensions. 
Recent  studies  indicate  that  this  is  a  real  deviation,  and 
that  it  increases  quite  rapidly  with  increasing  extension. 
Similar  deviations  at  somewhat  higher  extensions  have 
been  noted  by  Treloar,9  and  by  Gumbrell,  Mullins,  and 
Rivlin.13 
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An  electrostatic  emission  microscope  operating  with  an  accelerating  voltage  of  10-25  kv  is  briefly  described. 
Factors  determining  image  quality,  particularly  contrast  and  resolution,  are  discussed  and  the  interpretation 
of  images  on  the  basis  of  the  Schottky  emission  equation  is  considered.  The  instrument  can  be  operated  at 
magnifications  of  250,  1000,  2500,  and  4000  X  with  a  resolution  consistently  better  than  1000  A. 

It  has  been  found  that  the  iron  group  metals  can  be  activated  easily  using  barium  formate  rather  than 
evaporated  Ba  or  Sr.  The  level  of  thermionic  emission  from  such  surfaces  is  determined  primarily  by  the 
partial  pressure  of  chemical  reducing  agent  at  the  surface  (such  as  carbon)  to  reduce  BaO  to  free  barium. 
The  effect  of  various  impurities  and  alloying  metals  is  discussed  from  the  standpoint  of  interpretation  of 
emission  images.  The  most  important  single  agent  for  promoting  emission  from  Ni,  Cu,  and  Fe,  etc.,  is 

carbon.  . 

Examples  of  emission  images  include  nickel,  stainless  steel,  and  plain  carbon  steel.  Complications  such  as 
surface  roughness  are  demonstrated  with  micrographs  and  the  limitations  of  the  technique  pointed  out. 


INTRODUCTION 

THE  structure  of  electron  emitting  surfaces  is  of 
interest  both  from  the  standpoint  of  the  im¬ 
portance  of  emission  characteristics  per  se  and  from 
the  information  that  may  be  gained  concerning  the 
structure  of  metals.  The  latter  is  of  chief  interest  here 
and  is  a  natural  extension  of  studies  of  thin  BaO 
layers  on  metal  surfaces.  The  thermionic  properties 
of  the  underlying  metal  make  themselves  evident  in 
emission  images  when  the  barium  oxide  layer  is  less 
than  about  100  A  thick.  Consequently,  some  experi¬ 
ments  were  undertaken  to  examine  the  metallurgical 
possibilities  of  the  thermionic  microscope.  Its  po¬ 
tentialities  have  been  indicated  at  various  times  by 
results  published  by  Burgers,1  Rathenau,2  Gauzit, 
Septier,3  and  others. 

The  unique  feature  of  the  emission  microscope  which 
makes  it  very  attractive  for  metallurgical  research  is 
the  ability  to  observe  transformations,  crystal  growth, 
etc.,  at  the  temperature  and  time  at  which  they  occur. 
The  general  usefulness  of  the  technique  is  dependent 
upon  the  correlation  of  emission  with  crystallography 
and  chemical  composition. 

INSTRUMENTAL 

The  instrument  used  in  this  work  is  entirely  electro¬ 
static  and  is  patterned  closely  after  that  of  Mechlen- 
berg.4  The  projection  lens  is  the  double  unipotential 
lens  described  by  Mahl.5  The  magnification  of  the 
instrument  using  the  objective  lens  only  is  250 X  and 
most  of  the  work  was  done  at  this  magnification  in 
order  to  observe  larger  areas  of  the  emitter.  Using  the 
projection  lens,  magnifications  of  1000,  2500,  and  4000 

1  W.  G.  Burgers  and  J.  J.  A.  Ploos  van  Amstel,  (a)  Physica  4,  5 
(1937) ;  (b)  ibid.  4,  15  (1937) ;  (c)  ibid.  5,  305  (1938) ;  and  (d)  ibid. 
5  313  (1938) 

*  2  G.  W.  Rathenau  and  G.  Baas,  Physica  17,  117  (1951). 

3  M.  Gauzit  and  A.  Septier,  Bull,  microscop.  appl.  1,  109 

4W.  Mechlenberg,  Z.  Physik  120,  21  (1942). 

6H.  Mahl,  Metallwirtschaft  19,  488  (1940). 


are  obtained.  The  higher  magnifications  were  employed 
for  visual  examination  of  fine  detail.  Since  the  resolution 
is  practically  independent  of  magnification,  it  generally 
proved  advantageous  to  take  pictures  at  250 X  and 
then  enlarge  photographically.  In  the  range  of  acceler¬ 
ating  voltages  employed,  10-25  kv,  Ilford  Contrast 
Plates  (2  in.  X 10  in.)  and  D-19  developer  proved  quite 
satisfactory  with  exposure  times  ranging  from  2  sec 
to  20  sec. 

The  arrangement  of  the  optics  is  shown  in  Fig.  1. 
The  emission  microscope  is  actually  only  part  of  the 
instrument,  the  other  portion  being  an  electron  diffrac¬ 
tion  camera.  Since  the  electron  diffraction  camera  is 
not  pertinent  to  this  paper  it  has  been  omitted.  How¬ 
ever,  the  instrument  is  constructed  so  that  reflection 
patterns  can  be  taken  from  the  emitter  simply  by 
lifting  it  away  from  the  objective  lens  and  adjusting  to 
grazing.  This  feature  requires  a  more  elaborate  speci- 

POTENTIOMETER 


Fig.  1.  Schematic  of  electrostatic  emission  microscope  showing 
dimensions,  location  of  lenses,  and  viewing  screens. 
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Fig.  2(a).  Detail  drawing  showing  mechanical  construction  of 
the  cathode  lens  in  Fig.  2(b).  The  spacing  of  grid  and  anode  can 
be  adjusted  as  desired. 

men  manipulator  than  would  be  necessary  for  the 
microscope  alone. 

The  high  tension  supply  for  the  microscope  is  a 
simple,  unregulated  rf  supply6  with  positive  to  ground 
and  variable  from  about  8-28  kv  as  used  in  the  instru¬ 
ment.  Regulation  is  not  so  important  in  an  electrostatic 
instrument.  It  also  turns  out  that  the  absence  of 
regulation  is  an  advantage  when  the  objective  lens 
becomes  contaminated  and  breakdown  occurs. 

The  cathode  lens  is  shown  in  Fig.  2(a).  Focusing 
is  accomplished  first  by  mechanically  positioning  the 
cathode  over  the  grid  and  then  final  focusing  done  by 
varying  the  grid  potential.  The  grid  is  usually  operated 
about  200  volts  negative  with  respect  to  the  cathode. 
A  200-megohm  high  voltage  resistor  in  series  with 
5-megohm  and  10-megohm  potentiometers  to  ground 
allows  both  coarse  and  fine  electrical  focusing.  Small 
changes  in  magnification  occur  during  focusing  but 
are  not  sufficient  to  be  troublesome.  The  magnification 
reproduces  within  5  percent  from  one  cathode  to 
another. 

Figure  2(b)  is  a  schematic  of  the  cathode  lens  similar 
to  those  described  in  the  literature.  The  shape  of  the 
grid  aperture  is  based  on  early  experiments  by 
Johannson7  and  serves  to  increase  the  size  of  the 
undistorted  region  of  the  image.  Discussions  of  this 
objective  will  be  found  in  books  dealing  with  electron 
optics  and  electron  microscopy.  Recent  investigations 
of  the  lens  with  various  modifications  have  been 
published  by  Septier.8  This  lens  is  quite  satisfactory 
for  general  emission  work,  can  be  easily  removed  for 

6  Purchased  from  Embassy  Engineering,  224  East  20th  Street, 
New  York  City. 

7  H.  Johannson,  Ann.  Phys.  18,  385  (1933) ;  ibid.  21,  274  (1934). 

8  A.  Septier,  Compt.  rend.  235,  609  (1952):  ibid.  235,  652 
(1952);  ibid.  235,  1621  (1952). 


cleaning,  and  will  operate  for  several  hours  before 
contamination  becomes  troublesome.  The  first  version 
of  this  lens  was  machined  from  stainless  steel  but 
investigation  showed  that  oxidizing  gases  from  the 
steel  resulted  in  poisoning  of  the  cathode.  The  change 
to  OFHC  copper  with  a  1-hr  anneal  in  H2  at  1000°C 
before  assembly  of  the  lens  resulted  in  greatly  improved 
activities  of  the  various  cathodes  studied. 

The  theoretical  resolution  of  the  objective  is  deter¬ 
mined  by  the  initial  velocities  of  the  emitted  electrons 
and  is  closely  approximated  by  the  simple  formula 

5= C(Fo/£),  (1) 

where  C  is  a  constant  (nearly  unity),  eFo  is  the  mean, 
lateral  thermal  energy  of  the  emitted  electrons  and  E 
is  the  axial  accelerating  field.  F0  is  given  by 

F0=  (k/e)T=  8.64X  10-6r  volts,  (2) 

where  k  is  Boltzmann’s  constant  and  €  the  electron 
charge.  For  J'=1160oK,  Fo^O.10  volt  and  for  a 
nominal  accelerating  field  of  5X104  volts/cm  the 
theoretical  resolution  is  $~200  A.  Although  the  instru¬ 
ment  is  mu-metal  shielded  and  vibration  precautions 
employed,  the  smallest  separation  yet  measured  in  an 
image  is  about  600  A.  Judging  from  a  large  number  of 
micrographs,  the  “useful”  resolution  obtained  in  the 
general  run  of  pictures  is  about  900  A.  This  is  illus¬ 
trated  in  Fig.  3  showing  a  900  A  separation  of  lamellae 
in  a  steel  cathode  at  680  °C.  The  cathodes  are  heated 
by  a  bifilar  tungsten  coil  (0.008  in.  diam  wire)  and  the 
heater  current  supplied  by  a  Variac  through  an  oil 
immersed  filament  transformer  followed  by  a  full  wave 
selenium  rectifier  and  60-cycle  filter.  For  minimum 
distortion  in  the  image,  the  cathode  and  lens  are 
aligned  so  that  momentarily  switching  off  the  heater 
current  does  not  produce  an  image  shift.  Electrical 
alignment  is  achieved  by  tilt  adjustment  of  the  objec¬ 
tive  until  no  image  shift  occurs  when  the  high  voltage 
is  momentarily  turned  off.  Figure  4  shows  the  cathode- 
heater  assembly  employed  which  allows  easy  removal 


MILLIMETERS 


C . APPROX  2.6  MM 


AXIAL  FIELD  AT  CATHODE  ....  Ec  =*  6  X  I04  VOLTS  PER  CM 
THEORETICAL  RESOLUTION  AT  1100°  K;  6  =:  200  A 


Fig.  2(b).  Electrostatic  cathode  lens  showing  shape  of  grid 
aperture,  equipotentials,  and  representative  electron  bundle. 
The  numerical  data  apply  to  the  illustrations  in  both  Part  I  and 
Part  II  except  where  higher  accelerating  voltages  are  specified. 
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(b) 

Fig.  3.  Emission  micrograph  illustrating  image  quality  and 
resolution  of  fine,  lamellar  precipitate  in  pure  iron— 0.77  percent 
carbon  alloy.  Barium  activated.  Micrograph  taken  at  250X  and 
photographically  enlarged.  700°C,  18  kv. 


and  replacement  of  the  cathode  for  electropolishing  or 
chemical  treatment  of  any  kind. 

Temperatures  were  measured  by  moving  the  cathode 
by  means  of  the  manipulator  to  a  position  to  the  side 
of  the  lens  where  a  chromel-alumel  thermocouple 
(0.005-in.  wire)  was  firmly  contacted  by  the  cathode 
surface.  Temperatures  so  measured  were  checked 
against  a  calibration  curve  obtained  with  an  identical 
couple  spot  welded  to  the  cathode  and  agreed  within 
about  5°C. 

INTERPRETATION  OF  IMAGES9 


ments  of  emission  currents  to  image  points  using  a 
Faraday  collector  indicate  that  the  behavior  of  the 
surface  to  be  discussed  cannot  be  intelligibly  interpreted 
using  the  Schottky  and  Richardson  methods.  Observa¬ 
tions  regarding  the  characteristics  of  the  emission 
images  lead  to  the  conclusion  that  image  contrast  and 
resolution  improve  as  the  cathode  temperature  is 
lowered  and  the  accelerating  potential  increased. 

In  order  to  obtain  useful  emission  intensities  in  the 
temperature  range  600-1000°C,  it  is  necessary  to  apply 
thin  films  of  electropositive  metals  such  as  Ba,  Sr,  Cs, 
or  Rb.  The  adsorbed  layers  produce  an  outwardly 
directed  positive  dipole  moment,  ij,  which  results  in  a 
sizable  reduction  in  work  function,  4 71-77.  The  present 
knowledge  indicates  that  an  activator  such  as  Ba 
forms  a  mobile,  adsorbed  monolayer10  on  the  metal 
surface  and  that  the  density  of  adsorbed  atoms  varies 
greatly  from  one  crystal  face  to  another  and  from  one 
phase  to  another.  This  effect  is  very  pronounced  as 
illustrated  in  Fig.  5  showing  a  photomicrograph11  (a) 
and  emission  micrograph  (b)  of  the  same,  identical 
area  on  a  high  purity  nickel  surface.  The  crystal  faces 
of  different  orientation  are  the  dominant  image  charac¬ 
teristics  with  surface  roughness  in  evidence  in  both 
images.  When  it  becomes  possible  to  correlate  the 


Fig.  4.  Construction  of  heater  assembly  for  demountable  cathodes 
used  in  the  emission  microscope. 


The  analysis  of  thermionic  emission  data  is  usually 
based  on  the  Schottky  equation.  Preliminary  measure- 

9  For  a  comprehensive  discussion  of  thermionic  emission  see : 
C.  Herring  and  M.  H.  Nichols,  Revs.  Modern  Phys.  21,  185 
(1949). 


10  See  J.  A.  Becker,  Trans.  Am.  Electrochem.  Soc.  55,  153 
(1929) ;  J.  A.  Becker  and  C.  D.  Hartman,  J.  Phys.  Chem.  57,  153 
(1953);  R.  0.  Jenkins,  Repts.  Progr.  Phys.  9,  177  (1943);  S. 
T.  Martin,  Phys.  Rev.  56,  947  (1939). 

11  The  author  is  indebted  to  Mr.  F.  G.  Foster  of  these  labora¬ 
tories  for  the  photomicrograph. 
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(a)  (b) 

Fig.  5.  Light  microscope  image  (a)  and  electron  jemission  image  (b)  of  electropolished  cathode  nickel  surface  activated  with 
barium.  The  variation  of  thermionic  work  function  with  crystal  face  accounts  for  the  contrast  between  grains  in  (b).  The  light 
faces  have  low  work  function.  Surface  irregularities  are  also  imaged  in  both  (a)  and  (b).  500X. 


emission  intensity  of  a  crystal  face  with  the  Miller 
indices  of  that  face,  pole  figures  for  a  given  metal  can  be 
rapidly  obtained  in  addition  to  the  grain  size  now 
evident  in  the  images. 

In  a  given  emission  image  the  most  pronounced 
features  are  usually  crystallographic.  Changes  in 
chemical  composition  are  often  detectable  and  some¬ 
times  quite  obvious.  In  going  from  one  metal  or  alloy 


to  another  very  great  changes  in  over-all  emission  are 
encountered,  and  these  must  be  attributed  to  chemical 
composition,  chiefly  at  the  impurity  concentration 
level. 

The  two  main  features  of  emission  images  (from 
smooth  surfaces)  are  demonstrated  in  Fig.  6  by  a  sample 
of  18-8  stainless  steel.  Figure  6(a)  is  an  emission 
micrograph  taken  after  annealing  at  about  850 °C  and 


(a)  (d) 

Fig.  6.  Emission  micrographs  of  barium  activated  stainless  steel  18-8.  (a)  was  taken  at  850°C,  and  (b)  after  cooling  to  about 
500°C  for  5  minutes  and  then  reheating  to  850 °C.  The  enhanced  grain  boundary  (emission  and  “pebbly”  structure  in  grain  (1), 
(b),  is  attributed  to  the  formation  of  chromium  carbides.  900X. 
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Fig.  7.  Surface  roughness  or  “hill  and  valley”  structure  developed  on  crystal  surfaces  of  austenite  in  a  0.80  percent  carbon  steel, 
(a)  Taken  at  850°C  and  (b)  at  750°C,  showing  increased  contrast  at  the  lower  temperature.  Barium  activated.  900X. 


is  chiefly  a  crystallographic  image.  After  slowly  cooling 
and  then  reheating,  the  chemical  composition  changes 
become  evident.  The  effect  illustrated  in  Fig.  6(b)  is 
attributed  to  formation  of  chromium  carbides  in  the 
grain  boundaries.  The  large  bright  spots  are  due  to 
inclusions  or  large  precipitate  particles  and  are  visible 
in  light  microscope  images  as  well. 

Surface  topography  often  is  evident  in  emission 
micrographs  as  mentioned  in  connection  with  Fig.  5. 
Pure  metals  heated  in  high  vacuum  to  temperatures  of 
900-1000°C  generally  tend  to  exhibit  very  smooth 
crystal  surfaces  unless  the  vapor  pressure  is  sufficiently 
high  to  produce  etching.  Alloys,  on  the  other  hand, 
sometimes  show  a  hill  and  valley  effect  after  heating. 
This  hill  and  valley  effect  is  much  more  pronounced 
on  some  crystal  orientations  than  on  others  as  illus¬ 
trated  with  an  SAE-1080  steel  at  800°C  in  Fig.  7(a). 
Lowering  the  temperature  to  750°C,  Fig.  7  (b),  increases 
the  contrast  in  the  structure  as  expected.  The  discussion 
by  Herring12  in  this  connection  may  be  pertinent  to 
these  observations. 

Another  effect  commonly  observed  in  emission  micro¬ 
graphs  is  that  of  “ghost”  grain  boundaries.  When  a 
metal  is  heated  in  vacuum,  surface  tension  operates  to 
produce  cusped  grain  boundaries  or  grooves.13  A 
subsequent  recrystallization  or  transformation  resulting 
in  a  new  grain  structure  still  shows  the  previous 
boundaries  until  they  are  thermally  smoothed  out. 
Figures  8(a)  and  8(b)  illustrate  this  phenomenon. 
Figure  8(a)  shows  austenite  grains  at  800°C  in  an 
SAE-T010  steel.  The  specimen  was  cooled  below  the 
transformation  temperature  and  then  raised  again  to 

12  Reference  8,  Appendix  III.  Also,  C.  Herring,  Phys.  Rev.  82, 
87  (1951). 

13  G.  Rathenau,  Rev.  m6t.  48,  923  (1951).  Also  reference  2. 
The  more  pronounced  grooves  are  associated  with  high-energy 
grain  boundaries.  Low-energy  boundaries  leave  only  faint  traces 
while  twins  generally  leave  no  trace. 


800 °C  resulting  in  a  new  austenite  grain  structure. 
Examination  of  Fig.  8(b)  shows  the  “ghost”  grain 
boundaries  of  (a)  superposed  on  the  new  structure. 
This  effect  is  often  useful  since  the  old  boundaries 
serve  as  markers  for  measuring  changes  in  the  structure. 

CHEMISTRY  OF  ACTIVATION 

The  activation  of  a  metal  surface  by  electropositive 
atoms  such  as  Ba,  Sr,  Cs,  Rb,  and  Th  has  been  reported 
throughout  the  literature  of  electron  emission  and  all 
will  work  under  certain  conditions.  Barium  and  stron¬ 
tium  are  the  most  practical  and  reproducible  activators 
found  in  this  work.  In  this  section,  the  discussion  will 
be  confined  to  barium  although  the  principles  apply  to 
the  others. 

It  is  concluded  from  this  work  and  from  that  of  a 
number  of  investigators  that  the  fundamental  chemical 
reaction  of  activation  is  as  follows : 

(a)  Ba0+R+02^Ba+R0+02 

(b)  Ba+M^±Ba+2+ze~(s= effective 

degree  of  ionization),  (3) 

where  02  in  (a)  represents  the  residual  oxygen  in  the 
system.  These  reactions  are  written  in  the  simplest 
form  with  no  regard  to  balancing  in  (a)  since  this  is  not 
a  pertinent  feature.  In  (3),  R  denotes  a  chemical 
reducing  agent  and  M  the  metal  whose  surface  is  to  be 
activated.  These  reactions  apply  whether  the  activator 
is  originally  applied  as  an  evaporated  metallic  film 
or  as  an  oxide,  carbonate,  or  other  compound.  The 
direction  in  which  (3)  (a)  tends  to  go  will  be  determined 
by  the  relative  partial  pressure  at  the  surface  of  oxi¬ 
dizing  and  reducing  agents.  Although  activator  layers 
have  been  applied  by  evaporation  in  much  of  the  work 
reported  in  the  literature  and  also  in  this  work,  it  was 
found  that  equally  good  results  could  be  obtained  using 
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(a)  (b) 

Fro-  8-  Emission  micrographs  of  austenite  in  a  0.80  percent  carbon  steel  (a),  original  field  at  800°C  and  (b)  after  transforming 
rapidly  at  600  C  and  reheating  to  800  C  to  produce  new  austenite  grains.  The  grooves  formed  at  the  grain  boundaries  of  (a)  are 
visible  as  ghosts  in  (b)  and  serve  as  useful  markers  in  following  crystal  changes.  The  high-energy  boundaries  give  rise  to  the 
most  pronounced  grooves.  900X. 


organic  barium  compounds  applied  from  solution.  The 
most  convenient  and  best  method  of  application  dis¬ 
covered  has  been  barium  formate  in  a  solution  of  3 
parts  formic  acid  and  1  part  isopropyl  alcohol.  The 
barium  concentration  in  the  solution  to  produce  an  op¬ 
timum  amount  of  activator  is  about  5X  10~7  moles/cm3 
or  the  equivalent  of  about  10  atom  layers  of  barium  on 
the  surface.  The  procedure  in  preparing  a  specimen  for 
emission  microscopy  is  then  as  follows: 


Fig.  9.  BaO  crystallites  (white)  scattered  about  on  a  pure 
nickel  surface  at  an  early  stage  of  activation.  Continued  heating 
produces  more  free  barium  at  the  expense  of  the  BaO  and  the 
development  of  an  intense  image  of  the  nickel  grains. 


(1)  make  up  the  cathode  with  heater  sleeve  as 
shown  in  Fig.  4 ; 

(2)  abrade  surface  through  4/ 0  metallographic  paper ; 

(3)  electropolish,  etch  lightly  in  FeCl3-HCl  in 
methanol  and  rinse:  methanol— ^acetone— »toluene  fol¬ 
lowed  by  drying  quickly  in  warm,  dry  air; 

(4)  vacuum  heat  10-20  min  at  900-1000°C ; 

(5)  re-electropolish  and  rinse  as  in  (3) ; 

(6)  apply  sufficient  activator  solution  to  yield  about 
10  layers  of  barium  on  surface — the  solution  spreads 
and  dries  uniformly  on  a  clean  metal  surface ; 

(7)  put  cathode  assembly  in  microscope — heat 
cathode  to  about  800-900 °C  in  period  of  about  2 
minutes  and  then  observe  emission. 

The  temperatures  given  in  this  procedure  are  generally 
used  for  iron,  steels,  nickel,  and  copper. 

Observation  during  initial  breakdown  showed  that 
the  barium  formate  breaks  down  to  BaO  at  a  tempera¬ 
ture  below  400 °C  probably  according  to  the  reaction 
(unbalanced) 

Ba  (HCO2)  2  (heat/  vacuum)— »BaO+  CO+H20+C.  (4) 

The  carbon  produced  serves  as  R  in  Eq.  (3)  and  so 
results  in  an  initial  high  activity  provided  the  H20  has 
not  oxidized  the  metal  surface  to  form  an  oxide  which 
is  not  reduced  again  at  the  temperature  of  observation. 
If  the  cathode  metal  oxide  is  easily  reducible  to  metal, 
Eqs.  (4)  and  (3)  will  operate  to  yield  emission  at  tem¬ 
peratures  as  low  as  650 °C.  This  emission  will  be  only 
transient,  however,  if  the  residual  vacuum  and  cathode 
itself  do  not  maintain  a  sufficient  partial  pressure  of 
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(a) 


Fig.  10.  Work  function  “inversion”  in  austenite  grains  of  a 
0.95  percent  carbon  steel  as  the  temperature  is  lowered.  The 
phenomenon  is  reversible  and  disappears  as  temperature  is  raised 
again.  Carbon  supersaturation  prior  to  carbide  precipitation  is 
a  possible  explanation.  Total  elapsed  time  is  2  minutes,  (a)  800°C. 
(b)  770°C.  (c)  750°C. 


reducing  agent,  R,  so  that  Eq.  (3)  can  be  constantly 
driven  to  the  right. 

Figure  9  illustrates  the  emission  from  high  purity 
nickel  shortly  after  breakdown  [Eq.  (4)].  BaO  crystals 
with  high  emission  are  seen  scattered  about  on  the 
surface  and  the  grain  structure  becoming  evident  as 
reaction  (3)  proceeds.  In  general,  BaO  crystals  a  few 
hundred  angstroms  in  size  exhibit  lower  work  function 
than  the  adsorbed  ion  layer  on  the  metal  and  appear 
bright  in  the  image. 

The  development  of  grain  structure  from  scattered 
BaO  crystals  has  been  observed  a  number  of  times  and 
is  of  some  interest.  The  adsorbed  ion  layer  starts  at  the 
base  of  the  BaO  crystal  and  moves  radially  away  from 
the  crystal  which  itself  shrinks  in  size  as  the  grain 
structure  of  the  metal  becomes  brighter.  Free  barium 
metal  forms  at  the  BaO  crystal  by  reaction  (3)  (a) .  Upon 
contact  with  the  clean  base  metal  M,  the  barium  atoms 
become  at  least  partially  ionized  to  form  barium 
positive  ions.  The  mutual  repulsion  of  the  Ba+Z  ions 


(c) 

is  then  responsible  for  the  lateral  spread  as  a  sort  of 
two-dimensional  gas.  Different  crystal  faces  accommo¬ 
date  different  populations  of  positive  ions  or  bring 
about  different  degrees  of  ionization.  In  either  case, 
the  result  is  a  positive  layer  with  reduction  of  work 
function  and  development  of  an  emission  image  occurs. 

The  most  satisfactory  reducing  agent,  R,  from  the 
standpoint  of  emission  microscopy  is  carbon.  Ti,  Mg, 
and  Si  also  reduce  BaO,  but  the  reaction  product  is  a 
solid  oxide  (such  as  MgO)  which  is  deposited  on  the 
metal  surface  and  may  interfere  with  emission. 

A  rather  rough  survey  of  various  base  metals  (as 
pure  as  could  be  obtained)  was  made  from  the  stand¬ 
point  of  metallurgical  studies  in  the  temperature  range 
650-1000°C.  They  were  classed  as  good  or  poor  de¬ 
pending  upon  usable  intensity  at  250 X  below  1000°C 
when  activated  by  the  formate  procedure.  Table  I 
summarizes  the  findings.  This  is  not  a  hard  and  fast 
classification  and  some  metals  listed  as  poor  may  well 
be  shifted  to  the  other  column  by  appropriate  treatment. 
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(a)  (b) 

Fig.  11.  Emission  micrographs  of  electro  deposited  nickel  (a)  and  austenite  (b)  in  a  0.77  percent 
carbon  steel  showing  the  contrast  in  emission  from  twin  crystals. 


From  the  standpoint  of  metallurgy,  they  are  not  as 
interesting  at  present  as  are  the  metals  in  the  good 
column. 

A  very  important  factor  is  the  impurity  content  of 
the  metals,  particularly  O2,  N2,  C,  and  S  as  well  as 
metallic  impurities  or  alloying  elements  that  may  tend 
to  concentrate  at  the  free  surface  upon  vacuum  heating. 
From  additions  of  various  metallic  elements  to  the 
formate  activator  applied  to  iron  and  steel  base 
cathodes,  Table  II  was  constructed.  Cobalt  is  very 
effective  in  promoting  emission  from  iron  and  steel 
and  reduces  the  minimum  operating  temperature  by 
nearly  100°C.  Micrographs  of  high  purity  iron  could 
not  be  obtained  without  addition  of  cobalt  formate  to 
the  activator.  The  amount  of  cobalt  added  is  slightly 
less  than  the  barium  concentration. 

Table  I  emphasizes  the  fact  that  formate  activation 
is  most  successful  on  metals  whose  oxides  are  reduced 
readily  at  temperatures  below  1000 °C.  For  the  metals 
in  the  “Poor”  column,  activation  by  evaporation  of 
barium  onto  the  surface  from  a  separate  source  in 
high  vacuum  is  preferable.  The  oxides  of  the  metals  in 
the  “Poor”  column  are  reduced  at  higher  temperatures 
and  then  with  difficulty. 

Table  I.  Emission  from  base  metals  below  1000 °C. 

(Ba  formate  activator.) 


Good  Poor 


Fe 

Ti 

Ni 

Si 

Cu 

Zr 

Cr 

W 

Co 

Ta 

Mo 

The  single  impurity  added  to  the  base  metals  which 
gives  the  most  spectacular  increase  in  emission  is 
carbon.  The  presence  of  carbon  does  not  guarantee  high 
emission,  however,  for  other  impurities  may  simul¬ 
taneously  behave  as  poisons.  For  example,  high  purity 
iron  containing  only  carbon  from  0. 1-0.8  percent  gives 
excellent  emission  down  to  650 °C.  Commercial  steels 
in  the  same  carbon  range  cannot  be  readily  observed 
below  750°C.  Interestingly  enough,  nitrogen  has  a 
very  pronounced  effect  and  a  deleterious  one.  If  a  small 
amount  of  nitrogen  is  present  in  a  pure  iron-carbon 
alloy,  high  emission  can  be  obtained  but  the  surface 
details  “freeze-in.”  By  “freeze-in”  it  is  meant  that  the 
initially  mobile  activator  layer  becomes  immobile  and 
no  longer  follows  crystallographic  changes  in  the 
underlying  metal.  Treatment  of  a  very  active  iron- 
carbon  alloy  for  only  2  minutes  in  NH3  gas  at  600 °C 
serves  to  poison  the  emission.  The  mechanism  of  the 
“freeze-in”  in  the  one  case  and  the  complete  loss  of 
emission  in  the  other  is  not  understood.  Electron 
diffraction  patterns  in  both  instances  indicate  the 
presence  of  iron  nitrides  or  carbo-nitrides.  The  freeze-in 
case  with  high  emission  yielded  e'— Fe3N  type  patterns 


Table  II.  Effect  of  metallic  additives  to  barium  formate  activator 
on  iron  and  steel  (below  1000 °C). 


Promoters 

Poisons 

Little  effect 

Coa 

Ag 

Li 

Cu 

Hg 

Na 

Mn 

Be 

K 

Cr 

Sn 

Si 

Ti 

»  Most  effective. 
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which  was  probably  a  carbo-nitride.14  Nitrogen,  then, 
can  be  a  serious  complication  in  the  study  of  iron- 
carbon  alloys. 

Micrographs  of  all  the  metals  examined  are  not 
displayed  for  reasons  of  space.  OFHC  copper  gives 
high  emission  in  the  range  700-800°C  but  the  contrast 
between  crystal  faces  is  very  low.  Above  800°C, 
thermal  etching  results  and  no  surface  detail  can  be 
imaged  during  evaporation  of  copper.15  From  a  practical 
viewpoint,  emission  microscopy  above  850 °C  is  more 
satisfactory  using  strontium  or  a  strontium-barium 
activator  with  cobalt  due  to  the  lower  vapor  pressure 
of  strontium.  Barium  gives  higher  emission  currents 
and  is  superior  for  low- temperature  work.  Rb  is  satis¬ 
factory  but  is  evaporated  at  elevated  temperatures. 
Cesium  suffers  from  the  disadvantage  that  its  oxide  is 
very  volatile  so  that  it  is  lost  by  evaporation.  Cesium 
generally  leads  to  early  electric  breakdown  and  grid 
emission  in  the  objective  lens.  All  of  the  micrographs 
exhibited  in  this  paper  were  obtained  by  (Ba,  Co) 
formate  activation. 

There  are  a  number  of  interesting  effects  not  men¬ 
tioned  as  yet.  One  of  these  is  what  might  be  termed 
“work  function  inversion.”  It  occurs  in  steels  near  a 
transformation  or  precipitation  temperature  and  is 
illustrated  in  Fig.  10.  As  the  temperature  is  lowered 
certain  areas  begin  to  emit  electrons  with  a  higher 
intensity  indicating  that  the  decrease  in  work  function 
more  than  compensates  the  decrease  in  temperature. 
As  the  temperature  drops  these  areas  become  more 
numerous  as  seen  in  Fig.  10.  The  reason  for  this  is 
not  clear. 

One  of  the  more  spectacular  features  in  emission 
images  of  metals  is  the  high  contrast  in  twins.  This  is 
illustrated  in  Fig.  11  for  fine  grain,  high-purity  nickel 
and  for  an  austenitic  steel.  Twin  bands  generally 
represent  the  extremes  in  work  function  (contrast) 
seen  in  an  emission  image. 

As  near  as  can  be  determined,  the  mobile  activator 
layer  follows  underlying  crystallographic  changes 
nearly  instantaneously.  It  goes  without  saying  that  the 
value  of  emission  microscopy  in  metallurgy  lies  in 
studying  emission  images  during  crystallographic  and 

m  See  K.  H.  Jack,  Proc.  Roy.  Soc.  (London)  A195,  34  (1948). 

16  Oxygen  may  be  responsible  for  the  thermal  etch. 


Fig.  12.  Emission  micrograph  of  Inconel-X  at  850  °C  showing 
enhanced  grain  boundary  emission  and  scattered  bright  spots 
probably  due  to  a  precipitate  in  the  alloy. 


precipitation  changes  and  not  in  isolated  pictures. 
The  predominant  features  in  the  image  are  crystal¬ 
lographic  and  variations  in  chemical  composition. 
Consequently  the  obvious  applications  include: 

(1)  Grain  size  and  grain  growth  studies  at  various 
temperatures  [reference  (2)]. 

(2)  High- temperature  transformations  (reference  1 
and  Part  II  of  this  paper). 

(3)  Precipitation  and  segregation  in  high-tempera¬ 
ture  alloys — an  example  is  shown  in  Fig.  12  which 
exhibits  grain  boundary  precipitation  as  well  as 
scattered  precipitate  in  Inconel-X. 

The  lowest  temperature  at  which  the  author  has 
been  able  to  maintain  useful  emission  is  630°C.  In¬ 
creasing  the  accelerating  potential  is  limited  since 
breakdown  and  grid  emission  in  the  objective  lens 
became  troublesome. 
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The  strong-shock,  point-source  solution  and  spherical  isothermal  distributions  were  used  as  initial  condi¬ 
tions  for  a  numerical  integration  of  the  differential  equations  of  gas  motion  in  Lagrangean  form.  The  von 
Neumann-Richtmyer  artificial  viscosity  was  employed  to  avoid  shock  discontinuities.  The  solutions  were 
carried  from  two  thousand  atmospheres  to  less  than  one-tenth  atmospheres  peak  overpressure.  Results 
include  overpressure,  density,  particle  velocity,  and  position  as  functions  of  time  and  space.  The  dynamic 
pressure,  the  positive  and  negative  impulses  of  both  dynamic  pressure  and  static  overpressure,  positive  and 
negative  durations  of  pressure  and  velocity,  and  shock  values  of  all  quantities  are  also  described  for  various 
times  and  radial  distances.  Analytical  approximations  to  the  numerical  results  are  provided. 


L  INTRODUCTION 

THE  problem  of  a  spherical  blast  in  air  has  been 
solved  analytically  for  strong  shocks  in  an  ideal 
gas  by  J.  von  Neumann,1  and  in  the  weak  shock 
approximation  by  H.  A.  Bethe.1  For  intermediate 
regions  it  has  been  found  necessary  to  resort  to  numeri¬ 
cal  methods.  The  availability  of  high-speed  computing 
machines  has  made  possible  the  solution  of  this  problem 
in  the  intermediate  range  with  considerable  accuracy. 

Two  other  groups  are  currently  engaged  in  performing 
this  work  by  independent  methods.  Under  J.  von 
Neumann  and  H.  Goldstine  at  Princeton  a  shock 
fitting  method  has  been  employed.  The  differencing 
method  of  Peter  Lax2  is  being  used  at  New  York 
University  by  S.  Lowell. 

The  method  used  in  this  paper  is  due  to  von  Neumann 
and  Richtmyer3  and  employs  an  artificial  viscosity  as 
a  mechanism  for  avoiding  shock-front  discontinuities. 
Previously,  T.  S.  Walton  reported  some  results4  using 
this  method  and  an  initial  isobaric  sphere  of  about  13 
atmospheres. 

The  integrating  process  consists  of  the  step-wise 
solution  of  difference  equations  which  approximate 
the  differential  equations  of  motion  of  the  gas.  In 
order  for  such  a  procedure  to  be  workable,  however,  a 
number  of  practical  conditions  must  be  satisfied.  The 
differencing  scheme  must  be  stable,  must  offer  reason¬ 
ably  detailed  results,  must  conserve  numerical  signifi¬ 
cance,  and  when  put  in  the  form  of  coded  instructions 
for  a  high-speed  computer,  must  be  fast  enough  to 
reach  desired  solutions  with  a  reasonable  expenditure 
of  machine  time. 

II.  METHOD  FOR  NUMERICAL  INTEGRATION 
Equations  of  Motion 

The  Lagrangean  equations  of  motion  are  reduced  to 
dimensionless  parameters  wherein  pressure  (P),  density 

1  Shock  Hydrodynamics  and  Blast  Waves  (Los  Alamos  Scientific 
Laboratory,  1944),  Report  AECD-2860. 

2  P.  D.  Lax,  Commun.  Pure  Appl.  Math.  (Institute  of  Mathe¬ 
matical  Sciences,  New  York  University)  VII,  159-193  (1954). 

3  J.  von  Neumann  and  R.  D.  Richtmyer,  J.  Appl.  Phys.  21,  232 
(1950). 

4  T.  S.  Walton,  Phys.  Rev.  87,  910(A)  (1952). 


(p),  and  velocity  (u)  are  measured  in  units  of  ambient 
pressure  (P0),  density  (p0),  and  sound  velocity  (Co), 
respectively.  In  the  following  discussion,  the  pressure 
will  frequently  be  expressed  in  atmospheres  where 
one  atmosphere  is  defined  as  equal  to  the  pre-shock 
ambient  pressure  (P0).  Where  the  expression  over¬ 
pressure  (AP)  is  used  the  reference  is  to  the  pressure  in 
atmospheres  in  excess  of  the  ambient  pressure  (Po), 
i.e.,  A P=P  —  1.  We  shall  continue  to  speak  of  a  velocity 
(u),  however,  when  more  properly  we  might  refer  to  a 
mack  number  (u).  The  radial  distance  r(ro,t),  is  expressed 
in  energy-reduced  dimensionless  units  (r0  being 
Lagrangean  distance,  and  t  the  time),  such  that 

\=*r/e  and  Xo=^o/e,  (1) 


where  e  is  a  length  expressing  the  energy  and  ambient 
pressure  scaling : 


4 it  rR  /  u?\ 

—  p(  Pint+- fr’dr- 

Po  V  2  / 


4ttP3 

3(7-1) 


(2) 


Ptot  is  the  total  blast  energy  and  Pint  is  the  specific 
internal  energy.  The  subtracted  term  represents  the 
pre-shock  internal  energy  of  the  gas  engulfed  by  the 
shock,  and  R  is  the  shock  radius.  Time  (/)  is  defined  in 
dimensionless  units  (r)  such  that 

r=tco/  e. 


The  artificial  viscosity  ( q ),  which  acts  like  a  pressure, 
is  in  units  of  the  pre-shock  ambient  pressure  (Po). 

In  these  units  the  Lagrangean  equations  of  motion  are 
written  as  follows : 


d\  1  dp  /2  u  du/dx\ 

— =- —  or  — =  — pf — [ - )  (mass),  (3) 

dx  pX2  dr  V  X  d\/dxf 

du  -X2  d 

— =- — ■ — (P+g)  (momentum),  (4) 

dr  7  dx 

dP  1  dp 

— = - [tP+Ct-I)?]  (energy),  (5) 

dr  p  dr 


ax 

dr 


(6) 
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In  these  equations  the  Lagrangean  variable  is  taken 
to  be  x—\{n/e)z. 

In  Eq.  5  (energy  conservation)  the  internal  energy  for 
an  ideal  gas  has  been  used. 


P  po 

- . 

p{y—  1)  P0 


(7) 


Form  of  Artificial  Viscosity 


An  appropriate  viscosity  for  the  case  of  an  outward 
moving  spherical  shock  wave  is  the  following : 


97(7+1) 


(MV*  /du\  / du 

A  ***(=)( 


where  Ax  is  the  grid  size  and  M  is  the  number  of  grid 
zones  in  the  shock  front.  The  form  of  q  chosen  here  is 
basically  similar  to  that  of  von  Neumann  and 
Richtmyer,  and  satisfies  similar  conditions  for  the 
spherical  case.  However,  there  is  no  convenient  steady- 
state  solution  by  which  to  demonstrate  the  connection 
of  variables  across  the  shock,  and  the  form  chosen  here 
is  only  asymptotically  the  same  as  a  verified  form  for  a 
plane  problem. 

The  fact  that  the  plane  form  approximation  is  good 
for  shock  thicknesses  which  are  small  relative  to  the 
shock  radius  is  borne  out  by  the  close  agreement  with  a 
similarity  solution  (with  q)  investigated  by  R.  Latter5 
in  which  he  solves  numerically  the  resulting  ordinary 
differential  equations  for  cases  of  interest  to  this 
problem. 

The  particular  form  chosen  for  the  viscosity  has  the 
advantage  that  it  contributes  nothing  in  regions  of 
expansion,  and  is  nonzero  only  in  the  compression 
phase  of  a  shock.  In  Lagrangean  coordinates  this  has 
the  advantage  of  eliminating  a  spurious  contribution 
near  the  origin  where  the  positive  velocity  gradient  is 
large. 

Initial  Conditions 


Two  general  types  of  initial  conditions  were  taken, 
(1)  a  point  source,  and  (2)  an  isothermal  sphere.  A 
point-source  case  was  run  in  the  greatest  length  using 
the  von  Neumann  strong-shock  solution  beginning  at 
1600  atmos  shock  overpressure,  and  running  down  to 
less  than  0.06  atmos.  The  point-source  solution, 
starting  at  199  atmos  peak  overpressure,  was  used  to 
start  the  one  problem  carried  out  on  the  ORDVAC 
machine  at  the  Ballistics  Research  Laboratories, 
Aberdeen,  Maryland.  The  latter  problem  was  run  to 
nearly  0.1  atmos  shock  overpressure.  The  point-source 
solution  was  also  used  for  starts  at  473  and  818  atmos 
shock  overpressure,  and  these  problems  were  run  down 
to  less  than  100  atmos  peak  overpressure. 

Three  isothermal-sphere  type  problems  have  been 
run  so  far.  Two  of  these  begin  with  a  hot  isothermal 

6  R.  Latter,  J.  Appl.  Phys.  (to  be  published  1955). 


sphere  for  which  the  density  is  the  same  inside  and  out. 
One  began  at  2002  atmos,  the  other  at  121  atmos, 
overpressure. 

One  cold  isothermal  sphere  was  also  used,  beginning 
with  121  atmos  overpressure  and  a  temperature  inside 
equal  to  the  outside  temperature. 

These  three  problems  were  carried  down  to  shock 
overpressures  less  than  unity. 

Stability  and  Problem  Checks 

Short  plane-geometry  problems  were  found  useful 
in  checking  the  validity  of  various  computational 
tricks,  and  in  studying  the  effect  of  certain  changes  in 
the  difference  equations.  The  effect  of  the  size  of  the 
viscosity  constant  was  also  more  easily  studied  in  the 
plane  case.  Time  increments  smaller  than  that  pre¬ 
scribed  by  the  C  our  ant  condition  (A  /=  (pp)~*Ar)  by  a 
factor  of  2  to  4  were  found  necessary  for  smooth  results. 
In  an  attempt  to  reduce  the  required  computing  time 
the  stable  differencing  scheme  of  Du  Fort  and  Frankel6 
for  diffusion-type  equations  was  employed  in  place  of 
explicitly  carrying  a  viscosity  quantity  ( q ).  Unfortun¬ 
ately  such  a  scheme  has  some  practical  disadvantages. 
It  requires  carrying  throughout  a  machine  calculation 
sets  of  data  for  all  space  points  for  two  different  times. 
Furthermore,  computing,  changing  time  increments, 
and  combining  space  points  all  become  more  tedious. 
Besides  these  disadvantages,  additional  terms  must  be 
introduced  to  correct  for  the  excess  energy  introduced 
by  the  differencing  scheme.  On  the  other  hand,  the 
very  general  nature  of  the  viscosity  method,  the  ease 
of  its  applicability,  and  the  precision  with  which  it 
reproduces  the  Hugoniot  conditions  across  a  shock 
would  seem  to  offset  the  more  stringent  time  require¬ 
ment.  Use  of  this  method  for  nonideal  gases  is  not 
considered  in  this  paper,  however. 

It  is  frequently  convenient  to  use  unequal  zone  sizes. 
For  instance,  the  use  of  small  zones  through  the  shock 
front  provides  a  sharp  shock  at  very  little  cost  in 
computing  time.  The  use  of  such  unequal  zones  was 
empirically  validated  in  this  problem  by  repeating 
calculations  with  quite  different  zone  choices. 

The  size  of  the  time  increments  were  automatically 
doubled  whenever  the  stability  conditions  would  allow 
it.  Two  conditions  exist,  one  being  the  usual  Courant 
condition  and  the  other  a  diffusion-type  condition 
imposed  by  the  artificial  viscosity 

Ar  ^  Ax/\2(pp)$  max 

7  1  du 

Ar^-(Ao:)2 - 

4  l\2q  dx 

The  total  energy  in  the  blast  wave  must  be  conserved, 
but  a  check  on  the  total  energy  is  not  a  very  sensitive 
test  of  the  correctness  of  the  results.  Several  machine 

6E.  C.  Du  Fort  and  S.  P.  Frankel,  Mathematical  Tables  and 
Other  Aids  to  Computation,  Vol.  VII,  p.  135  (1953). 
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errors  were  detected  (and  eliminated)  which  did  not 
substantially  effect  the  total  energy.  Here  the  system 
employed  was  to  back  off  and  re-run  whenever  sus¬ 
picious  aberrations  occurred  and  to  re-run  and  com¬ 
pare  the  entire  problem  with  a  different  zone  spacing, 
different  viscosity,  different  time  increments,  as  well 
as  some  differences  in  the  difference  equations. 

Difference  Equations 

The  differential  equations  are  approximated  by  the 
following  difference  equations : 

Ar(Xin)2 

=  Uln~i - - 

(A  x)a 

(io) 

Xi”+1=Xi"+«in+4AT, 

A-W\ 

where 

/  2(uin+*+Ui-in+t) 

W=Arl - 

\Xi"+1+Xi»+Xi_i"+1+Xi-i* 

Uin+t—  Ui-in+* 
+\in+1+\in-h-in+1- 


Fig.  2.  Particle  velocity  or  Mach  number  at  the  shock  as  a 
function  of  shock  radius  for  the  point-source  solution.  Velocity 
is  in  units  of  the  pre-shock  sonic  velocity  and  the  radius  is  in  units 
of  (JWW 

qi-  0  for  Uu-  Uin+\ 

7+1  1 

+20M«+I-p,_j’‘)?M»+i 

p  n+i  = - ,  (15 

7+1 

- pl-in-pl-in+l 

7-1 


7(7+1)  /  M  \ 3 

qi_hn+*  =  9- - (  ) 

2  \3t/ 

for  ui-in+i>uin+i}  (14) 


Fig.  1.  Radial  dependence  of  the  peak  or  shock  overpressure. 
The  solid  curve  represents  the  point-source  solution.  The  dashed 
curves  represent  the  results  from  two  different  initial  isothermal 
spheres,  one  at  2000  atmos  and  the  other  at  121  atmos,  both 
spheres  were  hot  with  equal  density  inside  and  out.  The  dotted 
curve  represents  the  resulting  shock  overpressure  from  an  initially 
cold  isobaric  sphere  with  temperature  equal  inside  and  out.  The 
pressures  are  in  atmos  and  the  distances  in  units  of  (Etot/Po)K 


III.  RESULTS  OF  NUMERICAL  SOLUTIONS 
Peak  Overpressure  ( P8 )  versus  Shock  Radius  (X8) 

The  strong-shock  point-source  solution  provides  that 
the  shock  overpressure  (AP8)  should  depend  on  the 
inverse  cube  of  the  shock  radius  (X8).  The  problems 
that  were  begun  with  strong-shock,  point-source  values 
continued  to  obey  the  inverse  cube  law  down  to  10 
atmos  at  which  point  the  overpressure  had  become  3 
percent  higher  than  the  strong  shock  prediction.  The 
addition  of  1  atmos  to  an  inverse  cube  term  gives  a 
relation  valid  over  a  greater  range  of  overpressures, 
deviating  from  the  calculated  curve  by  less  than  5 
percent  at  5  atmos. 

AP8 — 0. 1567X8“3+ 1  atmos.  (16) 

The  shock  radius  (X8)  is  in  the  dimensionless  units 
(energy/pressure-reduced)  described  in  Sec.  II. 

At  still  lower  pressures  the  following  empirical  fit 
applies. 

0.137  0.119  0.269 

APS— - 1 - 1 - 0.019  atmos, 

X83  Xs2  X8 

for  0.1<AP8<10,  or  0.26<XS<2.8.  (17) 

For  all  the  calculations  begun  with  a  strong-shock 
the  solid  curve  in  Fig.  1  presents  the  peak  overpressure 
as  a  function  of  shock  radius. 
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Fig.  3.  Peak  or  shock  dynamic  pressure  (Q=  £p«s)  versus  shock 
radius  for  the  point-source  solution.  The  dynamic  pressure  is  in 
atmos  and  the  radius  in  units  of  (£tot/Po)*. 

The  dashed  curves  represent  the  peak  overpressures 
resulting  from  the  hot  isothermal  spheres  with  normal 
density  inside  (beginning  at  2002  and  122  atmos 
overpressure).  Notice  that  the  overpressure  becomes 
indistinguishable  from  that  of  the  strong  shock  at  a 
radius  where  the  mass  of  air  engulfed  by  the  shock  is 
10  times  the  initial  mass.  In  the  strong-shock  region 


this  corresponds  to  a  drop  in  overpressure  to  about  17 
percent  of  the  initial  value,  and  in  any  case  to  a  radius 
a  little  more  than  twice  the  initial  radius. 

The  dotted  curve  represents  the  overpressure  from 
an  initially  cold  isothermal  sphere  (normal  tempera¬ 
ture,  high  pressure).  Because  of  the  slower  rarefaction 
speed  the  shock  pressure  does  not  rise  to  the  point- 
source  value  until  quite  late,  i.e.,  until  the  rarefaction 
which  moves  inward  from  the  initial  pressure  front  has 
reached  the  center. 

In  each  case  of  an  initial  isothermal  sphere  there  are 
some  slight  oscillations  about  the  point-source  over¬ 
pressure  curve  which  are  caused  both  by  rarefactions 
and  small  shocks  which  form  behind  the  front  shock, 
move  inward  and  reflect  off  the  origin  and  then  move 
out  to  overtake  the  shock  front.  (See  a  later  discussion 
of  these  special  features  of  the  isothermal  sphere 
problems.) 

Peak  Dynamic  Pressure  (Qa)  and  Peak  Particle 
Velocity  (ua)  uersus  Shock  Radius  (ka) 

The  particle  velocity  and  the  peak  pressure  at  the 
shock  front  follow  precisely  the  Hugoniot  relation, 

SAP, 

«.=- - ,  (18) 

(49+42AP,)* 


Fig.  4.  Pressure  in  atmos  as  a  function  of  the  Lagrange  or  mass  position  for  the  point-source  solution  at  times  indicated.  The 
position  is  in  arbitrary  units  of  (Em/Pq)1/ 1627. 2,  and  the  time  is  in  units  of  {E^/P^/Cq  when  Co  is  the  pre-shock  sonic  velocity. 
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The  particle  velocity  follows  its  strong-shock  de¬ 
pendence  on  shock  radius  down  to  as  low  an  over¬ 
pressure  as  atmos  (Fig.  2) ;  in  fact  an  adequate  fit 
over  the  entire  range  is  given  by  the  following : 

ws  =  0.30\rf.  (19) 

This  simple  form  is  reflected  in  the  peak  dynamic 
pressure  (Qs—ips^s2)  which  falls  somewhat  faster  than 
an  inverse  cube  law  down  to  equally  low  shock  pressures 
(Fig.  3).  The  slow  decrease  in  shock  density  (from  6 
for  strong  shocks  to  one  for  weak  shocks)  is  responsible 
for  the  decay  being  steeper  than  the  inverse  cube  of 
the  shock  radius. 

Pressure  (P)  versus  Lagrangean  Distance  (P0) 

The  pressure  behind  the  shock  wave,  shown  in  Fig. 
4  as  a  function  of  the  Lagrangean  (or  initial  position) 
variable,  retains  the  strong-shock  form  until  quite 
low  pressures.  Note,  for  example,  that  the  ratio  of 
central  pressure  to  shock  pressure  remains  37  percent 
down  to  20  atmos  and  decreases  slowly  below  that  to 
33  percent  by  3  atmos.  Beyond  3  atmos  a  negative 
phase  develops  with  the  pressure  falling  to  as  low  as 
0.8  atmos  near  the  center. 

In  Fig.  4  the  Lagrangean  position  is  given  in  arbitrary 
units  (Po),  related  to  the  dimensionless  unit  (X0)  by  a 


constant  multiplier, 

Ro 

To—  e\o=  e - .  (20) 

1627.2 

It  may  help  in  visualizing  dimensions  to  assume  P0  to 
be  in  centimeters;  then  the  corresponding  blast  energy 
will  be  about  that  of  200  lb  of  TNT  (4.2 X1015  ergs). 

Particle  Velocity  (u)  and  Density  (9)  versus 
Lagrangean  Distance  (P0) 

Figures  5  and  6  indicate  the  progression  of  particle 
velocity  and  density  as  functions  of  the  Lagrangean 
position.  Again  the  strong-shock  form  is  dominant 
until  as  low  as  3  atmos  of  shock  overpressure. 

The  particle  velocity  transforms  gradually  from  its 
very  linear  form  to  one  much  like  the  overpressure  at 
large  distances  as  the  shock  wave  goes  from  strong 
to  weak. 

The  density,  which  in  the  strong  shock  is  zero  at  the 
origin,  implying  an  infinite  temperature,  remains  zero 
there  since  no  mechanism  is  included  (no  conduction 
or  radiation)  for  dissipating  this  high  temperature. 

The  density  profiles  in  Fig.  6  represent  strong-shock 
initial  conditions  at  200  atmos  shock  pressure.  The 
dip  in  the  curves  that  sit  at  the  same  mass  point 
(P0=  150)  is  due  to  the  sudden  inclusion  of  a  finite 
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Fig/ 6.  Density  in  units  of  pre-shock  density'as  a  function  of  Lagrange  or  mass  position  for  the  point-source  solution 
at  the  times  indicated.  The  position  is  in  units  of  (Etot/Po)VCo. 


atmosphere  ahead  of  the  shock,  i.e.,  due  to  the  abandon¬ 
ment  of  the  strong-shock  (infinite  pressure  ratio) 
assumption  at  that  point.  The  Hugoniot  relations  give 
the  shock  density  in  terms  of  the  shock  pressure  as 

Z,<j 


(7+l)P+(7-l)  6P+1 

- — -  for  7=1.4. 

(7-l)P+(7+l)  P+6 


(21) 


For  a  strong  shock  (P  =  oo )  the  density  ratio  is  six 
(p  =  6),  but  at  two  hundred  atmos  (P=200)  the  ratio 
is  only  5.83. 

The  strong-shock  solution  is  derived  on  the  assump¬ 
tion  that  the  atmosphere  ahead  of  the  shock  wave 
has  negligible  effect.  The  effect,  when  non-negligible, 
is  to  raise  the  temperature  through  the  shock  to  a 
higher  value  than  that  given  by  the  strong-shock 
solution,  i.e.,  a  finite  shock  is  hotter  than  would  be 
predicted  by  the  “ ‘strong-shock”  theory. 


Gas  Variables  as  a  Function  of  Eulerian 
Position  (a,) 

The  pressure,  density,  compression,  and  particle 
velocity  are  shown  relative  to  their  peak  or  shock  values 
as  functions  of  the  Eulerian  position  (X)  in  Fig.  7. 
The  strong-shock  form  dominates  the  first  two  sets, 
while  the  later  ones  show  the  characteristic  positive 
phase  followed  by  a  longer,  weaker  negative  phase 


and  eventually  by  a  return  to  near  pre-shock  values  at 
the  origin. 

Positive  and  Negative  Phases  versus  Distance 

The  durations  of  the  positive  phases  for  pressure  and 
particle  velocity  are  shown  in  Fig.  8.  Although  these 
durations  should  approach  the  same  value  at  large 
distances,  they  still  differ  by  7  percent  at  a  distance  of 
X  =  3.0(APS  — 0.09).  The  figure  indicates  only  the  values 
for  the  point  source  solution. 

The  duration  of  the  negative  pressure  phase  (. Dp r), 
unlike  that  of  the  positive  phase,  is  nearly  independent 
of  distance,  and  has  an  average  value  of  1.22.  The 
negative  durations  suffer  somewhat  from  loss  of 
numerical  significance  at  late  times  in  the  calculation. 

Time  Dependence  of  Pressure 

In  Fig.  9,  the  curves  of  pressure  versus  time  at  various 
distances  are  given  in  units  of  the  peak  overpressure 
and  the  positive  duration  in  order  to  illustrate  the 
change  in  the  rate  of  decay  behind  the  shock.  At 
increasing  distances  the  drop  in  pressure  is  both 
relatively  and  absolutely  slower  since  the  positive 
phase  duration  is  also  increasing.  Again,  these  curves 
are  for  the  point-source  solution. 

An  exponential  form  approximates  the  time  de- 
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Fig.  7.  Hydrodynamic  quantities  in  units  of  their  peak  values  as  a  function  of  Eulerian  or  space  position  at  the  times  indi¬ 
cated.  The  radius  is  in  units  of  (EtotAPo)1-  The  solid  curves  represent  overpressure  (AP/AP9)}  the  long  dash  curves  represent 
particle  velocity  («/«,),  the  dot-dash  curves  represent  density  (p/p,),  and  the  short  dash  curves  represent  compression  [(p— 1)/ 
(p«— !)]•  The  shock  values  of  the  overpressure  (APS)  for  these  times  are  121.5,  20.10,  2.03,  1.01,  0.338,  0.0701  ordered  on  in¬ 
creasing  time.  For  the  particle  velocity  the  peak  values  are  8.49,  3.37, 0.873,  0.524,  0.216, 0.0525,  and  for  the  density  the  peak 
values  are  5.66,  4.68,  2.135,  1.625,  1.228,  1.0508. 


pendence  of  the  pressure  pulse : 

A  P 

- =  (l~Z)e~aZ.  (22) 

A  Ps 

Here  Z  is  the  time  after  shock  arrival  in  units  of  positive 
duration,  A Pt  is  the  shock  overpressure,  and  a  is 
independent  of  Z.  This  form  is  satisfactory  for  over¬ 


pressures  less  than  one  atmosphere  (A  >0.74),  with  the 
coefficient  (a)  specified  by 

a-|+A/\,  AP,i$l.  (23) 

For  shock  overpressures  greater  than  one  atmosphere 
the  decay  is  not  a  simple  exponential,  since  the  early 
portion  requires  a  larger  a  than  the  later  part.  Allowing 
the  coefficient  a  to  be  a  function  of  the  time  (Z),  it. 
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may  be  approximated  by 

a=|+AP,[l.l-  (0.13-H0.2AP,)Z]  (24) 

for  AP,  less  than  3  atmos,  and  for  overpressures  from 
3  up  to  50  atmos  by  the  form 


b 

a=a-\ -  (25) 

1+cZ 

where 


—  0.231 +0.388AP,— 0.0332 AP,2  for  AP,^10 
0  for  AP,>10 

AP,(0.88-j-0.072AP,)  for  AP,<10 
AP,  ( 1 .67— 0.01 1  AP,)  for  AP,>10 
c= 8.71+0.1843AP,— 104/  (AP,+  10). 


b  = 


Zp 


The  time  dependence  of  the  pressure  in  the  negative 
phase  may  be  approximated  by  the  form 

AP  =  14AP_o>  (1 — co)  e-4"  for  0.1<AP,<200  (26) 


Fig.  9.  Pressure  as  a  function  of  time  where  the  pressure  is  in 
units  of  the  peak  pressure  (AP,)  (Fig.  1)  and  the  time  ( Zv )  is  in 
units  of  the  positive  duration  (Z)P+)  (Fig.  8) .  The  numbers  indicate 
the  corresponding  peak  overpressures  (AP,) . 


Fig.  8.  Duration  of  positive  phase  for  pressure  (Dp+)  and 
particle  velocity  (A,+)  versus  distance  (Eulerian)  where  time  is  in 
units  of  (Etot/Po^/Co  and  distance  is  in  units  of  (Ptot/Po)*. 

where  A P„  is  the  peak  negative  overpressure  (see  Fig. 
10),  and  where  w  is  the  time  measured  from  the  end 
of  the  positive  phase  in  units  of  the  negative  phase 
duration  (Df).  A  more  accurate  fit  would  allow  the 
exponent  to  decrease  to  zero  as  the  shock  strength 
goes  to  zero. 

Dynamic  Pressure  versus  Time 

Of  interest  also  is  the  form  of  the  dynamic  pressure 
(Q  —  \pu2) .  Time  plots  of  this  function  appear  in  Fig.  11. 
These  curves  are  also  normalized,  but  with  the  positive 
duration  of  the  particle  velocity  (Z>u+)  (Fig.  8),  and 
the  peak  value  of  the  dynamic  pressure  ( Qs )  (Fig.  3). 

A  similar  exponential  form  approximates  the  dy¬ 
namic  pressure, 

Q/Q*={  1-Z)V**,  (27) 

where  is  independent  of  the  time  (Z)  for  shocks  of 
less  than  one  atmos  peak  overpressure  (AP,  <1).  The 


coefficient  /3  changes  with  the  shock  strength,  however: 

/?=0.75+3.2A P8J  APs^l.  (28) 

Where  the  shock  is  stronger,  a  modification  similar  to 
that  given  in  Eq.  (25)  for  the  overpressure  is 
appropriate : 


for 


0~d+f/(l+gZ),  (29) 

50>AP,>1, 

f-1.33AP»  for  AP.^3 
d=\ -5.6+0.63AP,  for  3<AP,^10 
If)  for  APS>  10 


/=6.40AP„ 
g= 0.725 AP,. 


Fig.  10.  Peak  negative  overpressure  in  atmos  as  a  function  of 
radial  distance  in  units  of  (Etot/Po)k 
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Fig.  11.  Dynamic  pressure  (Q=§pw2)  as  a  function  of  time 
where  the  pressure  is  in  units  of  the  peak  dynamic  pressure  (Q,) 
(Fig.  3),  and  the  time  is  in  units  of  the  positive  duration  of  the 
velocity  (Du+)  (Fig.  8).  The  numbers  indicate  the  corresponding 
peak  overpressures  (A P8).  This  rapid  decrease  in  effective  pulse 
duration  with  increasing  peak  overpressure  has  the  effect  of 
making  the  higher  dynamic  impulses  much  the  sharpest. 

These  approximate  forms  agree  with  the  numerical 
values  of  Q  and  A P  in  the  positive  phase  to  within  10 
percent  (and  over  most  of  the  range  to  less  than  2 
percent)  for  values  of  APS  less  than  ten  atmos. 


Since  the  duration  of  the  negative  pressure  is  con¬ 
stant  at  ZAp“~  1.22, 

7P“~0.61AP_.  (33) 

For  distances  greater  that  A  =  0.5  the  negative  peak 
overpressure  approaches  zero  inversely  as  the  distance 

AP-C^ — 0.086A-1,  X>0.5,  (34) 

and  the  negative  pressure  impulse  goes  approximately 
like 

7p-~0.052A-1,  A>0.5.  (35) 

Special  Features  of  the  Isothermal  Sphere 
Problems 

In  the  gas  dynamics  resulting  from  the  release  of  an 
initially  static  high-pressure  sphere,  an  inward  moving 
shock  forms  behind  the  rarefaction  wave  that  first 
runs  in  from  the  surface  of  the  sphere.  This  inward- 
directed  shock  was  predicted  by  Wecken7  and  discussed 
by  McFadden,8  Shardin9  and  others.4  It  does  not 
acquire  a  net  inward  velocity  until  the  rarefaction 
has  reached  the  center,  but  after  that  it  moves  in  and 
reflects  at  the  origin,  and  then  races  outward  to  eventu¬ 
ally  overtake  the  main  shock. 

This  second  shock  grows  from  zero  strength  to 
presumably  an  infinite  pressure  ratio  at  the  origin. 
On  reflection,  this  shock  moves  outward,  decaying  in 
strength  about  as  the  inverse  first  power  of  its  distance 


Positive  Impulse 

The  integrated  positive  overpressure  (. Iv+ )  and  the 
total  positive  drag  pressure  (7«+)  decrease  with  distance 
from  the  blast  source  in  the  manner  shown  in  Fig.  12. 


(Because  of  the  units  employed  in  this  paper,  Iu+ 
does  not  become  the  usual  dynamic  impulse  until  it  is 
multiplied  by  y= poC<?/Po.) 

Both  of  these  impulses  may  be  fitted  by  simple 
powers  of  the  radial  distance  for  shock  overpressures 
less  than  two  atmospheres : 


7„+=0.043\-1,  APS<2 
7U+=0.004A-2*7. 


(31) 


Negative  Impulse 

The  negative  overpressure  impulse  in  the  range 
below  20  atmos  of  peak  overpressure  can  be  expressed 
to  within  5  percent  by 

72r  =  ±A7LD3r.  (32) 


\  distonca 

Fig.  12.  The  radial  dependence  of  the  positive  pressure  impulse 
(Ip+)  the  negative  pressure  impulse  (/„“)>  and  the  positive 
dynamic  impulse  Iu+  in  units  of  atmospheres  [where  time  is  in 
the  dimensionless  units  (Etot/P^/Co]  the  radial  distance  is  in 
units  of  (Toot/To)*. 

7  F.  Wecken,  Z.  angew.  Math.  u.  Mech.  30,  270  (1950). 

s  J.  A.  McFadden,  J.  Appl.  Phys.  23,  1269  (1952). 

9  H.  Schardin,  “Measurement  of  spherical  shock  waves,” 
Commun.  Pure  Appl.  Math.  (Institute  of  Mathematical  Sciences, 
New  York  University)  VII,  223  (1954). 
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from  the  origin.  The  general  expansion  and  outward 
motion  of  the  gas  behind  the  main  shock  is  responsible 
for  this  apparently  modest  decay  rate. 

When  this  second  shock  encounters  the  outer  surface 
of  the  gas  that  was  initially  inside  the  sphere,  a  trans¬ 
mitted  shock  continues  out  and  a  reflected  shock  is 
sent  inward.  The  transmitted  shock  overtakes  the  main 
shock  and  increases  it  by  as  much  as  20  percent. 
Progressively  weaker  shocks  follow  from  the  reflections 
at  the  interface  and  again  at  the  origin.  This  repeated 
shocking  of  the  gas  near  the  origin  changes  the  tem¬ 
perature  profile  at  later  times  from  its  initial  isothermal 
nature  to  nearer  the  point-source  distribution  which  is 
characterized  by  a  high  central  temperature  falling  off 
rapidly  with  radius. 

Some  detail  is  lost  in  the  vicinity  of  the  origin  since 
the  shocks  are  always  spread  over  a  number  of  mesh 
points.  In  one  case  the  problem  was  rerun  with  mesh 
sizes  about  one-fourth  the  original  size,  and  the  inward- 
moving  shock  showed  some  appreciable  discrepancy 
near  the  origin.  However,  this  discrepancy  may  be 
attributed  mainly  to  the  difficulty  in  identifying  the 
shock  when  the  rounding  is  comparable  to  the  shock 
radius.  After  reflection  the  difference  vanishes  again 
in  spite  of  the  quite  different  histories  near  the  center. 

IV.  CONCLUSIONS 
Point-Source  Solution 

At  increasing  distances  from  a  finite  but  sudden 
source  of  energy,  the  resulting  blast  wave  will  appear 
more  and  more  like  that  from  a  point  source.  The 
blast  resulting  from  an  initial  isothermal  sphere  of  gas 
at  rest  will  assume  the  general  shape  and  values  of  the 
point-source  solution  (to  within  10  percent)  after  the 
shock  wave  has  engulfed  a  mass  of  air  10  times  the 
initial  mass  of  the  sphere.  Prior  to  this,  the  shock 
strength  is  less  than  that  of  the  point-source  shock,  and 
the  inward-traveling  rarefaction  has  not  reached  the 
center. 

A  point  source  should  leave  a  higher  temperature 
and  consequently  a  larger  percentage  of  energy  near  the 
origin.  This  energy,  no  longer  available  to  the  shock 
wave,  should  effect  a  reduction  in  the  shock  radius 
(for  a  given  overpressure).  However,  no  appreciable 
difference  in  the  low-end  of  the  shock  overpressure- 
radius  relation  appears  on  comparing  the  point  source 
and  isothermal  sphere  solutions.  In  fact,  perhaps 
because  of  multiple  shocking  of  the  inner  regions  in  the 
isothermal  sphere  problems,  the  distribution  of  residual 
energies  (per  unit  volume)  and  pressures  are  nearly 
identical  around  the  origin  at  a  time  when  the  shock 
has  progressed  to  6  or  7  times  the  initial  radius. 
Although  temperatures  will  remain  different,  since  the 
point  source  has  infinite  temperature  at  the  origin 


(and  zero  density),  the  average  temperature  (or 
density)  of  that  gas  initially  inside  the  isothermal 
sphere  approaches  (within  10  percent)  the  average 
temperature  for  a  corresponding  mass  around  the  point 
source. 

For  a  source  of  considerable  initial  mass,  the  peak 
pressure  may  become  quite  small  before  the  shock 
has  engulfed  a  mass  of  gas  10  times  larger,  and  the 
blast  wave  may,  therefore,  remain  quite  different  from 
the  point-source  solution  throughout  regions  of  interest. 
Such  is  the  case  to  some  extent  with  high  explosives 
where  initial  charge  shapes  will  influence  the  blast  wave 
at  all  significant  pressures.  It  is  true  to  an  even  greater 
extent  in  the  spherical  equivalent  of  a  shock-tube  type 
of  blast,  where  a  gas  at  high  pressure  but  at  normal 
temperature  is  suddenly  released,  as  in  the  normal 
temperature  isobaric  sphere  problem  (dotted  curve 
Fig.  1)  described  in  Sec.  I. 

Application  to  Blast  in  Air 

The  ideal  gas  assumption  is  reasonably  valid  in  air 
for  shock  pressures  less  than  10  atmos.  Above  that  the 
gamma  in  the  expression  for  the  internal  energy 
[Eq.  (7)]  ranges  down  to  as  low  as  1.133  and  up  to  the 
monatomic  value  of  1.667.  But  since  the  mass  of  gas 
which  has  experienced  shocks  stronger  than  10  atmos 
is  a  small  part  (5  percent)  of  the  engulfed  mass  by  the 
time  the  shock  overpressure  is  down  to  1  atmos,  the 
blast  wave  for  constant  gamma  should  be  reasonably 
correct  for  air  at  most  interesting  shock  pressures. 

In  the  case  of  shock  wave  problems  involving  only 
one  space  variable,  the  artificial  viscosity  technique 
for  numerical  integration  appears  to  be  very  satisfactory 
over  large  ranges  of  pressure  and  entropy  change. 
Unfortunately,  it  cannot  be  expected  to  yield  details  of 
a  shock  wave  impinging  on  a  singular  point  such  as  the 
origin  in  spherical  or  cylindrical  geometry,  since  the 
nature  of  this  method  is  such  as  to  spread  the  shock 
front  over  a  number  of  grid  points. 
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Method  for  Producing  High-Velocity  Metallic 
and  Plastic  Pellets* 

M.  E,  Van  Valkenburg  and  Charles  D.  Hendricks,  Jr. 

U niversity  of  U tah,  Salt  Lake  City,  U tah 
(Received  November  15,  1954) 

THE  acceleration  of  metallic  pellets  to  velocities  of  2-6  km/sec 
has  been  reported  by  Allen,  Rinehart,  and  White1  using 
aluminum,  magnesium-lithium,  titanium,  and  steel  for  pellet  mate¬ 
rials.  In  their  work,  the  pellet  was  embedded  in  the  end  of  a  cylin¬ 
drical  explosive  charge.  Detonation  of  the  charge  caused  the  pellet 
to  be  propelled  in  the  direction  along  the  axis  of  the  cylinder. 
However,  the  pellet  frequently  broke  into  a  number  of  pieces  at 
the  time  of  firing  or  was  completely  shattered  in  the  case  of  some 
metallic  pellets. 

Kolsky,  Snow,  and  Shearman2  have  reported  the  use  of  water, 
powdered  chalk,  and  other  inert  materials  to  dampen  the  shock- 
wave  amplitude  in  their  study  of  the  deformation  of  shaped  charge 
liners.  By  the  use  of  inert  materials  such  as  oil  or  plastics  as  a 
coupling  medium  between  the  pellet  and  the  explosive,  the  method 
of  Allen,  Rinehart,  and  White  has  been  modified  for  use  with  other 
metals,  other  pellet  shapes,  and  for  a  variety  of  plastic  materials. 

Details  of  the  construction  of  the  propelling  mechanism  are 
shown  in  Fig.  1.  The  pellet  is  suspended  a  distance  from  the  ex- 


Fig.  1.  Assembly  of  pellet  and  oil  or  plastic  coupling  to  an  explosive 
charge  for  accelerating  pellets.  Typically,  the  explosive  charge  is  2$  in. 
in  diameter  and  7$  in.  in  length  for  a  1  in.  diameter  pellet. 

plosive  charge  on  oil  paper.  The  space  between  the  oil  paper  and 
explosive  charge  is  filled  with  oil  or  other  material.  The  accelera¬ 
tion  of  the  pellet  is  the  result  of  both  the  shock  wave  and  the  mass 
motion  of  the  explosive  products  following  detonation.  Photo¬ 
graphs  taken  with  a  high-speed  framing  camera  (2  //sec  per  frame) 
show  that  the  pellet  lags  behind  the  shock  wave  and  is  completely 
surrounded  by  explosive  products  before  it  moves  appreciably 
from  its  initial  position.  The  pellet  velocity  depends  on  the  mass 
and  cross-sectional  area  of  the  pellet,  the  type  of  explosive  charge, 
and  the  material  and  thickness  of  the  coupling  medium. 


Fig.  2.  Average  pellet  velocity  as  related  to  oil  thickness  for  aluminum 
pellets  (5.25  grams)  using  castor  oil  as  the  coupling  medium. 


Fig.  3.  Average  velocity  of  aluminum  pellets  using  a  cast  polyester  resin 
as  a  coupling  medium.  The  straight  dashed  line  indicates  the  velocity  of 
pellets  with  castor  oil  as  the  coupling  medium  as  given  in  Fig.  2. 


Breakup  of  pellets  has  been  tested  on  thin  targets  made  of  alu¬ 
minum  foil  and  paper.  In  the  case  of  no  breakup,  there  is  one  hole 
which  has  regular  boundaries  and  is  of  a  characteristic  shape  (some 
projection  of  pellet  shape).  With  breakup,  however,  there  are  a 
number  of  irregular  shaped  holes  for  each  shot.  By  the  use  of  the 
interposed  layer  of  inert  material,  both  pellet  breakup  and  pellet 
velocity  can  be  controlled  by  the  thickness  and  material  in.  the 
layer. 

In  Fig.  2,  the  average  pellet  velocity  over  the  first  three  meters 
of  pellet  flight  is  shown  as  a  function  of  oil  thickness.  These 
measurements  were  taken  with  castor  oil  as  the  coupling  medium. 
For  this  case,  there  is  an  essentially  linear  decrease  in  velocity 
with  oil  thickness. 

The  use  of  a  cast  plastic  layer  between  the  pellet  and  explosive 
shows  somewhat  different  results.  Figure  3  shows  average  pellet 
velocity  as  a  function  of  plastic  thickness.  The  plastic  material 
used  was  a  polyester  resin  known  commercially  as  “Aqua  Armor.” 
In  this  case,  a  resonance  phenomena  occurs  with  a  thickness  of 
about  0.5  inch.  The  velocity  of  the  pellet  is  higher  than  with  an  oil 
interposed  layer  using  the  same  pellet  materials  and  the  same 
explosive  charge. 

Figure  4  shows  the  average  velocity-layer  thickness  characteris¬ 
tics  of  several  plastic  materials.  Because  of  their  smaller  mass  for 
the  same  area,  plastic  pellets  attain  higher  velocities  than  metallic 
pellets.  Pellets  that  have  been  accelerated  without  breakup  include 
phenolic-bonded  fabrics,  potted  epoxy  resins  (such  as  Epon  828), 
Lucite,  polystyrene,  Textolite,  nylon  embedded  in  polyamide,  and 
Teflon. 

We  wish  to  acknowledge  use  of  the  test  facilities  of  the  Ex- 


Fig.  4.  Average  velocity  of  plastic  pellets  as  a  function  of  oil  thickness 
for  phenolic-bonded  fabric  pellets  (2.75  grams),  polystyrene  pellets  (2.34 
grams),  and  Plexiglas  pellets  (2.53  grams).  In  each  case,  castor  oil  was 
the  coupling  medium. 
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plosives  Research  Group,  University  of  Utah,  under  ML  A.  Cook, 
and  the  assistance  of  Wallace  G.  Clay  and  Philip  Weinberg  in 
conducting  the  experiments. 

*  This  research  was  supported  by  the  Office  of  Ordnance  Research,  U.  S. 
Army. 

1  Alien,  Rinehart,  and  White,  J.  Appl.  Phys.  23,  132  (1952). 

*  Kolsky,  Snow,  and  Shearman,  Research  2,  89  (1949). 


Collapsed  Toroidal  Springs  as  Contact  Elements 
in  Microwave  Cavities 

C.  L.  Andrews 

General  Electric  Research  Laboratory,  Schenectady,  New  York 
(Received  November  26,  1954) 

CYLINDRICAL  spiral  springs  welded  together  at  the  ends  to 
form  toroids  have  been  studied  as  contact  elements  in  coaxial 
microwave  cavities.  The  first  ones  tried  were  made  from  stainless 
steel  wrist  bands  of  the  five  and  ten  cent  store  variety.  Stainless 
steel  was  spot-welded  together  at  the  ends  easily  without  being 
made  brittle.  The  springs  of  flattened  oval  shape  made  long  line 
contacts  with  cylindrical  cavities. 

However,  the  sizes  of  stainless-steel  wrist  bands  were  limited. 
It  was  not  possible  by  any  simple  means  to  wind  stainless  steel 
on  mandrels  of  oval  cross  section  and  remove  the  spring  from  the 
mandrel.  If  a  spring  was  wound  on  an  oval  mandrel  without  heat 
treatment,  it  would  partially  unwind  upon  removal  so  that  the 
major  axes  of  the  ovals  were  not  parallel. 

A  surprising  solution  to  the  problem  came  when  it  was  found 
that  springs  wound  in  cylinders  of  circular  cross  section  could  be 
collapsed  to  give  springs  of  oval  cross  section  like  that  of  the  wrist 
band. 

Figure  1  shows  how  the  toroid  may  be  collapsed  by  rotating  the 
outer  circumference  relative  to  the  inner  circumference  of  the 
toroid.  The  two  sets  of  concentric  cylinders  are  shown  to  indicate 
the  wide  tolerance  permitted  in  diameters  of  the  cylindrical  parts. 
Identical  springs  are  used  in  the  two  cases.  The  illustration  is  an 
exaggeration  for  emphasis.  The  more  the  spring  is  collapsed  the 
longer  will  be  the  line  of  contact  between  the  wire  and  the  cylin¬ 
drical  wall. 

Figure  2  illustrates  the  wide  range  in  eccentricity  of  cylinders 
that  may  be  tolerated.  It  exaggerates  the  eccentricity  often  found 
in  disk-seal  triodes. 


Fig.  1.  Collapsed  toroidal  contactors  indicating  the  tolerance  permitted 
in  cylindrical  parts. 


Fig.  2.  Illustration  of  tolerance  in  eccentricity. 


Although  the  toroid  springs  were  easily  collapsed  with  the 
fingers  to  fit  into  a  smaller  cylinder,  they  were  somewhat  more  con¬ 
venient  if  they  are  permanently  collapsed  so  that  the  thickness  of 
the  oval  was  only  20  percent  greater  than  when  in  use.  The  col¬ 
lapsed  springs  were  formed  by  heating  the  toroids  to  the  sur¬ 
prisingly  low  temperature  of  220°C  in  a  hydrogen  atmosphere  be¬ 
tween  two  cylinders  for  only  20  sec.  The  expression  “feathered 
toroid”  may  be  more  descriptive  than  “collapsed  toroid”  since  the 
individual  turns  lie  over  each  other  like  the  feathers  of  a  bird. 

When  a  toroid  was  mounted  on  an  inner  cylinder  and  collapsed 
by  pressing  radially  inward  with  the  fingers,  the  radial  force  was 
observed  to  be  greatest  when  the  turns  lay  in  nearly  radial  planes. 
The  force  decreased  to  a  minimum  as  the  spring  collapsed  and  then 
increased  as  the  individual  turns  began  to  touch  each  other  near 
the  inner  cylinder. 

The  radially  outward  force  by  one  turn  was  measured  by  a 
compression  balance  inserted  through  holes  in  the  sides  of  cylin¬ 
ders,  such  as  those  of  Fig.  1.  Six  outer  cylinders  were  used  ranging 


Fig.  3.  Radial  ferce  versus  thickness  of  the  collapsed  spring. 


778 


LETTERS  TO  THE  EDITOR 


Fig.  4.  Simple  toroid  and  collapsed  toroid  mounted  on  disk-seal  triode  tubes. 


in  diameter  from  1^-  to  If  in.  in  diameter.  The  individual  turn 
was  pushed  in  with  the  compression  balance  until  the  outer  edge 
of  that  turn  lay  in  the  same  circle  as  the  outer  edge  of  the  other 
turns.  A  Starrett  spring  gauge  of  0.001-in.  scale  divisions  was 
calibrated  to  serve  as  a  compression  balance. 

The  toroidal  springs  on  which  these  measurements  were  made 
were  of  0.002-in.  wire,  40  turns  in  a  cylinder  of  0.37  outside  diame¬ 
ter,  spot-welded  together  at  the  ends  and  mounted  over  a  cylinder 
of  ^  in.  diameter.  The  separation  of  turns  along  the  inner  cylinder 
equals  roughly  the  wire  diameter. 

Figure  3  is  a  graph  of  radial  force  in  grams  against  thickness  of 
the  spring;  that  is,  the  difference  in  radii  of  inner  and  outer  cylin¬ 
der.  The  useful  cases  are  indicated  by  II  and  III  on  the  graph. 
Over  range  II  each  turn  of  wire  is  a  circular  loop  and  the  cross 
section  cut  by  a  plane  including  the  axis  of  the  cylinder  is  an  ellipse. 
In  part  III  each  turn  of  wire  is  bent  over  the  next  one.  The  ellipse 
is  changed  to  a  flattened  oval  and  the  wire  makes  a  longer  line  of 
contact  with  the  cylinder.  The  end  view  of  the  toroid  appears  as 
almost  continuous  metal. 

Figure  4  shows  a  simple  toroid  and  a  collapsed  toroid  mounted 
for  use  on  2C40  disk-seal  (lighthouse)  triodes.  In  this  position, 
the  spring  makes  three  sets  of  contacts:  butt  contacts  to  the 
cathode  cylinder,  point  contacts  to  the  grid,  and  line  contacts  to 
the  wall  of  the  cylindrical  cavity  into  which  the  tube  will  be 


Fig.  5.  Collapsed  toroidal  spring  used  as  cathode  contactor  in 
rectangular  wave-guide  oscillator.  _ 


inserted.  The  spring  completely  closes  off  the  grid-cathode  cavity. 
This  serves  in  oscillators  of  wavelength  12-13  cm.  The  feedback 
is  entirely  within  the  tube.  In  previous  oscillators  in  which  the 
connectors  to  grid  and  cathode  were  made  by  milling  slots  in  the 
brass  cylinders,  the  output  of  the  oscillator  had  varied  widely  as 
the  tube  was  rotated  about  its  axis.  This  was  due  to  eccentricity 
in  tubes.  When  the  collapsed  toroidal  spring  contactors  were  used, 
no  change  in  output  of  the  oscillator  was  observed  as  the  tube 
was  rotated. 

The  Q’s  of  plate-grid  cavities  with  brass  fingers  ranged  from 
390  to  430  at  2400  Mc/sec.  The  Q’s  with  the  same  tubes  and  sizes 
of  cavity  employing  collapsed  toroidal  spring  contactors  were  from 
300  to  360. 

The  Q’s  were  also  measured  in  coaxial  cavities  without  tubes  to 
see  if  the  springs  would  be  suitable  in  measuring  equipment.  The 
ones  of  silver  plated  coaxial  cavities  \  in.  inside  diameter  and  1  in. 
outside  diameter,  and  a  half-wavelength  long,  and  shorted  at  both 
ends  were  from  1400  to  1500  at  2400  Mc/sec.  When  one  end  of 
the  half-wave  cavity  was  terminated  with  a  collapsed  toroid  the 
Q  was  from  1100  to  1200. 

Figure  5  shows  a  collapsed  toroidal  spring  used  as  cathode  con¬ 
tactor  in  a  rectangular  wave-guide  oscillator  employing  a  GL-6299 
triode.  This  oscillator  is  used  to  generate  microwaves  of  wave¬ 
length  5-6  cm. 

The  springs  described  thus  far  were  made  with  stainless  steel. 
Beryllium  copper  springs  made  equally  good  contacts.  They  were 
spot-welded  with  a  silver  lead  eutectic  solder  at  304°C.  The 
beryllium  copper  toroids  could  not  be  permanently  collapsed  by 
heat  treatment.  However,  they  were  easily  collapsed  in  the  fingers 
before  being  inserted  into  the  cavity.  Upon  removal  they  returned 
to  the  original  shape.  The  beryllium  copper  was  silver  plated 
directly.  The  stainless-steel  springs  were  plated  with  copper  fol¬ 
lowed  by  silver. 

The  collapsed  toroidal  springs  have  the  same  cross  section  as 
wrist  band  contactors.  Their  tolerances  are  greater  than  that  of 
wrist  bands  or  contactors  of  machined  fingers. 


Further  Remarks  on  the  Odd  Ball  Problem  as 
an  Example  in  Information  Theory 

F.  H.  Mitchell  and  Robert  N.  Whitehurst 
University  of  Alabama,  University ,  Alabama 
(Received  January  6,  1955) 

IN  a  recent  Letter  to  the  Editor,1  an  interesting  analysis  of  the 
odd  ball  problem  is  presented  from  the  standpoint  of  informa¬ 
tion  theory.  The  problem  is  to  sort  out  from  a  number  of  balls, 
usually  12,  the  one  which  is  different  in  weight,  and  to  determine 
whether  it  is  heavy  or  light,  using  an  equal-arm  balance.  For  the 
12  balls,  the  number  of  weighings  required  is  three. 

The  information  required  to  solve  the  problem  is  shown  to  be  In 
2 N,  where  N  is  the  number  of  balls.  The  most  information  that 
can  be  counted  on  per  weighing  is  ln3.  Thus,  as  stated  in  the  letter 
referred  to,  the  number  of  weighings  required  is  not  fewer  than 
w=ln2iV/ln3,  from  which  N—Zn/ 2.  Since  N  is  restricted  to  in¬ 
tegral  values,  it  is  limited  to  (3”— 1)/2,  which  is  the  next  smaller 
integer. 

It  is  interesting  to  inquire  as  to  the  condition  under  which  the 
problem  is  solvable  when  (3n— 1)/2.  This  number  is  of  the 
form  3&4-1,  where  k  is  an  integer.  For  the  first  weighing,  the  best 
choice  is  to  place  k  balls  in  each  balance  pan,  leaving  out  £+1  balls. 
The  most  unfavorable  result  in  terms  of  information  gain  is  for  the 
pans  to  balance,  yielding  information  equal  to  ln3A'/(^V'-f-2).  In 
the  remaining  n— 1  weighings,  it  is  not  possible  to  count  on  more 
information  than  ln3ft~J.  Thus,  the  total  information  gain  in  the  n 
weighings  becomes  ln3"iV/  (iV+2),  which  is  equal  to  ln22V'(2Vr-}-^)/ 
(iV-f2).  Since  this  quantity  is  less  than  ln22V,  the  problem  is  not 
solvable  when  N  =  (3n— 1)/2. 
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Suppose,  however,  that  in  addition  to  the  N  balls,  there  is 
available  a  single  good  ball.  The  problem  is  now  solvable.  For  the 
first  weighing,  place  k+\  balls  in  one  pan,  and  k  plus  the  good  ball 
in  the  other  pan,  leaving  k  balls  out.  It  is  not  difficult,  though 
tedious,  to  show  that  the  information  gain  is  now  sufficient  to 
solve  the  problem  with  N=(3n— 1)/2. 

It  follows  immediately  that  3N  balls  can  be  solved  in  n+ 1 
weighings.  Since  3 N  is  divisible  by  3,  the  first  weighing  can  furnish 
information  equal  to  ln3,  and  will  also  furnish  the  good  ball 
necessary  for  the  next  weighing.  Therefore,  (3n— 3)/2  balls  can  be 
solved  in  n  weighings. 

These  same  results,  with  proof  based  on  mathematical  induction 
rather  than  information  theory,  can  be  found  in  the  mathematical 
literature.2-3 

1  Paul  J.  Kellogg  and  Dorothy  J.  Kellogg,  J.  Appl.  Phys.  45,  1438  (1953). 

2  N.  J.  Fine,  Am.  Math.  Monthly  54,  489  (1947). 

3  Math.  Gazette  30,  231  (1946). 


Potential  Distribution  as  a  Function  of  Current 
in  the  Spherical  Diode 

Annija  Dunkuls  and  Earl  Zwicker 
Department  of  Physics,  Illinois  Institute  of  Technology,  Chicago,  Illinois 
(Received  January  19,  1955) 

USING  the  method  developed  by  Copeland  and  Eggenberger1 
the  functions  used  in  the  calculation  of  potential  distribu¬ 
tion  in  the  case  of  the  spherical  diode  have  been  evaluated  by 
direct  integration  and  tabulated.  The  equations  resulting  from 
this  analysis  are 

and 

(f).-©.<i+',+‘'+'">' 

where 

5  «///., 

(I  representing  the  actual  current  and  I,  the  space-charge-limited 
current).  Derivatives  as  shown  are  evaluated  at  the  cathode  if  the 
subscript  is  c  or  at  the  anode  if  the  subscript  is  a.  Quantities 
evaluated  in  the  absence  of  space-charge  are  indicated  by  the  addi¬ 
tional  subscript  o.  The  coefficients  of  the  current  ratio  6  vary  with 
the  ratio  of  the  cathode  radius  to  the  anode  radius  as  shown  in 
Table  I.  The  range  of  values  covered  by  the  table  includes  both  the 


Table  I. 


£ 

K 

a 

b 

a' 

UdV/dr)a1 

- 5  =  1 

b'  (dV/dr)a0 

500 

0.5967 

0.1106 

0.0011 

0.00007 

1.0010 

200 

0.5963 

0.1104 

0.0027 

0.0002 

1.0024 

100 

0.5958 

0.1103 

0.0053 

0.0003 

1.0050 

50 

0.5949 

0.1100 

0.0101 

0.0007 

1.0098 

20 

0.5937 

0.1097 

0.0234 

0.0016 

1.0259 

10 

0.5935 

0.1097 

0.0434 

0.0030 

1.0483 

5 

0.5930 

0.1097 

0.0788 

0.0056 

1.0879 

1 

0.59259 

0.10974 

0.29630 

0.02195 

1.3333 

0.50 

0.5928 

0.1097 

0.5136 

0.0377 

1.5771 

0.20 

0.5937 

0.1097 

1.0551 

0.0747 

2.1657 

0.100 

0.5947 

0.1097 

1.8195 

0.1229 

3.0203 

0.050 

0.5962 

0.1096 

3.1543 

0.2007 

4.4743 

0.020 

0.5987 

0.1095 

6.607 

0,3821 

8.196 

0.0100 

0.6008 

0.1094 

11.686 

0.624 

13.616 

0.0050 

0.6032 

0.1094 

20.875 

1.027 

23.362 

0.0020 

0.6062 

0.1094 

45.58 

2.011 

49.366 

0.0010 

0.6083 

0.1093 

83.05 

3.380 

88.592 

external  anode  and  the  external  cathode.  The  last  column  gives 
the  ratio  of  the  off-anode  field  for  space-charge-limited  current  to 
the  off-anode  field  in  the  absence  of  current. 

The  results  obtained  confirm  the  conclusions  of  Copeland  and 


Eggenberger1  in  the  cylindrical  case.  They  show  that  the  ratio  of 
the  off-cathode  field  to  the  field  in  the  absence  of  space-charge  is 
not  a  universal  function  of  the  ratio  of  the  actual  current  to  the 
space-charge-limited  current,  but  that  it  is  a  function  which  varies 
slowly  as  the  geometry  is  changed. 

i  P.  L.  Copeland  and  D.  N.  Eggenberger,  J.  Appl.  Phys.  43,  280  (1952). 


Measurement  of  Wall  Temperature  and  Heat  Flow 
in  the  Shock  Tube* 

Albert  J.  CHABAr  and  Raymond  J.  Emrich 
Lehigh  University,  Bethlehem,  Pennsylvania 
(Received  January  31,  1955) 

MEASURED  values  of  flow  parameters  (such  as  shock  speed, 
density,  and  flow  Mach  number)  deviate  from  those  pre¬ 
dicted  by  the  ideal  shock  tube  theory,  which  neglects  friction  and 
heat  transfer.  These  deviations  suggest  that  there  is  considerable 
heat  transfer  between  the  flowing  gas  and  the  walls  of  the  shock 
tube.  This  letter  reports  a  device  to  measure  the  heat  flow,  and 
presents  some  preliminary  results. 

The  device,  a  gold  foil  which  acts  as  a  resistance  thermometer, 
measures  the  temperature  at  the  surface  of  the  shock  tube  wall. 
Because  heat  penetrates  only  a  small  distance  during  the  approxi¬ 
mately  30  milliseconds  of  primary  shock  tube  flow,  the  wall  can 
be  treated  as  a  semi-infinite  medium.  The  heat  flow  through  the 
surface  can  be  calculated  from  the  measured  variation  of  surface 
temperature  with  time.  The  device  is  calibrated  for  heat  flow 
measurement  by  observing  the  temperature  rise  of  the  surface  ^ 
when  a  known  heat  input  is  supplied  by  establishing  a  current  in 
the  gold  foil;  thus,  it  is  not  necessary  to  assume  values  of  thermal 
conductivity  and  diffusivity  of  the  medium. 

The  gold  foil  is  so  thin  (approximately  0.000003  inch)  that  it 
assumes  the  temperature  of  the  surface  on  which  it  is  mounted  in 
considerably  less  than  1  jusec.  The  foil  is  mounted  with  shellac  on 
0.0015  inch-thick  linen  paper1  and  imbedded  with  a  thermosetting 
resin2  in  an  0.008  inch-deep  groove  milled  into  the  duralumin  shock 
tube  wall.  The  0.008  inch-thick  matrix  of  paper  and  resin  is  the 
semi-infinite  medium  referred  to.  Leads  to  the  thermometer  foil 
are  heavier  gold  foils  pressed  into  contact  with  the  thermometer 
foil  upon  assembly  of  the  shock  tube  section.  The  thin  foil  has  a 
resistance  of  about  10  ohms. 

Changes  in  resistance  of  the  foil  are  observed  by  oscillographic 
recording  of  the  changes  in  electrical  potential  across  the  foil 
through  which  a  constant  current  is  maintained.  The  temperature 
coefficient  of  resistance  is  determined  by  bridge  measurement  of 
resistance  when  the  shock  tube  section  containing  the  foil  is  placed 
in  an  oven. 

There  is  a  slight  change  in  resistance  of  the  foil  associated  with 
an  isothermal  pressure  change  in  the  shock  tube.  The  resistance 
change  produced  by  a  4-atmos  isothermal  increase  in  pressure  is 
comparable  to  that  associated  with  an  isobaric  0.1  °C  temperature 
change.  In  the  preliminary  studies,  the  resistance  changes  observed 
are  interpreted  as  caused  solely  by  temperature  changes,  since 
the  pressure  changes  were  less  than  one  atmos  in  all  cases,  and  the 
observed  resistance  changes  were  many  times  the  amount  expected 
owing  to  pressure  change. 

Transient  wall  temperatures  have  been  studied  with  nitrogen 
in  a  metal-walled  shock  tube  of  |  in.  by  4  in.  cross  section  at  vari¬ 
ous  distances  from  the  diaphragm  in  both  chamber  and  channel. 
These  studies  are  preliminary  but  show  that  a  variety  of  phe¬ 
nomena  can  be  measured.  Typical  of  these  preliminary  results  are 
those  obtained  at  3.6  m  from  the  diaphragm.  Observations  at  this 
distance  in  the  channel  are  summarized  in  Table  I.  The  heat  flow 
and  temperature  values  are  reliable  only  as  an  order  of  magnitude. 
The  heat  flow  values  there  are  representative  of  measurements 
during  the  first  30 Msec  after  the  shock  passes  over  the  foil;  the 
beat  flow  decreases  somewhat  at  later  times,  but  is  still  in  the 
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Table  I.  Wall  temperature  rise  and  heat  flow  in  shock  tube  channel. 


Initial  channel  pressure 

}  atmos 

h  atmos 

1  /10  atmos 

Initial  chamber  pressure 

1  atmos 

5  atmos 

5  atmos 

Heat  flow  to  wall 

1.5  w/cm! 

6  w/cm2 

7  w/cm2 

Maximum  temperature 
rise  of  wall 

>0,6°C 

8°C 

7°C 

Time  after  shock  arrival 
that  wall  temperature 
is  maximum 

>10  millisecond® 

7  millisecond 

9  millisecond 

Predicted  time  after 
shock  arrival  that 
cold  front  arrives 

32  millisecond 

6  millisecond 

2.5  millisecond 

*  Observation  of  primary  flow  is  terminated  at  this  time  by  arrival  of 
reflected  wave  from  closed  end  of  tube. 


direction  from  gas-to-wall  even  after  the  wall  temperature  reaches 
the  maximum  values  indicated.  This  continued  flow  of  heat  to  the 
wall  persists  for  a  considerable  time  after  the  cold  front  is  pre¬ 
dicted  to  arrive  on  the  basis  of  the  ideal  shock  tube  theory.3 
This  indication  of  “frictional  heating”  of  the  gas  in  the  boundary 
layer  is  confirmed  by  studies  in  the  shock  tube  chamber.  The  wall 
temperature  increases  in  the  flow  created  by  the  rarefaction  even 
though  the  gas  temperature  (and  the  stagnation  temperature)  is, 
according  to  the  ideal  theory,3  below  the  wall  temperature.  With 
initial  chamber  pressure  5  atmos,  and  initial  pressure  ratios  of 
both  10  and  50,  the  wall  temperature  gradually  rises  2  or  3  degrees 
during  the  first  3  millisecond  of  flow.  It  then  decreases  monotoni- 
cally  to  several  degrees  below  the  starting  value  during  the  next 
10  millisecond.  The  primary  flow  is  interrupted  at  that  time  by  a 
reflection  from  a  closed  end  of  the  shock  tube. 

Improvements  in  the  construction  of  the  heat  flow  gauge  and 
in  the  calibrating  and  recording  circuitary  can  be  expected  to  yield 
reliable  and  detailed  information  on  heat  transfer  to  the  walls  in 
transient  gas  flows. 

*  Supported  by  the  Office  of  Naval  Research. 

1  The  gold  foil  mounted  on  paper  was  kindly  supplied  by  W.  F.  Grape 
of  the  Peerless  Roll  Leaf  Company,  Union  City,  New  Jersey. 

*  Scotch  Weld  No.  588  manufactured  by  Minnesota  Mining  and  Manu- 
acturing  Company. 

3  For  a  description  of  the  ideal  theory,  see,  e.g„  Glass,  Martin,  and 
Patterson,  UTIA  Report  No.  2,  University  of  Toronto  Institute  of  Aero* 
physics  (1953). 


Generalizations  of  Brillouin  Flow 

L.  R.  Walker 

Bell  Telephone  Laboratories,  Inc.,  Murray  Hill ,  New  Jersey 
(Received  February  10,  1955) 


IT  is  possible  to  generalize  in  a  simple  way  some  of  the  familiar 
self-consistent  Brillouin  flows  of  electrons  in  a  uniform  dc 
magnetic  field.1  Suppose  this  field  to  be  of  magnitude,  Ho,  and  to 
be  directed  along  the  z-axis.  Suppose  that  by  some  means  the  flow 
is  established  in  such  a  way  that  the  constant  sum  of  potential 
and  kinetic  energies  is  the  same  for  each  electron  and  that  the 
value  of  this  sum  is  zero.  Any  motion  in  the  z-direction  will  be 
considered  as  uniform  and  may  be  ignored.  Then 

i2+2/2+-E=0, 

m 


where  x  and  y  are  the  x  and  y  velocities  and  V  is  the  electrostatic 
potential.  In  a  steady  flow  of  electrons,  we  may  replace  d/dt  in  the 
equations  of  motion  by  x{d/dx)-\-y(d/dy) ;  doing  this  one  finds 

dx  dy 

- - -—  —  iOH 

dy  dx 

where  wj? =epo#oA»  and  po  is  the  permeability  of  free  space.  The 
remaining  equations  are  that  of  continuity  and  Poisson’s  equation. 

It  is  convenient  to  introduce  in  place  of  x  and  y  the  variables, 
a=x-\ ~jy  and  a*=x—jy.  Then  the  available  equations  are  easily 


verified  to  be 


m .  . 


d*V  P 
dada*  4e0’ 
d&  da* 
dar  da* 
dp&  dp&* 
da  ^  da*  ’ 

where  p  is  the  charge  density.  Suppose  one  now  asks  that  p  be 
constant.  Then  from  the  last  two  equations, 

d& 


and,  hence 


—  ywr+ZGr*), 


where/ is  an  arbitrary  function.  Similarly, 


6*-%*BO*+f*(*) 


and 


v=  [-y>n«+fW*)\ 

Substituting  in  Poisson’s  equation,  one  finds 


£f  f  % 


2  4  ’ 

where  wp2=ep/wco.  The  only  solutions  of  this  equation  are 


f'(a*). 


-a-V'-. 

>#2/2.  Thus,  the  p 
•  =  _  ~^>Ha  4-  e>aa* + constant . 


where  a  is  real  and  ajp2>w^2/2.  Thus,  the  possible  velocities  are 
given  by 


By  a  suitable  translation  and  rotation  of  axes  this  may  be  brought 
to  the  form  (retaining  a  and  a*  as  labels  for  the  new  variables) 
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_l7^L 

-tM 
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.  2  ^ 

+  \  2 

\fsL 

wff2Y 
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L-L„4-— Y, 

LV  2 

4  / 

'  2  J 

\y-y»«+  2  )y 

[TV 

*  Wtfl 
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Lv  2 
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i 

c> 

3, 
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where 


wfl2 


The  orbits  are  given  by  (wo—c off/2)^—  (wo +<W2)y2= constant. 
The  following  cases  may  be  distinguished:  for  wo=0  and  wp2 
==wtf2/2,  the  orbits  are  circles;  for  0<w0<w/r/2  and  wtf2/2<wp2 
<w h2  (a  familiar  case),  the  orbits  are  ellipses  with  the  ratio  of  axes 
given  by  (wj?/2+w0/wff/2— w0)*;  for  w0=w#/2,  Wp=w#,  we  have 
plane  Brillouin  or  “slipping  stream”  flow;  for  w0>wh/2,  wP>w/r, 
the  orbits  are  hyperbolic,  the  asymptotes  having  the  slopes 


d=tan' 


-i( 

\o3Q-\-03JJ  /2/ 


It  is  clear  from  the  form  of  the  equation  for  a  that  each  flow  may  be 
regarded  as  a  superposition  of  a  circular  flow  and  a  hyperbolic  one. 
The  equipotentials  are  always  elliptical  and  are  given  by 

"-g[(-“M-+yW 
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It  would  appear  that  by  a  suitable  choice  of  applied  voltages  and 
electrodes  one  would  be  as  likely  to  produce  such  flows  as  he  is  in 
the  usual  circular  and  linear  arrangements. 

It  may  be  noted  that  if  one  attempts  to  extend  the  above  re¬ 
sults  by  looking  for  flows  in  which  p  is  constant  only  along  the 
individual  stream  lines,  the  only  additional  solutions  appear  to 
be  those  for  the  usual  hollow  circular  Brillouin  flow. 


i  For  an  account  of  Brillouin  flow  see  J.  R.  Pierce.  Theory  and  Design  of 
Electron  Beams  (D.  Van  Nostrand  Company,  Inc.,  New  York,  1949),  p.  152. 


Time  Dispersion  of  Secondary  Electron  Emission* 

E.  W.  ERNSTt  AND  H.  VonFoerster 
University  of  Illinois,  Urbana,  Illinois 
(Received  March  2,  1955) 

IN  this  same  space1  the  authors  reported  a  method  of  producing 
and  measuring  short  electron  bunches  approximately  one 
micromicrosecond  long.  A  simplified  version  of  this  technique  was 
employed  to  determine  the  time  dispersion  of  the  secondary  emis¬ 
sion  process  by  letting  short  electron  bunches  strike  a  secondary 
emission  target  and  comparing  the  duration  of  the  resulting  sec¬ 
ondary  bunch  with  the  measured  duration  of  the  primary  bunch. 

A  schematic  diagram  of  the  experimental  setup  is  given  in  Fig.  1. 
A  fine  electron  beam,  accelerated  to  about  3000  ev,  is  injected  be¬ 
tween  the  two  wires  of  a  Lecher  wire  pair,2  excited  at  a  frequency 
of  3000  megacycles,  causing  the  beam  to  be  deflected  across  a 


Fig.  1.  Schematic  diagram  of  a  system  for  measuring  the  time  dispersion 
of  secondary  emission. 


PRMARY  BEAM  SECONDARY  BEAM 

Fig.  2.  Circular  traces  on  the  primary  and  secondary  observation  screen 
before  chopping  is  applied.  Deflection  frequency  3000  Me.  One  revolution, 
333  /xjusec. 


chopping  slit  which  allows  electrons  to  pass  only  during~a  small 
fraction  of  the  rf  period.  These  short  segments  of  the  beam — the 
primary  bunches — enter  a  magnetic  field  region,  labeled  magnetic 
junction,  where  they  suffer  a  deflection  of  exactly  90°,  whereupon 
in  a  lens  with  short  focal  length  ( L\ )  their  speed  is  considerably 
reduced  until  they  hit  with  perpendicular  incidence  the  secondary 
emission  target  (platinum)  with  a  velocity  corresponding  to  about 
500  ev.  The  secondaries  produced  by  this  impact  travel  in  the 
opposite  direction  and  will  be  accelerated  by  the  same  lens  system 
(Li)  to  enter  the  magnetic  junction  with  an  energy  of  approxi¬ 
mately  2500  ev,  whereupon  they  are  deflected  through  a  90°  arc 
in  the  other  direction.  Having  left  the  junction,  the  secondary 
bunches  are  refocused  ( L2 )  and  an  analysis  is  made  of  their  dura¬ 
tion.  The  analyzer2 — the  secondary  uhf  clock — consists  of  two  uhf 
deflectors  of  the  same  type  as  used  for  the  chopper,  placed  per¬ 
pendicular  to  one  another  and  excited  such  that  during  one  period 
of  the  uhf  signal,  a  dc  beam  would  trace  a  complete  circle  on  a 
fluorescent  screen.  Since  these  bunches  will  occupy  only  a  fraction 
of  one  period  of  known  duration,  the  observed  segment  on  the 
screen  in  degrees  is  a  measure  of  their  duration  (1°= 0.925  /xju sec). 
In  order  to  determine  the  duration  of  the  primary  bunch,  an 
identical  uhf  clock  is  placed  closely  behind  the  secondary  emission 
target  which  easily  slides  in  and  out  of  the  primary  electron  path. 
The  experimental  procedure  is  carried  out  in  the  three  following 
steps:  first,  only  the  two  uhf  clocks  are  excited  and  adjusted  until 
good  approximations  to  circular  traces  on  the  two  observation 
screens  are  alternately  obtained  with  the  secondary  emission  tar¬ 
get  in  or  out  of  position  (Fig.  2) ;  second,  with  the  target  removed 
and  the  circular  deflectors  in  operation,  power  is  increasingly  fed 
into  the  chopper  and  its  action  observed  on  the  primary  screen 
until  the  twoj  chopped  segments  have  been  reduced  sufficiently 
to  give  the  desired  duration  of  the  primary  bunches  which  are  then 


PRIMARY  BEAM 


SECONDARY  BEAM 


Fig.  3.  Primary  and  secondary  bunches  while  chopping  is  applied.  By 
regulating  the  beam  current  /e,  the  number  of  electrons  m  the  primary 
bunches  can  be  varied  between  0.5  and  50  electrons  per  degree  of  the  primary 
bunch  (N /degree  =5.8Jo//iA). 
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photographed;  the  third  and  final  step  is  to  slide  the  secondary 
emission  target  into  position  without  changing  the  excitation  of 
the  chopping  deflectors  and  to  take  a  picture  of  the  secondary 
observation  screen. 

A  typical  pair  of  traces  is  shown  in  Fig.  3  where  the  smaller 
segments  on  the  primary  and  secondary  screen  correspond  to  a 
duration  of  16  ±2  jin  sec  and  18  ±2  ^usec,  respectively. 

Since  any  system  making  use  of  the  emission  of  secondary  elec¬ 
trons  will  introduce  aberrations  of  its  own,  it  is  clear  that  timing 
with  this  accuracy  will  indicate  also  the  aberrations  introduced  by 
by  the  system  itself.  Consequently  the  total  spread  in  bunch 
duration  of  4  ±2  jujusec,  as  evaluated  from  a  large  number  of  traces, 
will  include  the  aberrations  within  the  system,  particularly  those 
introduced  by  the  initial  velocity  distribution  of  the  secondary 
electrons.  Hence,  the  figure  of  6X10-12  second  represents  for  a 
typical  pure  metal  an  upper  limit  of  the  time  dispersion  of  the 
secondary  emission  process  and  is  about  one  order  of  magnitude 
less  than  any  results  previously  obtained  by  a  direct  method  of 
measurement.3'4 

Although  this  study  has  been  directed  toward  the  determination 
of  the  time  element  of  a  particular  phenomenon,  it  is  expected 
that  the  techniques  will  be  applicable  to  other  instances  where 
time  measurements  of  high  resolution  are  necessary. 

*  This  study  is  sponsored  by  the  U.  S.  Air  Force  Cambridge  Research 
Center. 

t  This  material  is  based  upon  a  dissertation  submitted  in  partial  fulfill¬ 
ment  of  the  requirements  for  the  Ph.D.  Degree  in  Electrical  Engineering 
at  the  University  of  Illinois. 

1  E.  W.  Grant  and  H.  VonFoerster,  J.  Appl.  Phys.  25,  674-675  (1954). 

JL.  R.  Bloom  and  H.  VonFoerster,  Rev.  Sci.  Instr.  25,  649-653  (1954). 

t  The  beam  passes  over  the  chopping  slit  twice  in  one  period. 

*  M.  H.  Greenblatt,  Phys.  Rev.  95,  632  (1954). 

ANoU  added  in  proof. — A  detailed  account  of  M.  H.  Greenblatt’s  work 
has  been  published  in  the  RCA  Rev.  16,  52  (1955). 


Ionic  Pumping  Mechanism  of  Helium  in  an 
Ionization  Gauge 

L.  J.  Varnerin,  Jr.,  and  J.  H.  Carmichael 
Westinghouse  Research  Laboratories,  East  Pittsburgh ,  Pennsylvania 
(Received  March  2,  1955) 

IONIC  pumping  or  cleanup  with  a  Bayard-Alpert  ionization 
gauge1  has  been  used  to  obtain  ultrahigh  vacua  in  suitably 
prepared  vacuum  systems.  In  these  cases,  helium,  which  diffuses 
through  the  glass  from  the  atmosphere,  is  a  major  constituent  of 
the  gas  pumped.  While  ionic  cleanup  is  not  well  understood,  the 
pumping  of  helium  presents  a  particularly  challenging  case. 

It  has  been  believed  generally  that  the  gas  is  cleaned  up  at  the 
glass  walls  of  the  tube.  Bloomer  and  Haine2  have  presented  some 
particularly  convincing  evidence  on  this  score.  In  the  case  of 
helium,  however,  this  explanation  has  been  difficult  to  reconcile 
with  other  information.  With  the  ion  energies  available  (of  the 
order  of  150  ev),  it  is  unlikely  that  many  ions  can  be  driven  deeper 
than  a  few  atomic  layers.  From  the  measured3  values  for  the  dif¬ 
fusion  coefficient  of  helium  in  glass,  simple  diffusion  calculations4 
show  that  a  helium  atom  diffuses  back  through  the  surface  in  times 
of  the  order  of  microseconds  and  that  only  an  insignificant  amount 
of  gas  can  be  trapped. 

We  have  suspected  that  the  detailed  surface  condition  of  the 
glass  may  hold  the  explanation.  In  particular,  in  a  vacuum  process¬ 
ing  the  almost  universal  high  temperature  outgassing  of  the  metal 
electrodes  in  tubes  is  likely  to  evaporate  or  sputter  a  slight  amount 
of  metal  on  the  glass.  Sometimes  this  film  is  evidenced  by  a  slight 
light  absorption.  Often  this  film  is  not  visible  in  carefully  out- 
gassed  tubes.  We  propose  that  this  film  is  responsible  for  ionic 
cleanup. 

To  test  this  hypothesis  a  Bayard-Alpert  gauge  which  had  no 
previous  outgassing  was  used.  A  very  mild  heating  of  the  grid  by 
conduction  current  from  one  grid  post  to  another  evolved  sufficient 
gas  so  that  background  gases  were  reduced  to  a  tolerable  level. 
The  system  containing  the  gauge  (volume  1150  cm3)  was  filled 
with  helium  to  an  initial  pressure  of  8.5  X10~5  mm  Hg.  The  gauge 


Fig.  1.  Reduction  of  helium  pressure  in  a  vacuum  system  (normalized 
to  po,  the  pressure  at  zero  time)  by  pumping  ionically  with  a  Bayard-Alpert 
ionization  gauge.  Curves  1  through  4  represent  runs  after  various  degrees 
of  outgassing  of  the  gauge. 


was  operated  at  10  ma  emission  current  (collector  grounded,  grid 
+180  volts,  filament  +30  volts).  The  reduction  in  pressure, 
normalized  to  the  initial  pressure  po,  is  given  as  curve  1  in  Fig.  1. 

The  grid  and  plate  were  then  outgassed  with  increasing  intensity 
to  observe  the  effect  on  pumping.  The  outgassing  was  effected  by 
electron  bombardment;  filament-grid  potential  being  750  volts  ac, 
filament-plate  potential,  375  volts  ac.  The  amount  of  heating  was 
controlled  by  the  temperature  of  the  filament. 

Curve  2  of  Fig.  1  was  obtained  after  outgassing  the  tube 
structure  for  ten  minutes  at  700°C.  No  visible  deposit  on  the  glass 
was  observed.  However,  an  increased  initial  rate  of  pumping  is 
observed  followed  by  a  slower  long  time  pumping.  A  further  in¬ 
crease  in  pumping  is  shown  in  curve  3  of  Fig.  1  after  a  more 
intense  outgassing  for  twenty  minutes  at  800°C.  A  very  slight  de¬ 
posit  may  have  been  present.  An  estimated  visible  light  absorption 
of  10  percent  by  the  film  leads  to  an  estimate  of  film  thickness  of 
the  order  of  10  A.  Curve  4  was  obtained  after  a  more  intense  out¬ 
gassing  at  1000°C.  A  clearly  visible  film  was  then  present.  This 
film  was  estimated  to  be  at  least  50  A  thick.  The  significant  in¬ 
crease  in  speed  and  capacity  is  to  be  noted.  This  type  of  curve  is 
characteristic  of  tubes  which  are  used  to  pump  ionically  to  ultra- 
high  vacua. 

As  a  further  check  that  this  metallic  film  is  responsible  for  the 
observed  pumping,  a  gauge  with  a  film  present  was  washed  out 
with  acid.  Subsequent  pumping  curves  resulted  in  a  radical  re¬ 
duction  in  pumping. 

It  is  now  clear  how  the  rapid  pumping  of  helium  can  be  ex¬ 
plained.  Ions  driven  into  this  metal  film  cannot  diffuse  as  freely  as 
in  glass  and  can  be  trapped.  For  the  very  thin  films  the  amount 
of  gas  which  can  be  pumped  depends  upon  the  thickness  of  the 
film. 

While  the  connection  between  the  rapid  pumping  of  helium  and 
the  metallic  film  on  the  glass  'walls  of  the  gauge  has  been  estab¬ 
lished,  the  small  reduction  in  pressure  in  curve  1  is  of  some  in- 
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terest.  The  use  of  a  gauge  in  which  the  filament  posts  were  covered 
by  glass  established  that  the  major  part  of  the  gas  is  pumped  into 
the  filament  posts.  By  maintaining  the  thin  wire  ion  collector  at 
grid  potential  between  pressure  readings,  it  was  then  established 
that  a  smaller  part  of  the  gas  is  pumped  into  the  collector. 


1  D.  Alpert,  J.  Appl.  Phys.  24,  860  (1953). 

2  R.  N.  Bloomer  and  M.  E.  Haine,  Vacuum  III  2,  128  (1953). 

3  Rogers,  Buritz,  and  Alpert,  J.  Appl.  Phys.  25,  868  (1954). 

<T.  Holstein,  Westinghouse  Research  Memo  60-94411-9-20  (private 
communication). 


Erratum :  Analog  Methods  for  Study  of  Transient 
Flow  in  Solids  with  Temperature-Dependent 
Thermal  Properties 

[J.  Appl.  Phys.  26,  129-130  (1955)] 

Norman  E.  Friedmann 

Department  of  Engineering,  University  of  California,  Los  Angeles ,  California 

THE  symbolism  of  Fig.  1  is  somewhat  misleading.  The  actual 
terminal  connection  from  Rz  is  made  to  the  output  of  an 
amplifier  of  gain  -  A  and  not  to  C.  The  output  of  this  amplifier  is 
changed  in  sign,  and  then  the  outside  feedback  loop  is  closed 
through  C. 
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The  Elements  of  Probability  Theory.  Harald  Cram£r.  Pp. 
281.  John  Wiley  and  Sons,  Inc.,  New  York,  1955.  Price 
$7.00. 

This  book  provides  an  introduction  to  probability  theory 
and  its  applications.  It  is  intended  as  a  text  for  upperclass 
undergraduate  students  and  as  a  reference  book  for  engineers, 
biologists,  and  others  who  wish  to  apply  statistical  methods. 
The  book  begins  with  the  fundamental  definitions  and  rules 
for  calculating  probabilities.  Part  II  presents  probability  dis¬ 
tributions  and  random  variable  theory.  Applications  are  con¬ 
sidered  in  Part  III ;  some  of  the  topics  in  this  part  are  sampling 
distributions,  statistical  inference,  and  the  x2  test. 

Abstracts  of  the  Literature  on  Semiconducting  and  Lumines¬ 
cent  Materials  and  Their  Applications.  Compiled  by  the 
staff  of  the  Battelle  Memorial  Institute.  Pp.  169 +x,  1953 
issue.  John  Wiley  and  Sons,  Inc.,  New  York,  1955.  Price 
$5.00. 

This  volume  of  abstracts  of  the  1953  literature  was  written 
by  the  Solid  State  Devices  Division  of  Battelle  under  the 
sponsorship  of  the  Electrochemical  Society.  There  are  775 
articles  listed,  and  abstracts  are  provided  for  almost  all  of 
these.  The  volume  is  organized  by  materials  (e.g.,  germanium, 
silicon,  sulfides)  except  for  sections  on  luminescence  and 
semiconductor  theory. 

Strength  and  Resistance  of  Metals.  John  M.  Lessels.  Pp. 
450+xiv,  John  Wiley  and  Sons,  Inc.,  New  York,  1954. 
Price  $10.00. 

The  aim  of  this  book  is  to  provide  information  on  the  be¬ 
havior  of  metals  under  stress.  The  book  is  intended  for  seniors, 
graduate  students,  and  design  engineers.  Although  most  of  the 
material  presented  is  concerned  with  steel,  nonferrous  alloys 
are  also  discussed.  Tension  testing  and  tension  properties,  at 
ordinary  and  elevated  temperatures,  are  described  first.  Hard¬ 
ness,  impact,  fatigue,  fracture,  strain  hysteresis,  mechanical 


wear,  and  theories  of  strength  are  the  subjects  of  subsequent 
chapters.  There  are  about  200  problems  for  the  student. 

Storage  Batteries.  George  Wood  Vinal.  Pp.  446 +xi.  Fourth 
Edition.  John  Wiley  and  Sons,  Inc.,  New  York,  1955.  Price 
$10.00. 

The  new  fourth  edition  of  this  book  represents  a  considerable 
revision  of  the  1940  edition.  About  half  the  figures  are  new  and 
the  text  has  been  largely  rewritten.  The  physical  and  chemical 
properties  of  the  materials  of  lead-acid,  silver  oxide,  nickel- 
iron,  and  nickel  cadmium  storage  cells  are  described.  The 
electrical  properties  and  testing  of  batteries  are  discussed.  The 
final  chapters  present  applications  of  storage  batteries. 

What  Every  Engineer  Should  Know  About  Rubber.  W.  J.  S. 
Naunton.  Pp.  128,  British  Rubber  Development  Board, 
London,  1954.  Order  from  Natural  Rubber  Bureau,  1631  K 
Street,  N.W.,  Washington  6,  D.  C.  Price  $0.50. 

The  aim  of  this  small,  clothbound  book  is  to  present  the 
properties  and  applications  of  natural  rubber.  The  book  is 
intended  primarily  for  the  design  engineer  and  is  illustrated 
with  145  photographs  and  line  drawings. 

Applied  Mass  Spectrometry.  Pp.  333-f-vii.  Institute  of 
Petroleum,  London,  1954.  Price  £2-10-0. 

A  conference  on  applied  mass  spectrometry  was  held  in 
London  in  October,  1953.  It  was  sponsored  by  the  Institute  of 
Petroleum.  This  book  presents  the  papers  given  at  that  con¬ 
ference.  There  are  26  papers  in  the  following  areas :  analytical 
applications,  applications  to  fundamental  problems,  instru¬ 
ment  development,  and  computing  methods.  A  bibliography 
covering  the  period  September,  1950  to  June,  1953,  lists  400 
references. 

Tables  of  Functions  and  of  Zeros  of  Functions.  National 
Bureau  of  Standards  Applied  Mathematics  Series  No.  37. 
Pp.  211  -fix.  Order  from  Government  Printing  Office,  Wash¬ 
ington  25,  D.  C.  Price  $2.25  (foreign:  $3.00). 

This  clothbound  volume  is  the  first  of  a  projected  series 
which  will  bear  the  subtitle  “Collected  Short  Tables  of  the 
NBS  Computation  Laboratory.”  The  present  volume  collects 
15  short  tables  originally  published  in  5  different  mathematics 
journals  and  also  presents  3  tables  which  have  not  previously 
been  published.  There  are  10  tables  of  special  functions,  such 
as  integrals  of  the  Bessel  functions  /o  and  F0,  exponential 
integrals,  Struve  functions,  values  of  xn/n\,  and  8  tables  of 
zeros  of  functions.  The  latter  group  includes  zeros  of  the 
Legendre  and  Laguerre  polynomials  together  with  the  weight 
factors  needed  for  quadrature,  as  well  as  zeros  of  various  kinds 
of  Bessel  functions.  An  introduction  preceding  each  table  gives 
a  discussion  of  the  theory  underlying  the  table  and  details  of 
method  of  computation,  bibliographic  background,  and  nu¬ 
merical  illustrations.  An  introduction  to  the  whole  volume 
describes  the  scope  of  the  various  tables  and  incorporates,  as  a 
special  feature,  a  reference  to  the  principal  review  of  each 
table. 

Tables  of  the  Error  Function  and  Its  Derivative.  National 
Bureau  of  Standards  Applied  Mathematics  Series  No.  41. 
Pp.  302  +xi.  Order  from  Government  Printing  Office,  Wash¬ 
ington  25,  D.  C.  Price  $3.25  (foreign:  $4.35). 

The  functions 

(2 /^)fo  exp  (~tz)dt  and  (2/x*)  exp(-t2) 

are  tabulated  with  increments  of  0.0001  in  x  for  0<x<  1  and 
with  increments  of  0.001  for  1<#<5.6.  This  clothbound 
volume  is  a  re-issue  of  “Mathematical  Table  8”  which  was 
first  published  in  1941. 
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Tables  of  Sines  and  Cosines  for  Radian  Arguments.  National 
Bureau  of  Standards  Applied  Mathematics  Series  No.  43. 
Pp.  278 +xi.  Order  from  Government  Printing  Office,  Wash¬ 
ington  25,  D.  C.  Price  $3.00  (foreign;  $4.00). 

The  functions  sin#  and  cos#  are  tabulated  to  8  places  for 
values  of  #  in  radians  between  0  and  25  and  increments  of 
0.001.  There  are  a  few  pages  of  supplementary  tables  of  sin# 
and  cos#  for  very  large  and  very  small  arguments. 

Electricity  and  Magnetism.  Ralph  P.  Winch.  Pp.  755 -fxi. 
Prentice-Hall,  Inc.,  New  York,  1955.  Price  $7.75. 

This  text  is  intended  to  be  used  in  a  one-year  course  in 
electricity  and  magnetism  at  the  sophomore  or  junior  level  in 
a  college  or  university.  The  calculus  is  used.  Vector  algebra  and 
the  gradient  vector  are  explained  where  they  are  first  used  so 
the  student  need  have  no  previous  knowledge  of  these  subjects. 
First  considered  are  dc  and  ac  circuits  and  circuit  elements. 
Electrostatic  and  magnetostatic  fields  are  the  subject  of  the 
middle  one-third  of  the  book.  Induced  emf’s,  magnetic 
properties  of  materials,  and  oscillators  and  radiation  are  dis¬ 
cussed  in  the  last  one-third.  Rationalized  MKS  units  are  em¬ 
ployed  throughout  the  book,  but  important  quantities  are  also 
given  in  cgs  units.  There  are  about  400  problems  for  the 
student. 

Advances  in  Electronics  and  Electron  Physics.  Vol.  VI. 
Edited  by  L.  Marton.  Pp.  538 +xi.  Academic  Press,  Inc., 
New  York,  1954.  Price  $11.80. 

This  sixth  volume  in  the  series  has  an  addition  {and  Electron 
Physics )  to  the  title  in  order  to  describe  more  adequately  the 
subjects  covered  by  the  series.  The  physics  of  electrons  in  solids 
is  given  as  much  attention  in  the  present  volume  as  the  physics 
of  electrons  in  vacuum  or  gases.  The  individual  critical  reviews 
presented  are:  “Metallic  Conduction  at  High  Frequencies  and 
Low  Temperatures,”  by  A.  B.  Pippard ;  “Relaxation  Processes 
in  Ferromagnetism,”  by  E.  Abrahams;  “Ferrites,”  by  J.  Van 
den  Handel;  “Comparison  of  Semiconductor  and  Gaseous 
Electronics  Devices,”  by  W.  M.  Webster;  “Electron  Micro¬ 
scope,”  by  M.  E.  Haine;  “Traveling-Wave  Tubes,”  by  R.  G. 
E.  Hutter;  and  “Space  Charge  Limited  Currents,”  by  H.  F. 
Ivey. 


Books  Received 

Table  of  Salvo  Kill  Probabilities  for  Square  Targets. 
National  Bureau  of  Standards  Applied  Mathematics  Series — 
44.  Issued  December  20,  1954.  Pp.  33.  Price  $0.30. 

Experiments  in  the  Computation  of  Conformal  Maps. 
National  Bureau  of  Standards  Applied  Mathematics  Series — 
42.  Issued  January  20,  1955.  Pp.  61. 

Applied  Mass  Spectrometry.  Institute  of  Petroleum,  Lon¬ 
don,  W.  1,  1954.  Pp.  333,  with  Figs. 

The  Elements  of  Chromatography.  Trevor  I.  Williams. 
Pp.  90,  Figs.  36.  Philosophical  Library,  New  York,  1955. 
Price  $3.75. 

Advances  in  Electronics  and  Electron  Physics.  Vol.  VI. 
L.  Marton.  Pp.  538+xi,  with  Figs.  Academic  Press,  Inc., 
New  York,  1954.  Price  $11.80. 

Bibliography  on  Hearing.  Dorothy  Cohen,  Technical 
Editor.  Pp.  599.  Harvard  University  Press,  Cambridge, 
Massachusetts,  1955.  Price  $7.00. 

Wheeler  Monographs,  Vol.  I.  Harold  A.  Wheeler. 
Wheeler  Laboratories,  Great  Neck,  New  York,  1953. 

Spectros  Molecular.  II.  (in  Interlingua),  S.  M.  Ferigle 
and  Alfons  Weber.  Pp.  27-f-v.  Spectroscopy  Laboratory, 


Illinois  Institute  of  Technology,  Chicago  16,  Illinois,  c/o 
Forrest  F.  Cleveland,  Editor,  1955.  Price  $1.00. 

A  List  of  American  Standards.  Pp.  48.  1955  edition.  Avail¬ 
able  free  from  the  American  Standards  Association,  70  East 
45th  Street,  New  York  17,  New  York. 

Public  Relations  in  Education.  Brownell-Gans-Maroon. 
Pp.  249-f-xi.  McGraw-Hill  Book  Company,  Inc.,  New  York, 
1955.  Price  $4.50. 

Science  and  the  Human  Imagination.  Mary  B.  Hesse. 
Pp.  1 71.  Philosophical  Library,  New  York,  1955.  Price  $3.75. 

Servomechanisms  and  Regulating  System  Design.  Vol.  II. 
Harold  Chestnut  and  Robert  W.  Mayer.  Pp.  384+xiii, 
with  Figs.  John  Wiley  and  Sons,  Inc.,  New  York,  1955. 
Price  $8.50. 


Research  Reports 


Axial  Variation  of  the  Magnetic  Field  in  Solenoids  of  Finite 
Thickness.  D.  E.  Mapother  and  J.  N.  Snyder.  Circular 
No.  66,  70  pages.  Write  to  University  of  Illinois  Engineer¬ 
ing  Experiment  Station,  112  Civil  Engineering  Hall, 
Urbana,  Illinois.  Price:  Free  until  September  1,  1955; 
$1.00  thereafter. 

This  work  has  been  prepared  to  serve  as  a  practical  hand¬ 
book  for  the  design  of  solenoids  where  the  effect  on  the  mag¬ 
netic  field  of  the  finite  thickness  of  the  solenoid  windings  must 
be  considered.  A  semiempirical  approach  is  adopted  which 
puts  considerably  less  strain  on  the  designer's  mathematical 
proficiency  than  the  analytical  methods  which  have  been 
described  in  the  literature.  The  work  on  which  this  report  is 
based  was  done  in  the  University  of  Illinois  Physics  Depart¬ 
ment. 

A  simple  correction  function  is  defined  which  makes  it  pos¬ 
sible  to  express  the  axial  field  of  a  thick  solenoid  in  terms  of 
the  elementary  formula  for  the  axial  field  of  an  ideal  solenoid 
(having  infinitesimal  winding  thickness).  By  use  of  the  facili¬ 
ties  of  the  University  of  Illinois  High  Speed  Electronic  Digital 
Computer  (the  ILLIAC),  this  correction  function  has  been 
tabulated  for  an  extensive  range  of  solenoid  lengths  and  cross- 
sectional  dimensions.  Corresponding  tabulations  for  loops  of 
various  relative  thickness  are  also  included,  a  loop  being  de¬ 
fined  in  the  present  instance  as  a  solenoid  having  a  square 
winding  cross  section.  Within  the  range  of  tabulated  values 
(which  is  believed  to  cover  a  large  majority  of  practical  situa¬ 
tions),  the  designer  can  obtain  very  detailed  information  about 
the  magnetic  field  with  practically  no  calculation  at  all.  The 
tables  are  also  useful  in  giving  a  quantitative  impression  of  the 
importance  of  the  thickness  correction  for  increasing  thickness 
of  winding  as  well  as  for  position  along  the  axis. 

Thermionic  Emission  from  Semiconductors.  E.  O.  Kane. 
December  31,  1954,  95  pages.  Write  to  Department  of 
Physics,  Cornell  University,  Ithaca,  New  York.  Price: 
$1.00. 

The  emphasis  in  this  report  is  on  the  theory  of  thermionic 
emission  from  semiconductors.  Some  introductory  experiments 
on  emission  from  single  crystals  of  barium  oxide  are  described 
and  compared  with  theory,  but  most  of  the  report  is  concerned 
with  the  theory  of  emission  from  any  n-type  semiconductor. 
The  effects  on  emission  of  an  applied  electric  field  and  of  the 
flow  of  current  are  discussed,  and  the  limitations  of  the 
equilibrium  treatment  are  considered. 


no  HIGH  STREET,  BOSTON  10.  MASS 
2030  WRIGHT  AVE.,  RICHMOND  3.  CAL 


Tracerlab’s  versatile  P-20A 
Scintillation  Detector  can 
be  adapted  for  all  count¬ 
ing  requirements  through 
use  of  a  variety  of  crystals 
and  associated  equipment. 

Booklet  66  sent  on  request 
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—for  Laboratory  Oscillography 


RCA  5"  flat-faced  oscillograph  tubes 
feature  post-deflection  acceleration. 

RCA-5ABP1,  5ABP7,  and  5ABP1 1 
are  designed  specifically  for  work 
with  wide-band  amplifiers.  High 
vertical-deflection  sensitivity  offsets 
the  inherently  low-signal  output  of 
wide-band  circuitry.  Low-capaci¬ 
tance,  vertical-deflecting  electrodes 
offer  the  type  of  load  that  wide-band 
amplifiers  work  into  best.  Flat  face¬ 
plate  design  makes  it  easier  to 
“handtrace”— accurately.  High- 
brilliance,  pin-point  spot  produces 
finer  trace  detail.  All  three  have 
extra-high  horizontal-deflection 
sensitivity. 

RCA  Oscillograph  Tubes  are 
available  from  your  RCA  Tube 
Distributor.  He  is  listed  in  Thomas’ 
Register. 


RCA-5ABP I  (medium 
persistence)  for  wide¬ 
band  vertical  amplifier 
measurements— and 
general  work 

RCA-5ABP7  (long 
persistence)  for  serv¬ 
ices  like  radar,  where 
grid  No.  1  is  pulse- 
modulated  at  If 

RCA-5ABP1 1  (short 
persistence)  for  pho¬ 
tographic  recording 
without  blurring 

For  technical  data  on 
the  5AB-types,  write: 
RCA,  Commercial 
Engineering,  Section 
F2 5 U,  Harrison,  N.  J. 


RADIO  CORPORATION  Of  AMERICA 

ELECTRON  TUBES  HARRISON,  N.J. 


|  1  1  ' 

Looking  \for 

•  i  i 


NEW  ELECTRONIC  WORLDS 

•  \  • 

to  'conquer? 


Beyond  the  range  of  sight  lies  the  vast 
potential  of  tomorrow's  electronic 
world.  How  this  new  world  will  affect 
the  scientist,  surgeon,  farmer,  house¬ 
wife,  business  man,  can  only  be  sur¬ 
mised.  But  the  possibilities  are  inspiring. 
The  world  of  the  electron  is  infinite. 

Wresting  electronic  secrets  from  Na¬ 
ture  has  been  Farnsworth's  sole  func¬ 
tion  for  over  a  quarter  of  a  century. 
Expansive,  aggressive  diversification 
into  new  and  challenging  fields  of 
activtiy,  implemented  by  the  addition 
of  men  with  significant  capacity  for 
professional  growth,  marks  the  direc¬ 
tion  of  the  Company's  progress.  Associ¬ 
ation  with  an  organization  slated  for 
continuing  major  success  can  lead  to 
highly  satisfying  individual  responsi¬ 
bility  and  awards,  and  result  in  a 
stimulating  and  fruitful  career. 

To  scientists  and  engineers  possess¬ 
ing  the  professional  potential  and  who 
are  looking  ahead  to  new  electronic 
worlds  to  conquer,  Farnsworth  offers 
worthwhile  opportunities  in  these  fields: 
Pulse  Circuitry,  Microwave  Antennas, 
Information  Theory,  Infra-Red  Systems 
and  Devices,  Mechanical  Packaging, 
Receivers,  Optics,  Data  Recording, 
Transistor  Circuitry,  Microwaves,  Radar, 
^Electronic  Countermeasures,  Operations’ 

,  Research,  Missile  Guidance  and  Con-  i 
trol  Systems  and  Test  Equipment. 
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the  L124  one  second  precision  spectrometer 
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THE  GAERTNER  SCIENTIFIC  CORPORATION 
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lor  counting  and  analysis  of  gamma  emitting  radioisotopes 

flTOmiC’S 


STANDARD  BENCH-TYPE 


TYPICAL  APPLICATIONS 


•  Activation  analysis 

•  Tracer  diemlstiy  Identifi¬ 
cation 

•  Vapor  phase  analysis 

•  Trace  element  distribution 
In  plants 

•  Clinical  examination  of 
physiological  specimens 


For  complete  specifications,  re¬ 
quest  . . 


ASSEMBLY 

MODEL  5010 

This  basic  assembly 
includes: 

Super-stable  High 
Voltage  Supply,  Highly 
Linear  Amplifier,  Au¬ 
tomatic  Timing  Scaler, 
Bench  Type  Well  Scin¬ 
tillation  Detector. 


The  utility  ef  this  assembly  Is  ex¬ 
tended  by  adding: 

Flow,  proportional,  or  neutron 
counters,  or  probe  detectors;  a 
Model  510  Differential  Pulse  Height 
Analyzer  provides  single-channel 
Scintillation  Spectrometry. 

Representatives  in  principal  cit¬ 
ies,  U.  S.  and  abroad. 


RTOmiC^ 

CAMIKIDGf  39.  MASSACHUSETTS.  U  SA 


INSTRUMENT 

COMPANY 


]>  Nuclear  Measure¬ 
ment  Apparatus 
Electronic  Count¬ 
ing  &  Control 
Equipment 


PHYSICISTS  and  ELECTRICAL  ENGINEERS 

for 

APPLIED  RESEARCH 

Expanding  research  program  is  creating  new 
opportunities  for  physicists  and  electrical  en¬ 
gineers  to  work  in  the  fields  of  magnetics, 
electrostatics,  electronics,  solid-state  devices, 
electron  tube  research,  feed  back  control  sys¬ 
tems,  radiation,  reactor  technology,  mathe¬ 
matical  physics,  and  allied  areas.  Prefer  men 
at  the  M.S.  or  Ph.D.  level  of  training,  al¬ 
though  a  limited  number  of  positions  are  also 
available  at  the  B.S.  level.  These  are  career- 
type  openings  offering  excellent  professional 
advancement  and  promotional  opportunities. 
All  applications  handled  promptly  and  con¬ 
fidentially.  Please  write  today  to 

The  Personnel  Manager 

BATTELLE  MEMORIAL  INSTITUTE 

505  King  Avenue 

Columbus  1,  Ohio 
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This  universal  building-block  is  unrivalled 
for  Analog  Computing.  Our  price  of 
twenty  dollars  is  the  result  of  volume  produc¬ 
tion.  Features  balanced  inputs,  wide  band,  high 
gain,  [Aks  maximum  efficiency. 

Write  for  literature  on  companion  plug-ins 
for  DC  stabilization,  and  for  extended  ranges 
of  voltage  and  power. 

Immediate  shipment,  postpaid  in  U.S.A. 

George  A.  Philbrick  Researches,  Inc. 

230  Congress  Street,  Boston  JO, Massachusetts 


CAREER  OPPORTUNITIES 

for 

MICROWAVE  ENGINEERS 
and  PHYSICISTS 

Capable  of  engaging  in  and  directing  both 
theoretical  and  experimental  studies  related 
to  the  propagation  of  electromagnetic  fields 
through  dielectric  and  semiconducting  ma¬ 
terials. 

Two  to  five  years  experience  in  either  antenna 
design,  radome  design,  microwave  circuit  de¬ 
sign  or  associated  fields  is  essential.  In  addi¬ 
tion,  a  knowledge  of  advanced  electromagnetic 
field  theory,  electrical  characteristics  of  ma¬ 
terials  or  the  techniques  of  microwave  measure¬ 
ments  would  be  highly  desirable. 

Service  facilities  include  complete  digital  and 
analogue,  computation  laboratories,  technician 
service,  pattern  shop  facilities,  modern  antenna 
test  facilities,  technical  library  as  well  as  other 
specialized  services. 

Send  resume  or  request  application  from:  C.  G. 
Jones,  Mgr.  Salary  Personnel 

THE  GOODYEAR  AIRCRAFT  CORPORATION 

AKRON  15,  OHIO 


Developers 
of  the 
Corporal 
Guided 
Missile. 


sip  »'• 


JET 

PROPULSION 

LABORATORY 

CALIFORNIA  INSTITUTE  OF 
TECHNOLOGY 


Active  in  all  phases 
of  electronics  and  physics 
related  to  guided  missiles 
and  jet  propidsion. 


the  nation's  foremost  guided-missile 
research  and  development  facility,  estab¬ 
lished  in  1940,  offers  exceptional  op¬ 
portunity  for  ehgineers  and  research 
'  i dance  and 
control,  information  theory,  computers, 
electromechanical  devices, •  instrumenta- 
tion,  and  related  aspects  of  electronic 
research.  The  laboratory  offers  an  ideal 


fbfend  of  academic 


atrial  en- 

.  , 

Virbnhtfents  and  maintains  a  nigjig|eve!  of 
•mpetence.  Attractive  salaries 


sent  upo 


JET 


)  LSI  ON  LABORATORY 
CALIFORNIA  INSTITUTE  OF  TECHNOLOGY 
|  4800  OAK  GROVE  OR.,  PASADENA  3,  CALIFORNIA 
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VARIABLE  SPEED  COHTROL 

LABORATORY  MODELS 


•  Assures  proper  process  speed 

•  Permits  40:1  speed  range  while  in  motion 

•  Constant  torque  capability 

•  Fingertip  control  from  remote  point 

•  Electronic  "Servo”  control 

•  Wide  range  of  available  gearmotors 

•  115  volt  50-60  cycle  operation 

•  Reversible  direction  of  rotation 

•  "Dynamic”  fast  stop  "braking” 

agitators,  running  torque  testers,  life 
i,  recording  chart  drivers,  timers,  etc. 


MODEL  2792 
with  1/50  h.p.  motor 
100-5000  r.p.m. 


MODEL  2792-G 
with  1-40  r.p.m. 

3  in./lb.  gearmotor 


Also  available  wiih  other  motors  •  O.E.M.  models  for  mounting  into  your  enclosures 


CL  Div.  of  ELECTRO  DEVICES,  Inc. 
Godwin  Ave.  Paterson,  N.  J. 


electronic 


applied 


physicists 


wanted  to  work  in  basic  research  and  development * 
for  commercial  and  military  applications 


You  will  find  unusual 
opportunities  for  rapid  advancement 
and  professional  growth  as  part  of  a  team' 
of  recognized  scientists  and  engineers. 

Positions  at  all  levels  available  for  work  in: 


Advance  pulse  circuits 
Digital  system  testing 
Magnetic  core  techniques 
Data  conversion  systems 


Control  system  analysis 
Logical  design 
Semi-conductor  circuits 
Materials  research 


For  personal  interview  send  resume  to 


MAGNAVOX  RESEARCH  LABORATORIES* 

2255  S.  Carmelina  Avenue,  Los  Angeles  64,  California 

*A  DIVISION  OF  THE  MAGNAVOX  COMPANY 


PHYSICIST 


For  Nuclear  Analysis  Unit 
of  the  Aircraft  Nuclear 
Propulsion  Department 


This  position  provides  an  opportunity  to  work 
on  the  most  advanced  types  of  mobile  power 
reactors  .  .  .  using  unique  experimental  and 
test  facilities  (both  at  Cincinnati,  Ohio,  and 
Idaho  Falls,  Idaho),  with  access  at  Cincinnati 
to  one  of  the  country’s  major  analog  and 
digital  computer  installations. 

It  requires  a  man  capable  of  carrying  out 
basic  research  in  the  field  of  reactor  and 
shield  physics,  of  planning  and  coordinating 
theory  on  reactor  and  shield  experiments  and 
performing  nuclear  analyses  of  aircraft  shield 
and  propulsion  systems. 

PUBLICATION  OF  THE  RESULTS  OF  RESEARCH  IN  BOTH 
THE  CLASSIFIED  AND  OPEN  LITERATURE  IS  ENCOURAGED 


Send  complete  resume  in  confidence  to: 

Mr.  J.  R.  Rosselot,  Technical  Personnel 
Aircraft  Nuclear  Propulsion 


GENERAL 

P.  O.  Box  132 


ELECTRIC 

Cincinnati,  Ohio 
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ENGINEERS  and  PHYSICISTS 


RESEARCH 


DEVELOPMENT 


Physics 

Heat  Transfer 

Thermodynamics 

Applied  Mathematics 

Hydrodynamics 

Operations  Analysis 

Metallurgy 

Rockets  and  Missiles 

Electronics 


We  invite  you  to  write  us  regarding  avail¬ 
able  positions  on  our  staff  in  the  above 
fields.  Address  replies  to : 

Mr.  T.  E.  DePinto 

ARMOUR  RESEARCH  FOUNDATION 

of  Illinois  Institute  of  Technology 
Technology  Center 
Chicago  16,  Illinois 


PHOTO-EMISSIVE  EXPERIENCE 

Old  established  firm  manufacturing 
electronic  tubes  desires  services  of 
several  engineers  or  physicists  familiar 
with  photo-emissive  and  photo-conduc¬ 
tive  devices.  Firm  is  embarking  on 
manufacture  of  pickup  and  storage 
tubes.  Chance  to  get  in  at  the  start 
of  a  new  operation.  Location  New 
England.  State  complete  qualifications, 
salary  desired,  citizenship  status  and 
references.  Reply:  Box  455D,  JOUR¬ 
NAL  OF  APPLIED  PHYSICS,  57  East 
55  Street,  New  York  22,  N.Y. 


MISSILE 

SYSTEMS 


PHYSICISTS 


Research  and  development  in  the  ,\J 

technology  of  guided  missiles  is  not  confined 
to  any  one  field  of  physics.  Broad  interests 
and  exceptional  abilities  are  required 
by  the  participants.  Typical  areas  at  '  j 

Lockheed  Missile  Systems  Division  include: 

*  Neutron  and  reactor  physics  .yj 

*  Advanced  electronics  and  radar  i 

.  systems  ‘-S  ’  \ 

*  Applied  mathematics  such  as  the  '■ 

numerical  solution  of  physical 

problems  on  complex  computers 

■  Analytical  systems  analysis  of 
guidance  and  control  problems 

■  Ballistics  and  the  integration  of  j 

ballistic  type  missiles  with  vertical 
guidance 

■  Electromagnetic  properties  of  the  |||j 

upper  atmosphere 

■  RF  propagation  in  microwaves  as. 
concerned  with  antenna  and  radome  ^  j 
research 

»  Experimental  laboratory 
instrumentation  .  .  . 


Continuing  developments  are  creating 
new  positions  for  those  capable  of 
significant  contributions  to  the  technology 
of  guided  missiles. . 


MISSILE  SYSTEMS  DIVISION 

•  ....  •  .■  '  .*  % 

research  and  engineering  staff 

LOCKHEED  AIRCRAFT  CORPORATION 

■4';  " '  ..  _ '  :  '  ■ :  | 

VAN  NUYS  *  CALIFORNIA 
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TRANSISTOR 

ENGINEER 

for 

DESIGN  or 

DEVELOPMENT  WORK 

Background  in  Physics,  Chemistry, 
Metallurgy,  or  Mechanical  Engi- 
neering  essential.  Must  possess 
high  degree  of  mechanical  and 
chemical  ingenuity,  interested  in 
advanced  product  development  of 
new  types  of  sillicon  and  germanium 
transistors. 

B.S.  or  M.S.  in  above  or  allied  fields 
or  equivalent  training  required. 

Direct  experience  in  transistor  tech- 
nology  desired;  however,  several 
attractive  positions  are  available  for 
competent  men  with  less  experience. 

OPPORTUNITY 

...  to  work  in  atmosphere  conduc¬ 
ive  to  personal  advancement  and 
professional  growth,  in  new  labora¬ 
tory  located  in  nearby  Lansdale, 
Pa.,  45  minutes  from  downtown 
Philadelphia. 

UNEXCELLED  PROFESSIONAL 
EMPLOYEE  BENEFITS 

.  .  .  attractive,  congenial  suburban 
living  conditions;  and  convenient 
facilities  for  advanced  studies. 

Submit  Complete  Resume 
In  Confidence  To 

P  H  I  L  C  O 

CORPORATION 

Salaried  Personnel  Department 
Philadelphia  34,  Pa. 


ULTRA  LOW 

capacitance &  attenuation 


WE  (RE  SPECIALLY  ORGANIZED 
TO  HANDLE  DIRECT  ORDERS  OR 
ENQUIRIES  FROM  OVERSEAS 

SPOT  DELIVERIES  FOR  U.S. 

DILLED  IN  DOLURS- 
SETTLEMENT  GY  YOUR  CHECK 

CABLE  OR  AIRMAIL  TODAY 


IMPEDE  OJA 


‘MX  and SM’  SUBMINIATURE  CONNECTORS 
Constant  50ft-63ft-70ft  impedances 


TRANSRADIO  LTD.  138a  Cromwell  Rd.  London  SW7  ENGLAND 

tuutt  nuaitt  t 


THE  PHYSICAL  REVIEW 

Thirty  Year  Cumulative  Index 
1921  through  1950 

Published  in  two  volumes: 

Author  Index — 543  pages 
Subject  Index — 498  pages 

This  Index  was  prepared  under  the  direction  of 
Professor  J.  W.  Buchta,  Assistant  Editor  of  THE 
PHYSICAL  REVIEW  from  1930  to  1950. 

This  two  volume  index  furnishes  a  quick  answer 
to  who  did  what  and  when  in  this  most  significant 
period  in  the  advancement  of  physics,  as  expressed  in 
the  pages  of  THE  PHYSICAL  REVIEW. 

Subscribers  who  have  files  of  the  journals  will 
need  this  index  to  make  them  more  useful.  Other 
researchers  will  find  the  index  of  great  value  in  lit¬ 
erature  searches  and  for  ready  reference.  For  all 
libraries  the  index  is  a  necessity. 

Stiff  paper  binding . (2  vols.)  $14.00 

Cloth  binding. . . (2  vols.)  $16.00 

Special  Price  for  APS  Members,  1  copy  only 

Stiff  paper  binding. - (2  vols.)  $10.00 

Cloth  binding . (2  vols.)  $12.00 
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DESIGNERS-DRAFTSMEN 

Electronic  Mechanical 


What's 


mw 


laboratories 


Melpar  has  just  opened  its 
new  plant  at  Falls  Church, 
Virginia,  in  a  beautiful  suburban  location.  We  have  also  moved 
to  larger  quarters  at  Watertown,  Mass.,  and  opened  a  new 
research  department  at  Cambridge,  Mass. 


/j/f  opportunities 


Melpar's  continued  expan¬ 
sion  offers  new  career 
opportunities  for  individual  growth  and  recognition.  Men  of 
vision  and  imagination  who  plan  for  the  future  are  quick  to  sense 
the  potential  with  this  growing,  dynamic  organization. 


MW  projects 


Continued  leadership  in 
electronic  research  and 
development  is  reflected  in  our  current  group  of  projects  with 
long-range  military  and  industrial  application. 


•  Network  Theory 

•  Systems  Evaluation 

•  Automation 

•  Microwave 

Technique 

•  UHF,  VHF  or  SHF 

Receivers 

•  Analog  Computers 

•  Digital  Computers 

•  Magnetic  Tape 

Handling 

Equipment 


•  Packaging  Elec¬ 

tronic  Equipment 

•  Pulse  Circuitry 

•  Microwave  Filters 

•  Flight  Simulators 

•  Servomechanisms 

•  Subminiaturization 

•  Electro- Mechanical 

Design 

•  Quality  Control  & 

Test  Engineers 


For  personal  interview  send  resume  to 
Technical  Personnel  Representative, 

®  melpar,  Inc. 

Subsidiary  of  Wetii  right  oust  Air  Bra  Ice  Co. 

3000  Arlington  Btvd.,  Oept.  JA-13 

Falls  Church,  Virginia 

or  11  Galen  St.,  Watertown,  Mass. 


GOODYEAR 

We  are  expanding  our  research  organization  on  synthetic  rubber.  A  number  of 
openings  now  exist  for  qualified  applicants  possessing  MS  or  PhD  degrees  in  poly¬ 
mer,  organic  and  physical  chemistry,  as  well  as  physics. 

One  to  ten  years  industrial  or  university  experience  desirable,  with  emphasis  on 
fundamental  research.  Project  leadership  positions  available  for  qualified  persons 
with  extensive  polymer  experience. 

Our  Research  Division  is  centrally  located  in  a  modern  building  having  complete 
laboratory  facilities. 

Permanent  location  in  Akron,  Ohio.  Liberal  Company  benefits  including  Company 
paid  hospitalization,  pension,  and  life  insurance  plans.  Replies  should  give  details 
of  education,  work  experience,  military  status,  and  should  include  minimum  salary 
acceptable. 

R.  N.  Whitcomb 

Technical  Personnel  Dept  806-2-F 

THE  GOODYEAR  TIRE  &  RUBBER  COMPANY 
1144  East  Market  St.  Akron  16,  Ohio 
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ARMOUR  RESEARCH  FOUNDATION  .  xvii 


ARNOLD  ENGINEERING  COMPANY  .  v 

Alnico  Permanent  Magnets 

ATOMIC  INSTRUMENT  COMPANY  .  xiv 

BATTELLE  MEMORIAL  INSTITUTE  .  xiv 


BECKMAN  &  WHITLEY,  INC .  Cover  2 

BELL  TELEPHONE  LABORATORIES  .  vii 

BETA  ELECTRIC  COMPANY  .  iv 


High  Voltage  DC  power  supplies,  kilovoltmeters,  elec¬ 
tronic  microammeters,  portable  projection  oscilloscopes 
and  regulated  DC  power  supplies  of  all  types. 

CALIFORNIA  INSTITUTE  OF  TECHNOLOGY .  xv 

CENTRAL  RESEARCH  LABORATORIES,  INC .  vii 

CORNELL  AERONAUTICAL  LABORATORY,  INC .  xiii 

DELCO  RADIO— DIVISION  OF  GENERAL  MOTORS  .  viii 

ELECTRONS,  INC .  xiv 

FARNSWORTH  ELECTRONICS  COMPANY  .  xii 

GAERTNER  SCIENTIFIC  CORP .  xiii 

GENERAL  ELECTRIC  .  xvi 


GENERAL  RADIO  COMPANY  .  Cover  3 

Manufacturers  of  electronic  measuring  instruments;  vac¬ 
uum-tube  voltmeters,  amplifiers  and  oscillators;  wave 
analyzers,  noise  meters  and  analyzers,  stroboscopes, 
laboratory  standards  of  capacitance,  inductance  and 
frequency;  impedance  bridges,  decade  resistors  and  con¬ 
densers,  air  condensers  and  variable  inductors;  rheostats, 

Variacs,  transformers;  other  laboratory  accessories. 


GOODYEAR  AIRCRAFT  CORP .  xv 

GOODYEAR  TIRE  &  RUBBER  COMPANY  .  xix 

HUGHES  RESEARCH  &  DEVELOPMENT  LABS . xiii,  xx 

KEPCO  LABORATORIES  .  Cover  4 


LEEDS  &  NORTHRUP  COMPANY  . 

Manufacturers  of  Galvanometers,  Resistors,  Bridges, 
Condensers,  Inductances,  Potentiometers,  Testing  Sets; 
Temperature  Measuring,  Recording,  and  Controlling  Ap¬ 
paratus;  Instruments  for  Measuring  and  Controlling 
Conductivity  of  Electrolytes  and  Hydrogen  Ion  Con¬ 
centrations. 


LOCKHEED  AIRCRAFT  CORP . 

MAGNAVOX  RESEARCH  LABORATORIES  . 

I.  R.  MAXWELL  &  CO.,  INC . 

MELPAR,  INC . 

G.  A.  PHILBRICK  RESEARCHES,  INC . 

PHILCO  CORP . 

RADIO  CORP.  OF  AMERICA  . 

RAMO-WOOLDRIDGE  CORP . 

SERVOSPEED  . 

TRACERLAB,  INC . 

TRANSRADIO,  LIMITED  . 

W.  M.  WELCH  SCIENTIFIC  COMPANY  . 

Manufacturers  of  high-vacuum  pumps,  both  mechanical 
and  diffusion;  vacuum  gauges;  electrical  measuring  in¬ 
struments;  physics  equipment;  and  other  items  for  the 
physical  and  chemical  laboratories. 
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Engineers 


& 

Physicists 


y  Inquiries  are 
invited  regarding 
openings  on  our  Staff  in 
the  fields  listed  below: 


Scientific 

and 

Engineering 

Staff 

Hughes  < 

RESEARCH 

AND 

DEVELOPMENT 

LABORATORIES 


Ground  and  Airborne  Radar 
Fire  Control  Systems 
Guided  Missile  Systems 
Airborne  Digital  Computers 
Electronic  Business  Systems 
Miniaturization  and 
Advanced  Packaging 
Communication  Systems 
Microwave  Ferrite  Devices 
Antennas  and  Radomes 
Indicator  and  Microwave  Tubes 
Semiconductor  Devices 


Culver  City,  Los  Angeles  County,  California 

Relocation  of  applicant  must  not  cause 
disruption  of  an  urgent  military  project. 


RESEARCH  ASSOCIATE 

Opportunity  for  full-time  or  part-time  employ¬ 
ment  on  government  contract  while  working  for  an 
advanced  degree  in  physical  or  mechanical  metal¬ 
lurgy.  Graduate  study  and  remuneration  commen¬ 
surate  with  research  duties.  Apply  to  Department 
of  Metallurgy,  The  Technological  Institute,  North¬ 
western  University,  Evanston,  Illinois. 

ASSISTANTSHIPS  AND  FELLOWSHIPS 

Available  to  students  with  degrees  in  science  or 
engineering  and  an  interest  in  physical  or  me¬ 
chanical  metallurgy.  Apply  to  Department  of 
Metallurgy,  The  Technological  Institute,  North¬ 
western  University,  Evanston,  Illinois. 


The  Moore  School  of  Electrical  Engineering  of  the  Univer¬ 
sity  of  Pennsylvania  has  openings  for  electrical  engineers, 
mathematicians,  and  physicists.  Work  is  available  in  the 
fields  of  digital  and  analogue  computers,  mathematical  analy¬ 
sis,  circuit  design,  information  theory,  microwaves,  and  sys¬ 
tems  engineering.  Applicants  should  be  U.  S.  citizens.  Salary 
commensurate  with  education  and  experience.  For  application 
form  write  the  Director,  Moore  School,  University  of  Penn¬ 
sylvania,  200  South  33rd  Street,  Philadelphia  4,  Pennsylvania. 

ELECTRONICS  PHYSICIST 

Ph.D.  or  equivalent  to  head  electronics  studies, 
instrumentation,  and  related  fields.  Sinclair 
Research  Laboratories,  Inc.,  Harvey,  Illinois. 
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R-F  Bridge 

400  Kc  to  60  Me 

The  Type  1606-A  Radio-Fre¬ 
quency  Bridge  is  a  new,  improved 
model  of  the  popular  Type  9 16- A 
R-F  Bridge  which  has  served  the 
communications  field  for  well  over 
a  decade. 

This  G-R  instrument  reads  both 
resistive  and  reactive  components 
of  impedance  directly  on  separate 
dials.  All  variable  elements  are  pre¬ 
cision  capacitors  making  possible 
highest  accuracies  in  measurements, 
particularly  at  the  upper  radio  fre¬ 
quencies.  For  direct  impedance 
measurements  of  antennas,  trans¬ 
mission  lines,  circuit  elements  and 
other  low  impedances,  this  versa¬ 
tile  r-f  tool  is  invaluable.  With  an 
external  parallel  capacitor,  tuned 
circuits  and  other  high  impedances 
also  can  be  measured. 

The  new  General  Radio  R-F 
Bridge  has  greater  sensitivity,  uses 
new  variable  capacitors  whose  ro¬ 
tors  and  stators  are  milled  from 
solid  blocks  of  aluminum  for  mini¬ 
mum  loss,  is  less  than  one-half  the 
volume  of  its  predecessor  and  con¬ 
tains  only  one  bridge  transformer 
for  coverage  of  the  whole  frequency 
range.  Dial  locks  are  provided  to 
prevent  accidental  movement  of  the 
initial  balance  control,  and  a  sim¬ 
plified  system  of  connection  to  the 
unknown  is  made  available. 

Those  who  have  worked  with  the 
first  G-R  Radio-Frequency  Bridge 
will  find  the  new  model  an  even 
more  convenient  and  useful  instru¬ 
ment.  New  materials,  techniques 
and  operating  improvements, 
many  suggested  by  customers, 
make  this  the  finest  R-F  Imped¬ 
ance  Bridge  yet  made  available. 


£  :•  . . 

Ml  | 

tfW  9 

«  Type  1606-A  Radio-Frequency  Bridge . $535 

Type  1606-PI  Luggage-type  Carrying  Case  . . .  facilitates 

transportation  and  insures  safe  storage . $15 

Frequency  Range:  400  kc  to  60  Me 
Resistance  Range:  0  to  1000  ohms 

Reactance  Range:  ±5000  ohms  direct  reading  at  1  Me— range  varies  inversely 
as  frequency 

Basic  Accuracy:  ±  (1%  +  0.1  ohm)  for  Resistance  and  ±  (2%  +  1  ohm)  for 
Reactance;  slightly  less  accurate  at  higher  frequencies  —  high- 
frequency  corrections  provided 

Accessories  Supplied:  Coaxial  cables  for  connecting  generator  and  detector, 
two  leads  of  different  lengths  for  connecting  unknown  impedance 
to  bridge,  Type  874-PB58  Panel  Connector 
Dimensions:  12^2  x  W2  x  10!4  inches  Net  Weight:  23  lbs  (29  lbs  with 

carrying  case) 


Pmwb  2  New 

VOLTAGE 

REGULATED 
POWER  SUPPLIES 


KEPCO  Voltage  Regulated 
Power  Supplies  are  conserva¬ 
tively  rated.  The  regulation 
specified  for  each  unit  is  avail¬ 
able  under  all  line  and  load 
conditions  within  the  range  of 
the  instrument. 

REGULATION:  As  shown  in 
table  for  line  fluctuations  from 
105-125  volts  and  load  varia¬ 
tions  from  minimum  to  maxi¬ 
mum  current. 

SPECIAL  FEATURE:  Provision 
is  made  for  picking  up  the 
error  signal  directly  at  the 
load,  compensating  for  the  vol¬ 
tage  drop  in  external  wiring. 


M0M26OO 


MoM  2650 


VOLTS  CURRENT  REGULATION  RIPPLE 


0-60  0-5, Amp.  5  Mv.  1  Mv. 


REGULATION 

RIPPLE 

5  Mv. 

1  Mv. 

131-38  SANFORD  AVENUE  •  FLUSHING  55,  N.Y. 


INDEPENDENCE  1-7000 


